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PEEFACE 

TO THE THIED EDITION. 

It lias been thought desirable to bring out the third edition 
of this work in two volumes, bee use experience proved 
that the previous edition contained more than was suitable 
to the wants of the great majority of students who reach the 
standard of Undergraduate Honours in Mathematics. 

The reception of the work in the Universities at home and 
abroad, has made me desirous of rendering it more deserving 
of the favour accorded to it by high class students. Accord- 
ingly, I determined to reserve for the second volume the more 
advanced portions of the previous work (those dealing with 
Non-Coplanar Forces, Attractions, and the Theory of Strain 
and Stress), and, while greatly extending these portions, to 
introduce such fresh applications of the subject as would make 
the work really useful to those, for example, who aim at 
distinction in the Mathematical Tripos. 

With regard to the first volume, little needs to be said. It 
is meant for those who attain the standard of Undergraduate 
Honours and Scholarships, but do not desire to compete for 
higher distinctions. Within this range it wiU, I think, be 
found tolerably complete. A re-arrangement of the order of 
treatment in the previous edition has been made. At an early 
stage in the student's reading I endeavour to make him 
familiar with graphic methods both in practice and in theory. 
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To this end, attention has been directed to the solution, by 
graphic construction, of several classes of equations to which 
we are led in seeking for positions of equilibrium — equations, 
the accurate solution of which would be impossible, and the 
approximate solution of which by the ordinary analytical 
methods would be attended with great trouble. Experience 
has proved to me that this is a most valuable aid in producing 
in the mind of the student a knowledge of the nature of 
dynamical problems, and an interest which cannot be evoked 
by symbols and equations alone. 

Indeed, it will be observed that graphic methods figure 
more largely in this edition, all through, than in the previous 
one — notably in the general discussion of Funicular Polygons 
in Chapter V. This is a branch of elementary Statics to 
which too little attention is paid ; but it is both valuable and 
full of elegance. 

The second volume opens with a long chapter on Non- 
Coplanar Forces, in which I have given an exposition of 
Dr. Ball's Theory of Screws, so far as it relates more par- 
ticularly to the Statical branch of Dynamics. It will be 
observed that, while following Dr. Ball's method of treatment 
very closely, I have departed from it in some instances. To 
prevent misconception, I may say that my reason for doing 
so is simply the fact that students of any branch of science 
derive great benefit by looking at it from several different 
points of view. 

In this chapter the general conditions of equilibrium are 
illustrated by examples of the same character as those em- 
ployed so largely in the chapters dealing with the Coplanar 
Forces — my object being to avoid mere generalities in 
symbols. 
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The chapter on Astatic Equilibi-ium is founded on a paper 
which I published on the subject a few years ago. Now that 
students of the works of Hamilton, Tait, and Clerk-Maxwell 
are so numerous in the Universities, no apology is necessary 
for the treatment of this subject by elementary Quaternions. 

The part of this volume dealing with Attractions and 
the general theory of Potential in Electricity and Magnetism 
has been much enlarged ; and it will be in its present condi- 
tion, I hope, a valuable assistance to the student of the great 
and enduring works of Thomson and Tait, and Clerk-Maxwell. 

Many correspondents have been good enough to send me 
corrections of errors in the second edition. My obligations 
on this account are great to Professor Everett and Professor 
Schuster, whose corrections must have required care and 
trouble. Some American correspondents, also, have kindly 
sent corrections and suggestions; and among them I must 
chiefly thank Mr. F. Franklin of the Johns Hopkins Uni- 
versity. 

The proof sheets have all been revised by my friend and 
colleague Mr. W. G. Gregory, B.A., whose attainments in 
Physics, both practical and theoretical, rendered his criticisms 
of the utmost value. 

GEORGE M. MINCHIN. 



R. I. E. College, Coopeu's Hill, 
November, 1884. 
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CHAPTER I. 

THE COMPOSITION AND RESOLUTION OF lOfiCES ACTING IN ONE 
PLANE AT A POINT. 

1. Definition of Force. Force is an action exerted upon a 
lody in order to change its state either of rest or of moving 
uniformly forward in a right line. 

This is the definition of Force given by Newton (see Prin- 
cipia, Book I, Def. IV). 

2. Divisions of the Science. The Science which treats of 
the action of Force on bodies is called Dynamics. Of this 
science there are two branches : the first treats of the laws to 
which forces are subject when they keep bodies at rest, and 
this branch is called Statics ; the second treats of the laws to 
■which the motions of bodies ai:e subject when these motions are 
produced by given forces, and this branch is called Kinetics. 

3. Matter. Matter is something which exists in space, and 
attests its presence by such observed qualities as extension, 
resistance, and impenetrability. 

A limited portion of matter is called a Body, and the quantity 
of matter contained in a body is called its Mass. A very small 
portion of matter is called a Particle. 

4s. Velocity. Suppose a point to move along a right line in 
such a way that it always takes the same time, t, to travel over 
the same length, *, of the line, at whatever points of the line the 
extremities of this length are situated. Then we readily say 
that the point's 'rate of moving' is the same all through, and 

this rate we measure by the quotient - - The rate of moving we 

call the velocity of the moving point. But if the time of moving 
over the length s is not the same all through but depends on the 

^TOL. I. B 
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points of the line between which it is measured, the velocity, 
or rate of moving, is clearly not uniform. Nevertheless we 
recognise the fact that at each of its positions the moving point 
has a particular rate of going. How is this rate to be esti- 
mated? Like all rates, it must be measured by a differential 
coeiBcient. Thus, if P and Q are two extremely close positions, 
and if is any fixed point on the line of motion, the distance 
between and P being called * and the distance OQ being 
called s + A«, and if the point has taken the infinitesimal time 
A^ to get from P to Q, we shall be very near the truth in 
assuming that its rate of moving has remained uniform in the 
passage from P to Q, and the velocity in this interval will, as 

As 
above, be the quotient—— • The smaller the interval PQ (and 

therefore the smaller A« and M) the more nearly true is the 

assumption of uniformity of the rate of moving from P to Q. 

As 
Hence if we could find the value of the ratio — ; when both As 

A^ 

and At are indefinitely diminished; we should have the exact 

rate of moving at P. But the limit of this ratio is the 

ds 
differential coefficient -=-, which is easily found by the rules of 

the Differential Calculus. 

We have thus not only a conception of different rates of 
moving, but also a method of estimating these rates numerically 
at different points of the path. 

5. Criterion of the action of Force. Instead of the motion 
of a mere mathematical point, let ns consider the motion of a 
material particle. How can we tell whether this moving 
particle is acted on. hj force or not? The answer is — unless 
the particle is completely at rest, or, failing this, moving with a 
uniform velocity in a right line, it is acted on by some force. 
Observe the two distinct characteristics which must be possessed 
by the motion of a particle which is not acted on by force — the 
velocity must be constant in magnitude and the path must be a 
right line. 

6. Measure of Force. Suppose a particle to move along a 
right line in such a way that in any interval of time, t, there is 
the same addition made to its velocity, between whatever epochs 
of time the interval t is reckoned. Then the velocity is 



7-] WAYS IN ■WHIC% FORCE IS PRODUCED. 3 

obviously increased at the same rate at every point of the path, 
and the particle is said to be continuously acted on by a uniform 
force in the line of motion. The time-rate at which this increase 
of velocity takes place is taken as the measure of the force acting 
on the particle ; that is, if the same particle moves along a right 
line in such a way that its velocity is increased at a constant 
rate which is double the previous rate, it will be continuously 
acted upon in the second motion by a force which is double the 
previous force. 

If the time-rate of increase (or in other words, the acceleration) 
of the particle's motion is not uniform, the force acting on it is 
not uniform, and its magnitude at any point of the particle's path 
is estimated by the rate of increase of the velocity of the particle 
at this point. 

Since the velocity of one and the same particle is capable of 
having all possible rates of increase, all forces may be compared 
with each other by means of their effects on a single particle. 

7. Ways in which Force is produced. One of the simplest 
ways in which a force can be made to act on a particle consists 
in attaching a string to the particle and pulling this string so as 
to cause the particle to move. If no other force acts on the 
particle, and if the string is always pulled in the same right 
line, the particle will continue to move in this right line ; and 
the rate, per unit of time, at which its velocity is being increased 
at any point of its path is a measure of the magnitude of the 
force with which the string pulls it ; so that if for any finite 
time we observed its velocity to remain constant, we should 
know that during this time the string ceased to be pulled, and 
that no force acted on the particle in this particular interval. 

There are other ways in which forces act on particles, but 
the manner in which they act is not in every case known to us. 
For example, if the particle consists of a small piece of soft iron 
and we hold it near the pole of a magnet we shall see it rushing 
with continually increased velocity towards the magnet, and it 
is therefore by definition acted on by some force towards the 
magnet. This force can be measured, as before, at every point 
of the particle's path by the rate, per unit of time, at which it 
produces an increase of velocity in the particle ; nevertheless it 
is quite uncertain how this force is produced — whether it is an 
action at a distance or a stress in some intervening medium. 

B 2 
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But whatever its cause may be, we can measure it numerically 
by its efFect — viz., time-rate of increase of velocity produced in a 
material particle. 

Again, since the velocities of planets towards the sun and of 
meteoric stones towards the earth are perpetually accelerated, 
the planets are acted upon by forces to Wards the sun, and the 
meteors by forces towards the earth. These forces are called 
forces of attraction ; but the nature or precise mode of operation 
of this attraction is a matter on which no certainty exists. 

8. Linear representation of Forces. Consider a single 
material particle. Every velocity which it can have possesses 
three characteristics — it must have a certain numerical magni- 
tude, it must take place in a certain right line, and it must 
take place in a certain sense (from right to left or from left to 
right) along this line ; or, in other words, it must have magni- 
tude, line of action, and sense. 

Now every velocity can be regarded as produced in the 
particle by the uniform action of a force for a definite time. 
Hence forces are also characterised by magnitude, line of action, 
and sense. 

Two forces acting on a particle are therefore compared by 
specifying the two lines and senses in which they would cause 
it to move if each acted separately, and also the magnitudes of 
the velocities which they would thus generate in it if they both 
acted for the same time on it. 

Hence any force may be completely represented by a right 
line drawn in the direction and sense in which it woiild cause a 
material particle to move, the length of this line representing, 
on any scale, the rate per unit of time, at which the force would 
generate velocity in the particle. And all other forces may be 
compared with this force as to magnitude, direction, and sense 
by drawing right lines in the several directions in which they 
would produce motion, and taking the lengths of these lines to 
represent, on the same scale as before, the rates at which they 
would severally generate velocity in one and the same particle. 

Forces may also be compared with each other by means of 
their effects on different particles. For, let n perfectly equal 
particles be placed side by side in a row, (Pig. i) and let each 
of them be acted upon uniformly for the same time by a force 
which at the end of this time generates the same velocity, 
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/, in each of them. Now if instead of being n separate 
particles they were all glued together so as to form a body 
of n times the mass of each particle, and if each 

of them is still acted on by the same force as 2 ^y 

before, this body will, at the end of the time q >/ 

considered, have the same velocity as each separate O > / 

particle had, and will be acted upon by >» times O — ; >f 

the force which generated this velocity in the ^' '" 

particle. Comparing a single particle, then, with the body 
whose mass is n times the mass of this particle, we see that to 
produce the same velocity in two bodies by forces acting on 
them for the same time, the magnitudes of the forces must be 
proportional to the masses to which they are applied. 

And hence, generally, if we define momentum as the product of 
mass and velocity — 
The magnitude of a force is proportional to the rate per unit of time' 

at which it generates momentum. 
The greater the mass on which the force acts, the less the rate 
at which it increases the velocity of this mass ; and the less ^he 
mass, the greater the rate of increase of velocity; the product of 
the two being always the same for the same force, whatever le 
the masses to which it is apj)lied. 

So that if P is a force which generates velocity at the rate 

— in a body of mass m, and if F' is a force which generates 

at di/ . . . 

velocity at the rate — (per unit of time) in a body of mass 

, , P Tt^""'^ 
m , we have -pf = t • 

di^'"'''^ 
9. The C. G, S. system. Since the magnitude of a force is 
estimated by the time-rate at which it generates momentum, and 
since velocity involves length and time, we see that three 
distinct things are involved in the measure of force — viz., length, 
mass, and~ time. The questions then arise, what shall we take 
for the unit of length, what for the unit of mass, and what for 
the unit of. time ? For the purposes of calculation chiefly in 
Electricity and Magnetism, the system now adopted everywhere 
is one in which the centimetre is the unit of length ; the mass of 
water at its temperature of maximum density which would just 
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fill a cubic centimetre is taken as the unit mass and is called a 
gramme ; and one mean solar second is taken as the unit of time. 
This system of units is called the " centimetre-gramme-second/' 
system, or, more briefly, the C. G. S. system. 

Hence a unit velocity is a velocity of one centimetre per 
second, and a force which, continuously acting on a gramme 
mass, generates in it a velocity of one centimetre per second 
every second is the unit force. This unit force is called a dyne. 
Roughly, its magnitude is the •g-l^x*'' P^'^*' ^^ ^^^ weight of the 
gramme mass in London. 

For the ordinary purposes of commerce, force magnitude is 
often expressed in kilogrammes weight — a kilogramme being 
looo grammes. In England, where, unfortunately^ a complicated 
and most absurd system of weights still prevails, force magnitude 
would in similar circumstances be expressed in pounds weight. 

It must be carefully observed that the weight of a gramme 
mass is not a definite thing, because it is different at different 
places on the earth, being greater in high latitudes than in low ; 
buf the gramme mass itself — i. e., the quantity of matter called 
a gramme — is the same everywhere, whether on the earth or in 
any part of the universe. 

10. Equality of Two Masses. We know by experience that 
an elastic string or a metallic spring exerts force when it is 
stretched beyond its natural length ; and we can easily suppose 
that whenever the string or spring is stretched to a certain 
extent it will exert the same force. Moreover, the magnitude of 
this force could be expressed in dynes, by measuring the number 
of centimetres per second added every second to the velocity of 
our gramme mass of water (converted, for convenience, into ice) 
while the string or spring is attached to the mass and pulled at 
the given constant stretch ; or, what comes to the same thing, 
by measuring the number of centimetres described by this mass 
at the end of any number of seconds under the influence of the 
pull exerted in a right line by the string or spring. And we 
can imagine the stretch so graduated as to enable us to measure 
any number of dynes. Thus a force of any magnitude may con- 
ceivably be measured by means of its effect on our standard 
gramme mass of water ; and this very measurement will enable 
us to work with a body other than water— say platinum— by 
enablmg us to define what we mean by a gramme mass of the 
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new body. How do we know when we have two equal masses, 
one of water and the other of platinum ? Indeed, before we 
answer this question, we must observe that there may be no real 
equality between such substances possible at all ; any equality 
between them may be only a conventional equality. If all 
apparently different kinds of matter could be ultimately resolved 
into one simple substance — be it hydrogen or anything else — 
then a real equality of quantity of matter is possible between 
water and platinum, and conceivably either of these substances 
could be actually converted into the other. But if there is no 
one substratum at the basis of all bodies, it is impossible that 
any other than a conventional equality can exist between them. 

The convention which is adopted for defining equal masses of 
two different kinds of bodies is this — 

Two masses, one of a substance A and the other of a substance B, 
are defined to be equal when the same force prodtices exactly the 
same effect on both — for example, makes them both move over the 
same length in the same time, or generates velocity at the same 
rate in both. 

11. Composition of Velocities. We propose to show how a 
particle may be moving with two velocities in two different 
directions at the same time. Let a board be placed on a hori- 
zontal table ; let a rectililiear groove, 
OA (Fig. a), be cut in this board, and 
let a particle be placed at in the 
groove. Suppose, for definiteness, 
that the unit of time is one second. 
Let the particle be moved along 
the groove with a uniform velocity represented by OA, and at 
the same time let the board (i. e. every point in the board) be 
moved along a groove cut in the table with a uniform velocity 
represented in magnitude and direction by OB. Over what 
point in the table will the particle be found at the end of one 
second? Before the motions begin, complete the parallelogram 

OACB. 

At the end of a second the particle must be found in the 
groove at the point A, and also at the end of the same 
time the point A of the groove must be found at the point 
of the table vertically under C. Hence this latter point is the 
position of the particle at the end of a second. 
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Let the foot of a perpendicular dropped from the particle on 
the table be called the position cf the particle referred to the table. 
How do we know that the position of the particle referred to the 
table has described the right line 00 (or rather a line in the 
table vertically under 00) ? In this way — if we demanded the 
position of the particle referred to the table at the end of any 
fraction or multiple of a second, we should find that the distance 
which it has travelled along OA is to the distance which the 
groove has travelled in the direction OB as OA is to AO, and 
therefore the positions of the particle referred to the table trace 
out a right line vertically under 00. 

Consequently the two simultaneous velocities OA and OB 
which were impressed on the particle have combined to give it 
a single velocity represented in magnitude and direction by 00. 

The velocity 00 is called the resultant of the velocities OA 
and OB, and these latter are called components of the velocity 
00. Hence we arrive at the proposition which is the foundation 
of Dynamics : — 

If a point, 0, move with two coexistent velocities represented in 
magnitudes, directions, and senses ^ two right lines, OA and OB, 
it will have a resultant velocity represented in magnitude, direction, 
and sense hy the diagonal, drawn through 0, of the parallelogram 
determined hy the lines OA and OB. . 

This proposition is called by the name of The Parallelograr^ 
Velocities. 

12. Composition of Forces. From the Parallelogram of 
Velocities, the Parallelogram of Forces follows at once. Since 
two simultaneous velocities, OA and OB, of a particle result in a 
single velocity, 00, and since these three velocities may be 
supposed to be produced by the separate action of three forces all 
acting for the same time, it follows that the effect produced on a 
particle by the combined action, for the same time, of two forces 
maybe produced by the action, for the same time, of a single force 
which is therefore called the resultant of the other two forces. 

And these forces will be represented in magnitudes, lines of 
action and senses by the lines OA, 05, and 00 (Art. 8); hence— 

If two forces be represented in magnitudes, lines of action, and 
senses by two right lines OA and OB, their resultant is represented 
in magnitude, line of action, and sense by the diagonal, 00, of the 
parallelogram OACB determhied by these lines. 
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This is the proposition of the Parallelogram of Forces. 

Cor. The resultant of two forces acting along the same right 
line and in the same sense is equal to their sum ; and if they act 
in diiFerent senses, the resultant is equal to their diflFerence. 

13. Equilibrium of three Forces. In Fig. o, produce CO 
through to (7 so that CO = 0(f. Now imagine that, when 
the particle is started along the groove and the hoard along the 
table, the table itself is moved in a groove cut in the floor in the 
direction OC with a velocity represented by OC. In this case 
it is evident that the position of the particle with reference to 
the floor is fixed ; that is, the particle is at rest with regard to 
fixed space (the floor being supposed fixed). 

Consequently if three forces represented by the lines OA, OB, 
and OC act together on the particle, no motion will ensue. In 
this case each force is equal and opposite to the resultant of the 
other two ; for it is obvious that OA is equal and opposite to the 
diagonal, through 0, of the parallelogram determined by OB 
and OCf; and that OB is equal and opposite to the diagonal of 
the parallelogram determined by OA and OC. 

14. Statical point of vifw. The primary conception of 
force is that of a cause of motion in a body or in a material 
particle, and the magnitude of any force is estimated by the time- 
rate at which it generates momentum (Art. 8). Nevertheless in 
Statics it is only the tendency which forces have to produce 
motion that is considered. Forces in this branch of Dynamics 
are considered as acting in such ways as to counteract each 
other's tendency to produce motion, or as producing a state of 
equilibrium in the bodies to which they are applied ; but the 
magnitude of each force is estimated none the less with reference 
to the amount of momentum which it would actually generate 
if it were completely unfettered by the action of other forces. 

Forces in Statics are usually expressed as multiples of the 
weight of some standard body arbitrarily chosen. Thus a force 
is said to be a force of 1 kilogrammes if it is just capable of 
lifting vertically a body whose weight is equal to that of the 
mass of water which at a temperature of about 4°C fills a volume 
of 10 cubic decimetres. But even here the Newtonian definition 
of force, as a cause of change of motion, is not discarded but 
merely kept in the background. For the weight which is called 
a kilogramme is merely a force which generates momentum at a 
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certain rate in a body of certain mass ; and the vertical force 
which is just able to raise a body from the ground is a force 
which could generate momentum in the body at the same rate 
as its weight and in the opposite sense. For practical purposes 
this measurement of forces as multiples of a weight is used by 
engineers and others ; but, as has been already said in the branch 
of Dynamics which treats of Electricity and Magnetism, a different 
measure of force is resorted to — viz., a measure which is one and 
the same all over the earthy and indeed all through the universe. 
The mass of a body is something which cannot conceivably 
change, whether the body is taken to different parts of the earth 
or to different parts of the universe ; and the force which, acting 
uniformly on this mass for a certain time, will at the end of this 
time have caused it to move with a certain velocity, must be one 
and the same wherever the experiment is tried. Hence the 
C. G. S, units are called absohite units. We shall in the sequel 
usually speak of force as a multiple of a weight ; and when, for 
example, we speak of a force of 5 kilogrammes, the expression 
must be understood to be an abbreviation for " a force whose 
magnitude is equal to the weight of 5 kilogrammes." In strict- 
ness, a kilogramme is a quantity of matter — which is quite distinct 
from the weight of this matter. Nevertheless, we may (with the 
above caution) use the term kilogramme sometimes to denote a 
weight — as is the common (though not strictly correct) usage. 

15. Force must act upon matter. Although the Newtonian 
definition and measure of force render it clear that whenever 
force acts it must act on something material, it is not impossible 
that beginners may lose sight of this fact and suppose that a 
force could, for example, act on a mathematical point. "We may 
without error speak of forces as acting at a point, but not on it, 
if their lines of action pass through the point. Thus in Fig. a 
two forces acting along the lines OA and OB may be spoken of 
as two forces acting at the point ; but their action would be 
physically impossible unless it took place on some material body, 
such as a particle placed at 0. Wherever force is exhibited there 
is evidence of the existence of matter, both acting and acted upon. 

16. Proper Representation of Forces. In representing the 
resultant of two forces which act together at a point, 0, the 
student should be careful to draw the two forces sucimg from 
the point. Thus, if of the two forces, P and Q, one, P, is 
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represented as acting from 0, and the other towards 0, we must 
produce the line QO to Q', so that 

0(^'=0Q; completing, then, the pa- i^ _ R 

rallelogram OPHQ', its diagonal, OB, 
will represent in magnitude and direc- 
tion the resultant of P and Q. The 
marking of lines representing forces 
with arrow-heads will serve to exhibit pig. 3. 

the senses of the forces in every case. 

17. Besolution of Forces. Having proved the principle of 
the Composition of Forces, the principle of the Resolution 
of Forces at once follows. If two forces, P and Q, are equiva- 
lent to a single force 00' =11 (Fig. 4), it is evident that the 
single force B acting along 00' can be replaced by the two 
forces P and Q, represented in magnitude and direction by two 
adjacent sides of a parallelogram of which 00' is the diagonal. 
Since an infinite number of parallelograms of each of which 00' 
is the diagonal can be constructed, the force B can be resolved 
in an infinite number of ways into two other forces. These 
forces are called components of B. 

18. Theorem. It being given that the direction of the 
resultant of every two forces is that of the diagonal of their 
parallelogram, its magnitude must be represented by this dia- 
gonal ; and conversely. 

Let it be granted that the resultant of P and Q acts in 
the diagonal, OC (Fig. 4), of the parallelograna determined 
by P and Q. Measure backwards through a line, OB, the 
length of which represents the magnitude, B, of the resultant. 
A system of forces acting at 0, represented in magnitudes and 
directions by P, Q, and B, will evidently be in equilibrium, Each 
force is, therefore, equal and opposite to the resultant of the 
other two. If, then, we consider P as equal and opposite to 
the resultant of Q and B, 
OP', the production of OP, 
must be the diagonal of the 
parallelogram determined by 
Q and B. Now, since QP'B 
is aparallelogram, Oi2=P'Q; * j,. 

and since OP' QO' is a paral- 
lelogram P'Q= 00'; therefore Oi2=00'.-Cl.E.D. 
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Again, for the converse proposition, let it he granted that 
0R= 00\ while 0(7 and OR are not necessarily in one right 
line ; and let OP' be diagonal of the parallelogram, OQP'B, 
determined by OQ and OR ; then OP is equal in magnitude to 
OP', since the resultant of Q and R has a magnitude equal to OP'. 

Comparing the triangles OQa and OQF we have 00'= QP', 
QO'=OP', and OQ, common to both; therefore the angle 
Q0(7 = the angle OQP', therefore QP' is parallel to 00'; but 
QP' is also parallel to OR, therefore OR and OCX are in one right 
line. Therefore, &c., Q.E.D. 

19. Relations between three rorees in Equilibrium. When 
three forces maintain a particle in equilibrium, each force is 
equal in magnitude to the resultant of the other two, and acts in 
the sense exactly opposite to this resultant. Thus, in Fig. 4, 
each of the lines, OP, OQ, and OR, which represent in magni- 
tude and direction the forces P, Q, R, is equal and opposite to 
the diagonal of the parallelogram determined by the two re- 
maining lines. 

This enables us to express the relative magnitudes of three 
forces in equilibrium by means of the three angles between 
them. For (Fig. 4) the forces P, Q, R are equal in magnitude to 
the lines OP, PO', UO, respectively. Now, since the sides of a 
plane triangle are to each other as the sines of the opposite 
angles, we have 

OP : PO' : 0'0=sin PUO : sin O'OP : sin OPO.' 

AAA . , 

Denote by PQ, QR, RP, the angles between the directions 
of the forces P and Q, Q and R, R and P, respectively. Then, 
evidently, 

sin PdO = sin Q00'= sin QOR= sin QR ; 
sin O'OP = sin ROP = sin liP; sin OPff = sin POQ = sinPQ. 
Hence we have the fundamental relations 

P : Q : R = sm q'^ : sin R'i' : sin PQ. ' 

It may, perhaps, assist the 
beginner to mark the angle 
opposite to each force by the 
corresponding small letter (Fig. 
5); and then the proportions 
between the forces may easily 
be remembered in the form 
P : Q : R = sin p : sin q : sin r, (a) 
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Since the sides of the triangle OPO'(Fig. 4) are connected by 
the equation 

oa'i = op^—20P. pcy cos opcy+po"^, 

we have evidently 

-B2 = p2 + 2PQ cos pq + q\ 

an equation which gives the magnitude of the resultant of two 
forces in terms of the magnitudes of the two forces and the 
angle between their directions, the forces being represented by 
two lines, both drawn /row? the point at which they act, as in 
Art. 16. If PQ = 0, the above equation gives ^ = P + Q, 
or the resultant of two coincident forces is equal to the sum 
of the forces. If PQ = tt, i2 = P — Q ; or, the resultant of two 
forces which act at a point in exactly opposite senses is equal 
to the diflFerence of the forces. 

20. Theorem. If any one set cf forces (P, Q, B) acting 
in three given directions is in equilibrium, all other sets acting 
in equilibrium in the same directions are merely multiples of the 
set (P, q, B). 

For, let the given directions make angles p, q, r, with each 
other in pairs, and let the sets (P, Q, P) and (P', q', P') acting 
in these directions be separate systems in equilibrium. Then 
we have 

P : Q : P = sin JO : sin §> : sin / 
and P': q': B' = sin j3 : sin g : sin r. 

Therefore, P : Q : P = P' : Q' : P', or ^ = -^ = ^'. Hence 

the forces P', q', B' are separately proportional to P, q, B, 
and therefore the former set is not essentially distinct from 
the latter. This theorem is equivalent to the statement — 
when we have determined any one set of forces in equilibrium in 
three given directions, we have determined all such sets. 

Thus, if we know (see Example 1, p. 18) that three forces 
acting along the bisectors of the sides of a triangle drawn from 
the opposite angles, and proportional to the lengths of these 
bisectors, are in equilibrium, we know that this is the only set in 
equilibrium in these directions. 

Again, we may state the result in the following form, which 
is known as the Peinciplb op the Triangle oe Forces. If three 
forces are in equilibrium, and any triangle be drawn with its sides 
parallel to the lines of action of the forces, the lengths of these sides 
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will represeni the magnitudes of the corresponding forces, on some 
scale. 

21. Principle of the Transmissibility of Force. When a 
force acts on a particle, the force will produce the same effect 
if it be supposed applied at ani/ point along a string connected 
with the particle, the string lying in 
the line of action of the force. Thus, 
if a force equal to the weight of P 
grammes (Fig. 6) act on a particle, 0, 
in the direction OA, P may be supposed 
to act at A ov £ at the end of a string 
_ ^ attached to 0. Imagine the particle 

to be connected with an indefinitely 
thin rigid membrane, ahc ; then any force P acting on may be 
supposed to be directly applied at cm^ point of the membrane in 
the line of action of P. 

This axiom is known as the principle of the transmissibility of 
force ; it is one of the fundamental principles of Rational Statics, 
and in most treatises on the subject, it constitutes the basis of 
the investigation of the conditions of equilibrium. It is essen- 
tially necessary to observe that it holds good only for a rigid 
body — that is, a body whose parts, under all circumstances, must 
maintain constant distances from each other. Thus, if we sup- 
pose such a body about to be acted on by any set of forces given 
in magnitudes and directions, we can say, before the forces are 
actually applied at certain points in the body, that the effect will 
be the same if these forces are applied at any other points in 
their respective lines of action. On the contrary, if the body is 
deformable, we can make no such assertion. Take, for examplcj 
a set of parallel rulers, ABCB (Fig. 7), of which the ruler CB is 
fixed, and suppose a force i?" to act on the ruler AB, at the point «. 
If, previous to the action of the force, it were allowable to transfer its 

point of application to b, on the fixed 
ruler CB, it is ele^ that the system 
^ would remain at rest. But we know 
A that the force F, applied at a, will 

^ -f- -^ cause the ruler AB to move until 

Fig. 7. *^e braces AB and CB are parallel 

to the direction of F. However, after 

the deformable body has iaJcen up a position of eguilibrium under the 
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action of tTis forces, each force may be transferred to any point in 
its line of action, just as in the case of an indeformable body. 

Several other very obvious instances of the inapplicability of 
this principle will doubtless present themselves to the student. 

It is essential to observe at the outset that in nature there are 
no such things as rigid bodies. For a great many practical 
matters there are bodies which may be treated as if they were 
rigid or indeformable; but the fact that the particles of solid 
bodies like iron can be thrown into vibration by the application 
of even small impulses — as is evidenced by the production of 
sound from bells and gongs — proves that these bodies are not 
absolutely rigid. 

Bodies which _ most nearly approximate to the notion of 
rigidity are called Nalmral Solids. 

Examples. 

1. Find the magnitude of the resultant of two forces of 10 
kilogrammes and 8 kilogrammes, which act at an angle of 105° 

Ans. E = 2,^41 - 10 (\/6 — ^2) = 1 1-06 kilogrammes. 

2. Two forces, P and Q, of which Pis given, act at an angle of 60°; 
given the magnitude of their resultant, R, find the magnitude of Q. 

Ans. q = 2 

From this it appears that R cannot be less than— — P; explam 
this result by a figure. 

3. Two forces, P andQ, inclined at an angle of 120°, have a 
resultant, R ; when they are inclined at an angle of 60°, the resultant 
becomes n times as great as before ; show that 

and Q = — ^(^Sw"-! - -/S-w")- 

4. If two forces, acting at a given angle, he each multiplied by the 
same number, show that their resultant is also multiplied by this 
number and unchanged in direction. 

6. Two forces act at an angle to ; each force becomes n times as 

great as before, and the angle between the forces is reduced to -; 
each of these latter forces again, becomes n times as great as before, and 
the angle between them reduced to |- It is observed, that in all 
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these cases the magnitude of the resultant is unaltered. Show that 

^ ..Vs + tn'-U 
a> = 4cos *( 2 ')' 

6. Two chords, OA and OB, of a circle, represent in magnitude and 
direction two forces acting at the point ; show that if their resultant 
passes through the centre of the circle, either the chords are equal or 
they contain a right angle. 

7. Find the components of a force, P, along two directions making 
angles of 30° and 45° with P on opposite sides. 

2P , PV^ 

Ans. =) and 7=- 

1 + -/3 I + -/3 

8. Show that a force represented in magnitude and direction by the 
diameter of a circle may be resolved into two rectangular components 
represented by any two rectangular chords of the circle drawn from 
the extremity of the diameter. 

9. Two rectangular forces, P and Pa/ 3, act on a particle lying on 
the ground. If P makes an angle of 30° with the horizon, show that 
the particle will have no horizontal motion. 

10. Three forces equal to P,F-'r(^, and P— Q, act on a particle in 

2 w 
directions mutually including an angle -5- ; find the magnitude and 

direction of their resultant. 

33. Theorem. The following theorem is of wide application 
in the composition of forces : — 

If two forces acting at a point, 0, are represented in mag- 
nitudes and directions by OB 
and n , OA, their resultant is 
represented in magnitude and 
direction by (n + l) 06, the 
point G being taken on AB so 
that BG = n. AG. 




Fig. 8. 



For, produce OA to C so that 0C=n . OA. Then the two 
forces acting at are represented by OC and OB. Complete 
the parallelogram OCBB. Then the diagonal OR is the re- 
sultant force. 

From C draw CH parallel to AB. Then the triangles CEB, 
and BGO are equal in all respects, .-. RR = OG. Now since 
OC=n. OA, it follows that OH = n . OG .-. OR = {n + \) OG, 
which proves the proposition for the magnitude of the resultant. 

. . CH CO 

Again, ■jQ= -q2 = ^, •'- CH = n . AG, and since CH = BG, 

we have BG = n . AG. 
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As a particular case, the resultant of two forces represented 
by OA and 0£ passes through the middle point of AB, and is 
represented by twice the line joining to this point. 
^ If the two forces are equal to n . OA and m . OS, the resultant 

passes through the point G determined so that — = -, and is 

AG m 
represented on the same scale by (m + n) . OG. 

For, diminishing the scale to which the forces are drawn in 
the ratio of m : 1, the two forces will be represented by 0£ and 
n 
- • OA. It then follows, by what precedes, that the resultant 

acts through a point G, such that BG=-. AG, and is equal in 

magnitude to (- + l) • OG. If, now, we revert to the original 

scale, this must be multiplied by m, and we have for the resultant 
{n + m) . Off.— Q.E. D. 

23. Graphic Representation of the Resultant. If several 
forces, Pj, Pg. • • • act together at a point, their resultant is 
found thus : — Take the resultant of P^ 
and Pg; compounding this resultant 
with Pg, we get a new force which is 
the resultant of P^, Pg, and P^; com- 
pounding this force with P^, we get 
the resultant of P^, P^, P^, and P^; 
and carrying on this process until all 
the forces have been used, we obtain 
in magnitude and direction the re- 
sultant of the whole system. 

Let g-j_ be the middle point of the '^' ^' 

line Pj Pg, which joins the extremities of the first two forces. 
Then the resultant of P^ and Pg is represented in magnitude and 
direction by 2 . Og-^, Compounding the force 2 . Og^ with Pj, 
we get a resultant represented in magnitude and direction by 
3 . Og^ (Art. 1 5), where g^ is a point on g^P^ such that P^g^ = 
2 . g^g^. Again, the resultant of 3 . Og^ and P^ is 4 . Og^, where 
^3 is the point on P^g^ such that P^yg = 3 . g^g^ If there are n 
forces acting on 0, and if G is the last point determined as above, 
the resultant is represented in magnitude and direction hjn . OG. 

Dep. The point G, thus determined, is called the Centroid of 
the points P^, Pg, . . . . P„. 

VOL. I. c 
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CoK. 1. If the point 0, at which the given forces act, is the 
centroid of the extremities of the forces P^, P.^, • • • Pm "'^^ 
resultant force vanishes, and the point is in equilibrium. 

CoK. 2. The more advanced student will perceive that if at 
the points P^, P^, . . . P„ there be placed equal particles, each of 
mass m, and if each of these particles attracts or repels the 
particle with a force proportional to m and to the distances 
OP^, OP 2, . . . 0P„, respectively, the resultant attraction or 
repulsion on will he nm . OG, or M . OG, where M= the sum 
of the masses and G is their centre of mass. 

CoE. 3. If the attracting or repelling particles form a con- 
tinuous body, of mass if, and the law of attraction or repulsion 
is that of the direct distance, the resultant attraction or repulsion 
will be M. OG, acting in the line OG, where G is the centre 
of mass of the body. 

This result is, therefore, seen to be a simple consequence of 
the theorem in this Article concerning the resultant of a number 
of forces acting on a particle^a theorem which was first given 
by Leibnitz. 

Examples. 

1. Find a point inside a triangle such that if a particle placed at 
it be acted on by forces represented by the lines joining it to the 
vertices, it will be in equilibrium. 

Ans. The intersection of.the bisectors of the sides drawn from 
the opposite angles. 

2. P^, P^, . . . P„ are points which divide the circumference of a 
circle into n equal parts. If a particle, Q, lying on the circumference, 
be acted upon by forces represented by Q,P^, Q,P^, • • • QP^ show that 
the magnitude of the resultant is constant wherever Q is taken on the 
circumference. 

It is n : QO, being the centre of the circle. 

3. A particle placed at is acted on by forces represented in 
magnitudes and directions by the lines, OA-^, OA^, . . . OA^, which 
join to any fixed points, A^, A^, . . . A„; where must be placed 
so that the magnitude of the resultant force may be constant 1 

Ans. If the resultant is represented by a line of length B, may 

r» 

be placed anywhere on a sphere of radius — described round the 
centroid of the fixed points as centre. ^ 

4. Two forces are represented by two semi-conjugate diameters of 
an ellipse; prove that their resultant is a maximum when the 
diameters are equal and so taken as to include an acute angle ; and 
that their resultant is a minimum when they are equal and include an 
obtuse angle. 
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5. ABGD is a quadrilateral of ■wHch A and C are opposite vertices. 
Two forces acting at A are represented in magnitudes and directions by 
the sides AB and AD; and two forces acting at G are represented in 
magnitudes and directions by the sides GB and GD. Prove that the 
resultant force is represented in magnitude and direction by four times 
the line joining the middle points of the diagonals of the quadrilateral. 

6. is any point in the plane of a triangle, ABC, and D, E, F are 
the middle points of the sides. Show that the system of forces OA, 
OB, OG is equivalent to the system OD, OE, OF. (Wolstenholme, 
Book of Mathematical Problems^ 

7. If be the centre of the circumscribed circle of a triangk, ABC, 
and L the intersection of perpendiculars from the vertices on the sides, 
prove that the resultant of forces represented by LA, LB, and XC will be 
represented in magnitude and direction by 2 LO. (Wolstenholme, ibid.) 

If G is the centroid of the triangle, the resultant is 3 . LG (Art. 23) ; 
but this, by a well-known theorem in Geometry, is 2 . LO. 

8. Show that the resultant of any number of concurrent forces, P^, 
P^, P^, . . . may be found thus : measure off any lengths \,\,\, ■ ■ ■ 
from their point, 0, of meeting along their respective lines of action ; 
place at the ends of these lines particles whose masses are propor- 

P P P 

tional to -y^ ) -=-^3 -j-^ j . . . ; let G* be the centre of gravity of these 

particles ; then OG* is the line of action of the resultant of the given 

P 

forces, and its magnitude is OGx^^- (Mr. Swift P. Johnston.) 

V 

24. Graphic Eepresentation of the Resultant. There is 
another mode of exhibiting the resultant of a number of forces 
acting on a particle. 

When two forces, OA and OS (Fig. 2,, p. 7) act at 0, their 
resultant is the diagonal of the parallelogram OACB ; or, again, 
it may be considered as the third side 
of the triangle determined by OA and 
AC, the latter line being drawn from 
the extremity of the force OA parallel 
to the other forcCj OB. 

Let any number of forces, OA, OB, 
00, OD (Fig. lo), act at 0. Then ^ 

drawing o« (Fig. 1 1) parallel and equal 

(or proportional) to OA, and from the extremity a drawing ad 
parallel and equal (or proportional, on the same scale) to OB, 
the resultant of the forces OA and OB is represented by ob, the 
third side of the triangle oab. (Of course the resultant acts at 
0, and is parallel to ob). Again, drawing be parallel and equal 
(or proportional) to OC, the resultant of ob and be is oc. Com- 

c a 




20 



COMPOSITION AND EESOLUTION OF F0KCE3. 



[35- 




Fig. II. 



pounding this with cd, which represents OB in the above manner, 
we get the resultant of the whole system 
represented in magnitude and direction by 
od, the last side of the polygon odbcA. 

Hence to represent the resultant of any 
number of forces acting at a point, — 

Tahe any point, o, and draw the sides of 
a polygon successively parallel and equal (or 
proportional) to the forces acting at 0; then 
the last side, or that which is required to 
close up the polygon, rejpresents in magnitude and direction the re- 
sultant of the system. 

CoE. 1. If the last vertex, d, of the polygon of forces closed up 
into 0, the side od would vajiish, or the resultant force would vanish ; 
that is, the system of forces would be in equilibrium. Hence — 

If the sides of a closed polygon marJced with arrows, which all 
go round the polygon in the same sense, represent in magnitudes 
and directions the forces which act together on a particle, these forces 
form a system in equilibrium. 

Con. 2. When only three forces act, the preceding Cor. shows 
that they will be in equilibrium if they are parallel and pro- 
portional to the sides of a triangle which are marked with 
arrows all going round the triangle in the same sense. 

This proposition has been already enunciated as the Triangle of 
Forces. 

25.] Laplace's Peoof of the Paeallelogeam or Fobces. 
Among purely statical proofs of this fundamental proposition, i.e. 
proofs which do not depend on the consideration of velocity, Laplace's 
appears to be the most elegant, and as, moreover, it does not involve 
the principle of transmissibility, it is thought desirable to include it 
in the present treatise. 

Let two rectangular forces, P and 
Q, represented by the lines OA and 
OS (Fig. 13) act at 0, and let B be 
the unknown magnitude, and 00 the 
unknown direction, of their resultant. 
It is evident that if P and Q give a 
resultant equal to E acting in 00, nP 
and «Q will give a resultant equal to 
nR acting also in 00, because taking 
multiples of the forces is the same thing as merely altering the 
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scale of magnitude to which they are referred. Conversely, 
whatever n may be, iiR may be replaced by nP, making an 

angle Q ( = CO A), and nQ,, making an angle -— fl ( = GOB) with 

the direction of iZ. Let n be taken = ^ and draw A! OB' per- 
pendicular to OC. Then since 

U may be replaced by P in OA and Q in OB, 

P „ „ „ -^mOC„ ±^ in OA'; 

F 0^ 

Similarly Q may be replaced by ~^ in OB' and \ in OC. 

Hence the forces P and Q are equivalent to a force 

= ^ + ^ in OC,a. force ^ in 0^', and a forpe ^ in OP'. 

But these last are equal and opposite, and therefore they destroy 

each other. Hence P and Q are equivalent to a single force 

p2 + p2 
= — n-^ acting in the direction of their resultant ; therefore 



E 



B, '_ 

or B='^P^ + Q\ (1) 

Thus we have found the magnitude of the resultant of any two 
rectangular forces. We now proceed to find its direction. 

If P and Q are equal, their resultant bisects the angle between 
them, and (l) therefore shows that it is represented in magnitude 
and direction by the diagonal of their parallelogram. 

Let three forces, at right angles to each other, OA, OB, and 
OC (Fig. X3) each equal to P, act on a particle ; complete the 
cube as in the figure. By what precedes, the resultant of OB 
and OC is 0F\ combining this with 
OA, we see that the direction of the 
resultant lies in the plane TOA. Simi- 
larly, it can be proved to lie in the 
plane COB; hence its direction is 00', 
the intersection of these planes, or the 
diagonal of the cube. Now from (1) 
0P= Pv'2, and the resultant of the / 
three forces is the same as the resultant j-jg jj, 

of Pv^2 along OF and P along OA. 
By (1) the magnitude of the resultant is P^/S, and since 
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00' = Pv/3, we have proved that the diagonal, OC/, of the 
parallelogram FOA represents in magnitude and direction the 
resultant of two forces P and P \/2. 

Suppose now that OA = P, OP = P\/2, and OC=P, and 
complete the parallelepiped . We have just proved that the 
resultant of OP ( = Pv/2) and 00 ( = P) is the diagonal OF 
( = P\/3); and since the resultant of the three forces must 
lie in the planes COB and FOA, it must act in the diagonal 
00". But this resultant is the resultant of P\/¥ along OF 
and P along OA, and by (1) its magnitude is P\/4, which 
is the magnitude of Off, the diagonal of the parallelogram 
FOA. 

By keeping OA and 00 each equal to P, and giving OB the 
values P, PV'2, Py/S, ...Py/m, successively, we prove in this 
way that the parallelogram law holds for P and P-Jm, where 
m, is any integer. Again, keeping OB = P^/m, 00= P, and 
making OA = P, P\/2, PVS,...PVn—l,in succession, — where 
u is an integer, — we prove that the law holds for Py^m and P-^n. 

But the numbers n and X; can be varied in such a v,-ay that A / - 

shall be equal to any given quantity. Hence the parallelogram 
law holds for two rectangular forces which bear to each other 
any given ratio. 

Prom this the proposition 
follows easily for oblique 
forces. 

Let OA and OB (Fig. 14) 
represent two oblique forces, 
P and Q ; complete the par- 
allelogram, draw the line mn. 
through perpendicular to 
the diagonal OC, and let fall 
the perpendiculars Ap, Am, Bq, and Bn, on OC and mn. By 
what we have proved, the force OB {= Q) can be replaced by 
Oq and On, and OA {= P) can be replaced by Ojo and Om. 
But Om IS evidently equal and opposite to On, therefore OC is 
the line of action of the resultant, and its magnitude = Op+Oq 
which = OC This proof will be found at greater length in the 
first chapter of Moigno's Zegons de MScanique Amlytique. 
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CHAPTER II. 

GESEHAL conditions 01' THE BQUILIBIHTJM OF A PARTICLE 
UNDER THE ACTION OF FORCES IN ONE PLANE. 

26.] Absolute Condition of Equilibrium. One condition is 
necessary and sufficient for the equilibrium of a particle — and 
that condition is, that the magnitude of the resultant farce acting 
upon it shall he gero. In the case of a body (as distinguished 
from a mere particle) the student will afterwards see that this 
single condition is not sufficient. The vanishing of the Ee- 
sultant may be called the absolute condition of the equilibrium of 
a particle. 

27.] Several Forces. "When several forces act upon a particle, 
the condition of its equilibrium may be expressed as in Cor. 1, 
p. 18; or as in Cor. 1, p. 20. But in practice, these repre- 
sentations would frequently be found clumsy, and we obtain 
simpler results by using the principle of the Resolution of 
Forces than those given by the principle of Composition. It is 
to be observed that forces acting on a particle are to be con- 
sidered as forces whose lines of action all pass through one common 
point. 

28.] Eesolution of Forces in given Directions, It has been 
proved that a force can be resolved into two others along any 
two directions in the same plane. Simplicity is gained by 
taking these two directions at right 
angles to each other. Thus, let Ox 
and Oy be any two lines at right 
angles to each otherj and P any force 
acting at in the plane Oxy. Then, 
completing the parallelogram OXPY, j.jg jg 

we find the components, OX and OT, 
of the force P along the axes Ox and Oy. Let OX and OY be 
denoted simply by Zand T. It is, then, evident that 

X=Pcos^, 
Y=Fsme, 
where 6 is the angle which the direction of P makes with Ox. 
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in strictness, when we speak of the component of a given 
force along a certain lincj it is necessary to mention the other 
line along which the other component acts. For example, the 

force P may have an infinite 
number of components along 
the same right line Ox. If 
the line associated with Ose be 
Om, and if the parallelogram 
OMPM he completed, the 
component of P along Ox will 
be OM, the other component 
being OM'. If, again, the resolution of P be efiected along Oos 
and On, and the parallelogram ONPN' be drawn, the com- 
ponent of P along Ox will be ON; and it is evident that if <a be 
the angle between the axes along which P is resolved, the com- 
ponent along Ox will be P • — -. ' • 

^ ^ sm 0) 

In what follows, unless the contrary is expressed, by the 
component of a force along any line we shall understand the 
rectangular component ; that is, the resolution is supposed to be 
made along this line and the line perpendicular to it. It must 
be remembered, then, that — 

The component of a force, P, along a right line is Px cos {angle 
hetween right line and direction of P). 

29.] Equations of Equilibrium, or Analytical Conditions. 

If several forces, P^, Pg, Pj, 
. . . act at 0, each of them 
may be replaced by its two 
components, one along Ox, 
and the other along Oy, 
which is perpendicular to 
Ox (Mg. 17). Thus, the com- 
ponents of P^ are P^ cos Q^, 
and Pi sin B^ ; those of P^ 
are Pg cos 6^, and P^ sin Q^, 
and these latter are mea- 
sured in exactly the same senses as the components of P^ ; that 
is to say, P^ cos Q^ is the component of Pg along Ox in the 
sense Ox. The component of P^ in the figure is actually in 
the sense opposite to Ox, that is, in the sense 0,-x\ still, 
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the component in the sense Ox is Pg cos 62, for cos 6^ is 
negative. If the senses Ox and Oy are regarded as the 
positive senses, any components which act in the opposite 
senses, 0,—x and 0, — y, would subtract from the positive 
components, and must be considered negative. It will be seen 
that the negative sign of every component will be perfectly 
represented and accounted for by the general expressions, P cos 
and P sin 6, for the two components. Thus, the figure shows 
that both components of P3 are negative, and accordingly both 
of the expressions P3 cos 63 and P3 sin 6^ are negative, since 6^ is 
>i8o°. 

In order thit the expressions P cos 6 and P sin 6 may always 
represent components in the positive senses Ox and Oy, the angle 
must be measured from Ox towards the line of action of the force 
in a fixed sense — that opposite to watch-hand rotation being 
generally chosen. 

With this understanding, then, we may say that the com- 
ponents of Pj, P2, P3 in the direction Ox are P^ cos 0^, 
J2 cos 6^, and P3 cos 6^, and those in the direction Oy are 
Pj sin 01, Pg sin 6^ and P3 sin ^3. 

Eeplacing each of the forces, Pj, Pa, P3, ... by its com- 
ponents, we have 

Pi cos ^i + Pg cos ^a+Pg cos 63+..., or S Pcos0, along Ox, 
and 

Pi sin ^i + Pg sin B^ + P^ sin ^3+ ..., or 2 Psin^, along Oy. 

If the component, P cos 6, of a force, P, along Ox, be de- 
noted by X, and that along Oy by Y, the whole system of forces 
is equivalent to the two single forces, 

Xi + Zj + X3 + . . ., or 2X, along Ox, 
and ^1+^2+ 73+ -. or Sr, along Oy. 

Now, since (Art. 25, p. 22) the resultant of two forces, P and 
q, at right angles is ^'WVW, the resultant, B, of the system 
of forces Pi, Pg, . . ., is given by the equation 

B= ^/(SX)2 + (2l'f- (1) 

For the equilibrium of it is necessary and sufficient that 

B=. Q. Hence 

(2Z)2 + (2r)' = 0. (2) 
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Now, this equation cannot be satisfiedj so long as SXand SJT 
are real quantities, unless 

2X=0 and 27=0. (3) 

These, then, are the two necessary and sufficient conditions for 
the equilibrium of the particle, and they are equivalent to the 
sinffle condition jS = 0. (See Art. 26.) 

The equations (3) are equivalent to the following state- 
ment : — 

For the equilibrium of a particle acted on by any number of 
forces in one plane, it is necessary and sufficient that tke algebraic 
sum of the rectangular components of the forces, along each of two 
right lines at right angles to each other in the plane of the forces, 
should vanish. Since the directions Oas and Oy, along which the 
forces are resolved, may be any whatever in their plane, we may 
evidently vary the above statement thus — the algebraic sum of 
the rectangular components of the forces along every right Ivne in 
thei/r plane is zero. 

It is merely for uniformity of notation that we have mea- 
sured ^1, e^, e^,...{Yig. 17), 
all in the same sense — 
that opposite to watch-hand 
rotation. In resolving forces 
along a line, Ox, it is simpler 
in practice to use the acute 
angles made by the forces 
with the line, and to indicate 
p. jg negative components by the 

sign mintis. 
Thus, if (Fig. 18) the forces P, P', P"make acute angles 6, ff, 
6", with Ox, the sum of the components of the forces along One is 

P cos 0-r cos e'—F' cos d", 
and that along Cjy is 

P sin e+P' sin ff—P" sin 6". 

The rectangular component of a force along a line is some- 
times called the effective component along this line. 

Cob. a force has no effective component in a direction at 
right angles to itself. 

30.] Direction of the Resultant. The direction of the re- 
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sultanfc of any number of forces acting in one plane on a particle, 
0, is known when its components, 2Z y 
and S J", along any two directions. Ox 
and Oy, are known. For, if Ox and Oj/ ^^ 
are rectangular, and a be the angle 
which the resultant, R, makes with One, 
we have, evidently (Fig. 19), " ^ f^ 

'SY 

and if Ox and Oy include an angle w, 

sin a 2Z 

sin (o) — a) ~ 2X 

31.j Tension of a String. When a string is employed to 
connect two or more particles which are acted on by given 
forces, the fibres of the string become subject to a certain pull, 
stress, or tension, which, if increased beyond a certain limit, will 
cause the string to break. This tension is a force wMcA at any 
point of the string may he conceived as acting in either of two 
opposite senses, or in both of these senses at once, according to 
the nature of the question under discussion. Let us consider, 
as a simple example, the case of a string, AB (Fig. 30), 
whose weight we may neglect, fixed at the extremity A, 
and attached at ^ to a weight W, If, now, we imagine 
the string to be cut at any point p, and the lower 
portion, pB, to be removed, it is clear that the re- 
maining portion, jB^, will not be in the same state of 
stress as before unless we apply at the section p a force 
equal to W, and acting downwards. Again, let the 
string be cut a little above p, at q, and suppose the 
portion qA removed. Then the small portion, pq, will B ^ 
not remain in its place unless an upward force equal to _,. 
W is applied at the section q. The small portion of the 
string included between p and q is then kept at rest by two 
equal and opposite forces, each equal to W. Thus, then, if we 
consider any portion, pq, as isolated from the rest of the string, 
we must represent it as subject to two equal tensions directly 
opposed to each other. If we considered the action of the upper 
portion, ^^, on the lower, jb5, we should represent pB as acted 
on by an upward force applied at p ; and if we consider the 
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action of the lower on the upper, we must represent pA as acted 
on by a downward force applied at the section of separation of 
pA and^Jf. Thus, the action at B of the string on the body W 
its an upward force, or tension, equal to W\ while the action of 
W on the string consists of an equal force in the opposite 
direction. 

32.] String passing over smooth pegs or surfaces. When 
a string whose weight we neglect passes over a smooth peg^ or 
over any number of smooth surfaces, we shall assume for the 
present that the stress of its iibreSj or its tension, is the same at 
all of its points. Should it, however, be knotted at any of its 

points to other strings, we must 

regard its continuity as broken, and 

the tension will not be the same in the 

two portions which start from a knot. 

Thus, if the string pass over two 

smooth surfaces, A and B (Fig. 3i), 

and if it is pulled at one extremity by 

a force P, it must be pulled at the 

other extremity with an equal force; 

but if, after having the surface A, it is 

knotted at C to another string which is 

j4„ ji_ pulled with a force equal to B, the 

tensions in the portions between C and 

A and between C and B are no longer the same, and their 

relative magnitudes must be determined by equation (a) of 

Chap. I., Art. 19, 

33.] Equilibrium of a System of Particles. When several 
particles are connected together and form a system, each par- 
ticle being acted upon by special forces in addition to the forces 
produced upon it by its connection (by strings or rods) with 
the other particles, we can consider the equilibrium of any 
one particle apart from all the others, provided that we take 
account of all the forces which are produced on it hy its connection 
with the others, in addition to the special forces acting upon it. 

Thus, in No. 8 of the following examples, we may write down 
equations for the equilibrium of the particle N as if it were 
entirely disconnected with the other points, A, P, M, B, if we 
represent it as acted on by the force, W, and by the tensions, T^ 
and T^, of the strings by which it is connected with the system. 
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34.] Numerical Calculation. When in any instance the 
numerical values of forces are assigned, the student will derive 
much benefit from the practice of constructing good figures, 
which, with as much fidelity as is practically attainable, truly 
represent the relative magnitudes and directions of the forces. 
For this purpose, the first thing to be done is to fix on some 
convenient scale of representation. The scale to be adopted will 
depend on the magnitudes assigned in each particular case. 
Thus, if the student works on "section paper," he may take 
one, two, three, or more of the sides of its little squares to re- 
present the unit force. If the magnitudes of the forces given 
range from, say, 5 to 20 kilogrammes, it will be convenient 
enough to take a side of one square to represent 1 kilogramme ; 
but if the forces range only from 5 to 1 kilogrammes, two, or 
even three, sides may be taken to represent 1 kilogramme; 
for the greater the length which represents the unit force, the 
less the error which is likely to occur in the drawing. In fact, 
without trigonometrical calculation, the magnitudes of certain 
required forces may be found by carefully drawing the forces 
that are given, and measuring with instruments the lines which 
represent the required forces, the results being reliable to the 
first place of decimals. Several of the following examples are 
suitable to such a method, and the student is recommended to 
verify his calculated results by subsequent measurement. 

35.] TJseful Trigonometrical Theo- ^ 

rem. The following theorem will be 
found extremely useful in the solution 
of a large number of statical pro- 
blems. A "• p » ^ 

If a right line CP (Fig. 2,2) drawn ^_^ 

from the vertex of a triangle, divide 

the base into two segments m and n, or segments which are to 
each other in the ratio m : n, 

(m + n)cote = m cot a—n cot /3, (l) 

where a and ^ are the angles which CP makes with CA and CB, 
and e is the angle which CP makes with the base AK 

For, if AP = m,BP = n, 

~ sin a sm a 




30 



CONDITIONS OF EQUILIBRIUM OP A PARTICLE. [35. 



Also CP = n^-^ = ii''-^^H^^=n (sin 9 cot ^ + cosd). 

Equating these two values of CP, we obtain (l) at once. 

The following equation also holds : 

(m + n) cot5 = n cot A — meotS. 

_, „^ sin A sin A m 

For, CP = m 



(2) 



sin a sin{d—A) 



Similarly CP = 



sinflcot^ — cosfl 
Equating these values of 



sin d cot £ + cos 
CP, (2) follows at once. 

CoK. If A and £ are two fixed points and C any variable 
point, and if the angles CAB and CPA are denoted by 9 and <p, 
respectively, any equation of the form 

nootO— m cot ^ = k, (a) 

where n, m, and h are constants, will be satisfied if C has any 
position on a certain fixed right line — viz., a line dividing AB 
in P so that AP : BP =^ m:n, and making with AB an angle, 
CPB or y, such that 

cotv = > 

or in other words, any equation of the form (a) denotes a 
rectilinear locus — as is evident also from the elements of analytic 
geometry. 

Frequent reference will be made to this result in the sequel. 



12 



\ 



Examples. 

1. At the point, 0, of intersection of diagonals of a square (Fig. 23), 

let two forces of 8 grammes, and 12 
grammes, act along the diagonals, and 
two forces of 10 grammes, and 2 
grammes, act perpendicularly to two 
sides; required the magnitude and 
direction of their resultant. 

Resolving the forces along Ox, the 

line of action of one of them, the 

component of the force 10 is 10, 

that of the force 8 is 8 cos 45°, that 

12 cos 45°. Hence 
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/' 


\ 
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of 2 is zero, and that of 12 is • 
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Similarly, 27=— + 2+-^ = 2 + 10>/2. 

Therefore iJ = -/ (lO - 2V2f + (2 + 10a/2)^ = -/312. 
Again, if a be the angle made by S with Oa;, 

, 2 + 10-/2 l + sVi „,, ,, 

tan a =: ;= = -^ = 2* (nearly). 

10-2^^2 5--v/2 ^ ■^^ 

2. Three forces, P, Q, B, act on a particle : find the magnitude of 
their resultant. 

Let the angles opposite P, Q, and E be denoted by p, q, r (Fig. 5, 
p. 12). Then resolving all the forces along the direction of P, we get 
for their combined component in this direction P+G cos r + ^ cosy. 
Resolving them perpendicularly to P, the component = Q sin r— ^ 
sin q. Hence the square of the resultant = (P + Q cos r + iJ cos q^ + 
(Q sin r—^ sin 5')'. Eemembering that p-\-q-\-r = In, this is easily 
seen to be 

P='+ Q'' + iJ2 + 2PQ . cos »• + 2 Qi? . cos;p + 2PP . cos q. 

3. Verify in the last question that if the three forces are in 
equilibrium, the expression given for the resultant vanishes. 

When the forces are in equilibrium, 

P : Q : ^ = sin j3 : sin 5" : sin r. 
Hence the expression for the square of the resultant is proportional to 
Bin''^ + sin^g'+ sin^r + 2 sin^ sin q cos r + 2sin §■ sin r cos^; + 2sin r 

sin^ cos q. 
The last two terms = 

2sinrsin(jp + g) = — 2sin^r, •: 'p-\-q — 2i:—r. 

Therefore the above expression is 

sin^p + sin'g— sin'*(j9 + g') + 2cos(^ + g')sin^sing'= sin^^ + sin^g 
— l + cos{p + q) cos ip—q), :• 2sinpsing' = cos{^— g') — cos(y + g'). 
Now, 

cos{p + q)cos{p—q)=l— sia'p — sinks', 
.•. the square of the resultant = 0. 

4. A heavy particle, (Fig. 24), whose weight is W, is held in 
equilibrium by three forces (in addition to its weight) — 

— acting horizontally, ^acting in a direction making an angle i with 

n 

the horizon, and R at right angles 
to F; find the magnitudes of F and 
P in terms of the given force W. 

Eesolve all the forces along the \o, 

directions of F and P successively. 
These directions are chosen rather 
than any others, because, since P is ,■:.'!.-— 
at right angles to F, it wiU give no pj^ ^4. 

component along F, and, for the 
same reason, F will give no component along P. 
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W . . 

The component along OF is F-\ cos i— Warn t. 

For equilibrium it is necessary (Art, 29, equations (3)) that this 

component shall be zero. Hence 

W 

F-\ cos I— Wsm i — 0, 

n 

.•,F= W fsin i cos i\ • 

V n ' 

Again, the sum of the components along 0-ff is 

W 

B—Wcoai sini; 

n 

and this must also be zero. Hence 



R= r(i 



COSZ + -sin«)' 
n ^ 

The same values would, of course, be found if we had selected any 
two other directions for the resolution. Thus, if we resolve all the 
forces vertically, or in the direction W, we get 

TF— ^sin i — R cos i = ; 

W 
and resolving horizontally, or in the direction of — > we get 

W 

1- i''cos i— iZ sin i = 0. 

n 

Solving these last two equations for B and F, we get the same 
values as before. 

The advantage of a judicious selection of directions for the resolu- 
tion of the forces is now apparent. By resolving at right angles to 
one of the unknown forces, we obtained an equation free from that 
force ; whereas when the directions were selected at random, both of 
the unknown forces entered into each of our equations, and to find 
these forces it was then necessary to solve the equations. 

Having selected one direction for resolution, it is not necessary 
that the second should be selected at right angles to it ; for the 
student has seen (p. 26) that when a particle is in equilibrium, the 
sum of the components of the forces along any direction whatever 

must be zero. Hence we might, in the 
present case, have resolved vertically 
and along the direction OF, and the 
equations thus obtained would have 
given the same results as before. 

5. One end of a string is attached to 
a fixed point, A (Fig. 25); the string, 
after passing over a smooth peg, £, 
sustains a given weight, P, at its other 
extremity, and to a given point, G, in 
the string is knotted a particle of given 
weight, W. Fiad the position of equilibrium of the system. 




Pig. 25. 
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Before setting about tlie solution of statical problems of this kind, 
the student will clear the ground before him, and greatly simplify his 
labour by asking himseK the following questions : — 

(a) What lines are there in the figure whose lengths are already 
given 1 

(6) What forces are there whose magnitudes are already given, and 
what are the forces whose magnitudes are as yet unknown ? 

(c) What variable or variables in the figure would, if it or they 
were known, determine the required position of equilibrium 1 

Now, in the present case (a), the linear magnitudes which are given 
are the lines AB and AG. The entire length of the string is of no 
consequence, since it is clear that, once equilibrium is established, P 
might be suspended from a point at any distance whatever from B. 
The forces (6) acting at the point C are the weight, W, a tension in the 
string CA, and another tension in the string CB. Of these, W is 
given, and so is the tension in CB, which must, since the peg is 
smooth, be equal to P (see Art. 32) ; but there is, as yet, nothing 
determined about the magnitude of T, the tension in CA. And (c) 
the angle, 6, of incUnation of the string CA to the horizon would, if 
known, at once determine the position of equilibrium. For, if d is 
known, we draw AC of the given length : then, joining C to B, 
the position of the system is completely known. The angle, <f>, of 
inclination of BC to the horizon, would do equally well ; and it 
is evident that, since either angle suffices, each must be capable of 
being expressed in terms of the other, and the given magnitudes in the 
question. 

Let AB = a, AC = b. Then, for the equilibrium of the point G we 
have, by equation (a), p. 12, 

P _ cosd , , 

W~ sin(fl + <^)' ^ ' 

To this equation must be joined the relation between d and ^ given 
by the geometry of the figure. We have, evidently, 

AG. sin AGB = AB. am ^, 
or 6sin(9 + ^) = asin^. (2) 

Equation (i) gives 

a sin <^ W 

bcosO ~ 'P' 

or • ^ 6^ /, 

smcp = — p coso) 



'/a'P^-V'W^cos''0 

.: cos © = 5 

^ aP 

Expanding sin (d + ^i) in (2), and substituting these values of sin 

and cos <f), and reducing, we have the equation 

'''^ 2abW^ ' '"'^ + 2TP6 = °- ^'^ 

TOL. I. D 
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"We may obtain this result very simply by employing a Triangle 
of Forces. Thus, from M draw a line MQ parallel to BG, meeting 
AG in 0. Then MGQ is a triangle of forces for the point G, its sides 

P QM 
being parallel to the three equilibrating forces at C. Hence -= = -^^ ; 

but OM ^■^.BG = ^cose(a'-2abcoa6 + ¥)^; and JfC = ftsinfl; 
^ AB a 

P _ cosd{a^-2abco8 6 + b^)i 
" W a sin 5 

which is the same as the previous equation for B. 

The student will do well to observe that the coefficients of this 
equation are ratios of magnitudes of the same kind. Thus, force and 
linear magnitude are quantities of essentially different kinds. It is 
true, indeed, that the magnitude of a force may be conventionally 
represented by the length of a line, but it is only in comparison with 
other forces that any one force can be so represented, and the scale of 
representation is arbitrary. Hence cos 6, which is a mere number, if 
it is expressed in terms of force, must be expressed as the ratio of one 
force to another ; and if it is expressed in terms of linear magnitude, 
it must be as the ratio of one line to another. If, for example, the 

Pa' 
coefficient of cos ^6 in (3) being unity, the last term had been =^ , 

we should have known at once that the result was wrong. For the 
numerator and denominator of this expression are not of the same 
degree in force ; neither are they of the same degree in linear magni- 

Pa^ a? 

tude. Such a term as „.„, denotes the product of an area,-j- , by the 

W^h 

p 
reciprocal of a force, -==-„ • 

Similar remarks as to the homogeneity of our results will be of 
frequent occurrence in the sequel. By attention to considerations of 
this kind the student will often be able to detect an error in his 
work. 

6. If, in the last example, the weight W, instead of being knotted 
to the string at C, is suspended from a smooth ring which is at 
liberty to slide along the string AGB, find the position of equi- 
librium. 

In this case, the string PBGA, which passes over a smooth surface 
at B, and through the smooth ring, will have its tension constant at 
each of its points (Art. 32), and therefore equal to P. Hence, 
putting T=P, and resolving forces vertically for the equilibrium of 
C, we have 

W-2P8me = 0, 

or ■ a ^ 
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7. A string, whose weight is neglected, passes over three smooth 
pegs. A, B, G, which are in the same horizontal line. From the 
extremities of the string are suspended two weights, F and P' ; and 
to two given points in it are 
knotted two weights, W 3,ndi W, 
the first suspended .between A and 
B, and the second between B and 
G. Find the position of equi- 
librium. 

In this problem the given quan- 
tities are the suspended weights, 
P, W, P', and W, the distances 
AB and BG, and the length of 
the portion mBm' of the string (Fig. 26). 

Evidently the quantities which we wish to determine are the 
inclinations, 9, (j), ... , of the portions of the string to the horizon. 

Let AB = a, BG = a, and the length of mBm' = k. Consider the 
equilibrium of the point m. Since the string PAm, passes over a 
smooth peg at A, the tension in it = P throughout. If 2'= tension 
in mBm', we have for the equilibrium of m, 
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Fig. 26. 



P _ COS<j) 

W~ sin(0-l-<^)*. 
T _ coa9 
W~ sin(0 + <^)' 

Again, for the equilibrium of m', 

P cos <i)' 



(1) 



W'~ siu(f + ^') 
T _ cosy 
r'~sin(0' + <f)')' 

Equating the two values of T, we have 

TTcos^ F'cosfl' 



(2> 



. (3) 

sin(0 + <|)) sin(y-|-<^') 

These are all the equations that can be obtained from statical 
considerations. One more equation is required to determine the four 
unknown quantities, 9, 4>, &, and ^'. This is obtained by expressing 
that the length of mBm' = h. Evidently 

asinfl , n , a'sin^ . 

Bm = —. — — —■> and Bm = 



sin(9 + (|))' 
osinfl 



ifl' 



sin(0' + <^') 



(4) 

•• sin (0 + <|))'^ sin (fl' + </)') 

These four equations determine 9, (j>, 9', </)', and therefore the 
position of equilibrium. 

D a 
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8. A string, BMNP...A, whose weight is neglected, is suspended 
from two fixed points, A and B ; and from given points, M, N, P, 

... , in the string, are sus- 
^/ pended a series of equal par- 
ticles, the weight of each 
being W. Find the incli- 
nations, ^j, 0j, 63, ... , of the 
successive portions of the 
string to the horizon. 

Consider the equilibrium 
of the point M. This point 
is kept in equilibrium by three 
forces, viz., W acting ver- 
tically, 2\, the tension of the 
string MB, and T^, the tension 
oiMN. 




Fig. 27. 



(1) 



Kesolving these forces vertically, 

and, resolving horizontally, 

T^ cos 01 - T^ cos e^ = 0. 

For the equilibrium of N, resolving horizontally, 
T2 cos ^2-^3 cos 03 = 0. 
Hence 

T^<ione^=T^coBe^=T^coBe^ = ; 

or in other words, the horizontal components of the tensions in the 
different portions of the string are constant. Let this constant be 
denoted by T; then 

T T 



cos 9, * 



cos 9, 



&c. 



Substituting these values in (1), we have 



W 
tan 01 = tan 02 + — . 



Similarly, 



tan 02 = tan 05 -I- -^ > 
tan 03 = tan 0^ + • 



r 

w 



Hence the tangents of the successive inclinations form a series in 
.Arithmetical Progression. In the figure 

0,= 0, .-. tan03 = 5, tan 02= ^, tan 0i= ^. 
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If the suspended weights are not equal, it is still true that the 
horizontal components of the tensions are all equal. 

The figure formed by the string BMNP...A is called a Funicular 
Polygon. 

3 




9. To construct the Funicular Polygon, when the horizontal pro- 
jections, RQ., Qp, 'pn, nm, mb, . . . , of the successive portions of the 
chain are all of constant length, a. 

Let Pp = c ; then, since (last example) the tangent of the incli- 
nation of PN = 2 . tangent of inclination of PQ, it follows that, Pn' 
being horizontal, Nn' = 2Pp = 2c. Also tan of inclination of MN 
■= 3 tan of inclination of PQ ; .-. Mm' = 3 c. 

Hence, taking the middle point, 0, of the horizontal portion, JSQ, 
as origin, and the horizontal and vertical lines through it as axes of x 
and 2/, the co-ordinates of P are (f a, c) ; those of iV are (| a, c + 2 c) ; 
those of M are (|a, c + 2c+3c); and those of the mth vertex from Q 
are evidently 

2n+\ n(n+\) 

«=— 2--«. y=2 — '■ 

The value of the ordinate, y, of any vertex at once enables us to 
determine this vertex. 

If we eliminate n from the two equations for x and y, we get an 
equation which is satisfied by all the vertices indifferently. _ This 
equation denotes, therefore, a curve passing through all the vertices of 
the polygon. Eliminating n, we get 

This denotes a parabola whose axis is the vertical line Oy. The 

c 
vertex of the parabola is vertically below at a distance = g • 

The smaller the distances RQ, Qp, pn, . . . , the more nearly does 
the Funicular Polygon coincide with the parabolic curve. 

10. To represent graphically the forces in the general case of the 
Funicular Polygon. , . , , . j 

For convenience, let the vertices of the string or chain be denoted 
by the numbers 1, 2, 3, . . . , and let the forces Pi, Pj, . . . act at the 
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vertices. Let also the tension in the portion of the string (1, 2) be 
denoted by T^^, &c. 




Fig. 29. 



Fig. 30- 



Now, take any point, 0, and from it draw the line ^55 parallel to the 
string (5, 6), and proportional to the tension T^^. From the extremity 
of t draw the line, p^, parallel and proportional to the force P^. It 
follows, then, that since the forces 1\„ T^^, and P^ form a system in 
equilibrium at the point (5), the third side, t^^, of the triangle t^g, p^, 
t^ is parallel to T^^, and proportional to it (Cor. 2, p. 20). In the 
same way, drawing Pi parallel and proportional to P^, the side t,^ is 
parallel and proportional to T^^ ; and continuing this construction, the 
tensions in the successive portions of the string are all represented by 
the lines t,^, t^, t^, • • • in the new figure (Fig. 30). _ _ 

The figure (Fig. 30) which represents by its lines, both in magmtudes 
and in directions, all the forces of the system in 
Fig. 29, is called by Professor J. Clerk Maxwell 
a ' Force Diagram ' of the system. (Transactions 
of the Royal Society of Edinburgh, vol. xxvi.) 

When, as in example 8, all the applied forces, 
jPj) -Ps, • • . are parallel, the Force Diagram of 
the system consists of a triangle with lines drawn 
from the vertex to different points in the base. 
Thus, taking any point, (Fig. 31), and drawing 
Ob parallel to MB (Fig. 28), and proportional to 
the tension in it ; and then drawing bm vertical 
and proportional to the weight suspended at M, 
it follows that Om will be parallel to MN, and 
proportional to the tension in it. Similarly for 
the rest of the figure. If all the suspended 
weights are equal, the lines bm, mn, mp, pq, . . . 
are all equal, and Fig. 31 at once shows that 
the tangents of the successive inclinations of the parts of the chain 
are in Arithmetical Progression. This figure also exhibits the con- 
stancy of the horizontal components of the tensions Ob, Om, On, . . . , 
these components being all equal to Oq. 

11. Weights of 20, 14, 20, 16, 10, and 18 kilogrammes are to be 




Fig. 31. 
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suspended from the vertices of a funicular polygon ; and these vertices 
are to be on vertical lines which are, respectively, 3, 2, 2 J, 2J, and 4 
decimetres apart ; find the figure of the polygon, and also, by scale 
measurement, the tensions in the different portions of the string so 
that each one, successively, of the following conditions is satisfied : — 

(a) The portion of the string between the third and fourth lines to 
be horizontal, and the portion which is attached to the 20 kilogrammes 

and to a fixed point to make an angle of - with the vertical. 

o 

(/3) The extreme portions of the string (those attached to fixed 

points) to make each an angle — with the vertical. 

o 

(y) The tensions in the portions between the second and third lines 
and between the fourth and fifth»lines to be each equal to twice the 
tension in the portion between the third and fourth lines. 

(6) The extreme tensions to be 60 and 70 kilogrammes respectively. 

(e) The vertices on the first and sixth lines to be in the same 
horizontal line, and the vertex on the fourth line to be 5 decimetres 
below that on the first Une. 

Let Fig. 2 7 represent the polygon, the given vertical lines being those 
markei MW, N W, PW, . . . . and the fixed ends of the string being B 
and A. Draw a vertical line; let a„ be the upper end of this line ; 
measure off lengths «„«!, a.^a^, a^a^, a^a^, a^a^, a^a^ respectively pro- 
portional to 20, 14, 20, 16, 10, 18. Then the solution consists, in 
each case, in finding a proper position for the point 0, which is called 
the pole of the funicular polygon. 

Now in (a) the line Oa^ is to be horizontal, so that must be 
somewhere on the horizontal line through a^. Also since the line 

BM makes an angle — with the vertical, the line Oa^, must make this 

angle with the line a„ a^. Hence must lie on another given line ; 
and is therefore determined. In every case the actual position of 
the first vertex, M, is, of course, arbitrary, so that we may assume B 
but not A, or vice versd. 

Case (y3) is similarly solved. In (y), since the tensions referred to 
are represented on the scale adopted by the lengths Oa^, Oa^, Oa,, 
we must have Oa^ = Oa^ = 20a^. Now since Oa^ = Oa„ the point 
must lie on the line bisecting a^a^ perpendicularly; and since 
Oa^ = lOa^ the pole must lie on a circle having for diameter the 
line joining the points which divide the line a^ a^ internally and 
externally in the ratio 2:1. Hence is determined. 

In (8), the lengths 0% and Oa^ are given ; .-. is detei-mined. To 

solve (€), let ^(,1, ^12, ^57 be the inclinations (all measured in the 

same sense) of the portions BM, MN, ... to the vertical ; so that 
Oa^a^=e,„ Oa,a^=e,„...Oa,a, = 0,,.. Then, taking an origin 
anywhere on the vertical line MW, if y^, y^, y^, ■ ■ • are the vertical 
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distances in decimetres of the successive vertices below this origin, we 
have 2/3-^1= 3 cot 612; y, - 2/2 = 2 cot flj, ; y^-J/a = S^cot flj,; 
2/5-2/4 = H cot K ; 2/6-^6 = 4 cot 9,e. (1) 

Add these, and observe that y^ is given equal to i/y Hence 

3 cot 0JJ + 2 cot e^ + 2i cot 03, + 2i cot fl.^ + 4 cot ^^j = 0. (2) 

Now observing that a, divides the line a„ a^ so that -2_ = — > we 

have (using 6 and </) instead of ^oi ^^^ ""—^n)' fr"™' ■^''*- 35, 

cot 012 = ^ (78 cot 0—20 cot 4>) ; and similarly cot fljj = -gV (64 cot Q 

— 34 cot ^) ; &c. Substituting these in (2) we have 

307 cot 0—379 cot <^ = o, (3) 

which shows that must lie on a horizontal line dividing a^a^ in the 
ratio 379 : 307. 

To express the second condition, "V^e have from (1) 

Vi-Vi = 3 cot 012 + 2 cot 023 + 2| cot 03^ = 5 ; 
which becomes 472 cot 0—263 cot f = 490, (4) 

and this shows (Art. 35) that must lie on a right line dividing «„ Oj 
in the ratio 263 : 472 and making with it the angle whose cotangent 

98 

= , i.e., about 56° 19'. 

147 

The two loci (3) and (4) determine completely. 

12. For any given system of vertical lines and weights, show how 
to construct a funicular polygon such that two assigned sides of it 
shall pass each through a given point. 

Ans. Let the given weights at the vertices be w-^^, w^, w^, ... and the 
horizontal distances between the given lines Cjj, c^, c^^, ... Let any 
two sides — say that between lines 2 and 3, and that between lines 
5 and 6 — pass through two points whose distances from any horizon- 
tal line are /3 and ^', and whose distances from the lines 3 and 5, 
respectively, are p and p'. Then with the notation of last example, 
we have 

2/3— /3=i>cot023; 2/4-2/3 = <'84 cot 031 ; 2/1,-2/4 = 04600*^46; 
/3'-2/6=/cot05„; 

•■• /3'-/3=;>COt023 + C3iCOt034 + C„COt0„+/cOt055. (o) 

And as in last example, we have (Art. 35) 

(wi + W2 + Ws+ ... ) cot ^23 = (w^ + w^+ ...) cot0— (lOi + Wj) cot <^, 
with similar values of cot 034, ... so that (a) becomes of the form 
?cot0— TOCot<|) — /3'— /3, 

where I and m are given. This shows that the locus of is a right 
line, which can be easily drawn. Any funicular, therefore, constructed 
from a pole on this line satisfies the given conditions. 

13. For any given system of vertical lines and weights, show how 
to construct a funicular sush that three assigned sides of it shall pass 
each through a given point. 
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14. Suspension Bridge. The number of vertices of the polygon 
being very great, and the suspended weights all equal, the parabola 
which passes through all the vertices virtually coincides with the chain 
forming the polygon, and gives the figure of the Suspension Bridge. 
In this bridge the weights suspended from the successive portions of 
the chain are the weights 
of equal portions of the 
flooring. The weight of 
the chain itself and the 
weights of the sustaining 
bars are negligiblein com- 
parison with the weight 
of the flooring and the Kg. 32. 

load which it carries. 

'Fig. 31 may be taken to represent the Force Diagram of 4;he 
Suspension Bridge, the vertical line ab, representing the weight of the 
flooring, being divided into as many equal parts as there are divisions 
of the chain. If these parts are sufSciently numerous, the lines Ob, 
Om, On, &c. are parallel to tangents to successive points of the chain. 
Let the span, AB, of the bridge = 2a, and let the height Oil = h. 
Then, the equation of the parabola referred to horizontal and vertical 
axes oiy and a;, respectively, through (Fig. 32) ia 

3/^ = 4 mx, 
m being a constant ; and the tangent of the inclination to the vertical 
of any portion 

dy 2 m y 

dx~ y 2x 
Hence the tangent at the point of support, B, makes with the horizon 

. 2h 
an angle whose tangent is — • 

Therefore, Oq (Fig. 31) being parallel to the tangent at the lowest 
point of the bridge, and Ob parallel to the tangent at the point B, 

2h 
tan bOq = — • 
a 

Hence, since bq represents half the weight of the bridge, and Ob the 
terminal tension of the chain at B, . 

Terminal tension = -—. — z-^r- = W - 



2 sin bOq 4 A 

W being the weight of the flooring. 
Also, the vertical tension a,t B = ^ W, and the constant 

Horizontal tension = W -r-i- 
4A 

15. The entire load of a suspension bridge is 160,000 kilogrammes, 
the span is 64 metres, and the height is 5 metres ; find the tension at 
the points of support, and also the tension at the lowest point. 

Am. Terminal tension = 268,208 kilogrammes. 
Horizontal tension = 256,000 „ 
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1 6. If the vertical bars whicli support the roadway of a suspension 
bridge are not at equal horizontal distances, prove that the vertices of 
the polygon formed by the chain will still lie on a parabola, provided 
that each vertical bar supports half of the adjacent portions of the 
roadway. 

This follows from the fact that the cotangent of the inclination of 
any chord of a parabola to the axis is proportional to the sum of the 
ordinates of the extremities of the chord. 

17. If -ffi is the resultant of any number of forces, P„ P^, Pg, , 

acting in one plane on a particle, prove that 

B' = 2P» + 2SP, P, cos (Pi>,), 

where P^, P^ means the angle between P^ and P^. 
(This result is true for non-coplanar forces.) 

18. If a particle is in equilibrium under the action of any forces, 
prove that the sum of the oblique components of the forces along any 
right line is zero. 

If 2Xand S 7 denote the sums of the components along two lines 
inclined at an angle = ca, the square of the resultant is equal to 
(SXy + 2 (SX) (2 7) cos CO + (2 Yf; 

and this = {-EX +!,¥)' cos' J + (2X-2 J)^sin''|- 

Hence the result follows as in equations (3), p. 26. It is otherwise 
evident, since the resultant is the third side of a triangle, two of whose 
sides are 2X and 2 Y. 

19. If in example 7 the weights W and W, instead of being 
knotted to two given points in the string, are attached to two smooth 
rings which are capable of sliding freely along the string, determine 
the condition and position of equilibrium. 

Here, since the string passes freely over and under smooth 
surfaces, the tension is constant throughout its length. Now, the 
tension in ^?» is P, and that in Cm' = P'. Hence 

P = P'. 

For the equilibrium of m, we have, resolving vertically, 

W 
r=2Psin0; .•.sin0 = -2^; 

and for the equilibrium of m', 

W 
r' = 2Psinfl'; .■.sin0'=-^. 

20. A heavy particle is attached to one end of a string, the other 
end of which is fixed. Find the horizontal force which must be 
applied to the particle in order that the string may deviate by a given 
angle from the vertical, and find also the tension of the string. 

Ans. If P = the horizontal force required, T = tension of string, 
W = weight of particle, and 6 = angle of string's deviation, 

F= Ftan^, T= Wsec0. 
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21. A string ACB (Fig. 25, example 5) has its extremities tied to 
two fixed points, A and jB ; to a given point, C, in the string is 
knotted a given weight, W. Find the tensions in the portions CA 
and G£. 

Ans. Since AG and BO are given, the angles GAB and GBA are 
also given. If these angles are denoted by and d', and if T and T' 
are the tensions in GA and GB, 

WcosO' WcoaO 

sm{e + 6') ~sin(0 + 6l')' 

22. If (same figure) the extremities A and B are fixed, and the 
weight W is that of a smooth, heavy ring at 
G, which is capable of sliding freely along 
the string, find the horizontal force which 
must be applied to the ring G in order that 
the system may take a given position of 
equilibrium. 

Atis. If the angles GAB and GBA are 6 
and $', and F := the required force, 

i'=irtan— - — 

2 Kg. 33. 

23. ABGD (Fig. 33) is a system of pegs 

forming a square in a vertical plane ; a string attached to A and B 
passes through a heavy, smooth ring, R, while another string is 
attached to G and R. The ring is kept in equilibrium half way 
between H, the middle point of GA, and O, the centre of the square ; 
find the tensions in the strings ARB and GR. 

Ans. If If = weight of ring, T = tension in ARB, and 2^ = tension 
inC^, 




T=W. 



13\/5 + 5-s/T3 



r= W. 



\/5 + 5-/l3 



32 ' 16 

24. In the last example if the tensions in the two strings are equal, 
find the point at which the ring must be placed on OH. 

Ans.Ji ^:rf^ = «, as is determined by the equation 



OM 



3iW*— 3a!2— 10a7 + 6 = 0. 



This equation has only two real roots, 
one between and 1, and the other be- 
tween 1 and 2. 

25. A string whose weight is neglected 
passes over three smooth pegs, A, B, 
(Pig. 34), in a vertical plane, and sus- 
tains two equal weights, W, from its ex- 
tremities. Find the pressures on the pegs ; 
and find also the magnitudes of the angles 
a, /3, and y, when the system of pegs is 
least likely to break, the pegs being all equaUy strong 




Kg. 34- 
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Ans. If P, Q, and i? be the pressures on the pegs A, B, and G, respect- 
ively, P = 2 PTcos^j Q=2 Wcos^, R = 2 ITcos^; and since the sum 

of a, 0, and y is given (= 2 w), it follows that in the best arrangement 

2 2 

a = /3 = y = -TT. For, unless each of the angles = -zts, some one of 

the pressures must be > 2 TTcos - , or W; and if the pegs are of equal 

strength, it is best under these conditions to have the pressures on 
them all equal. 

26. The ends of a string are attached to two fixed points, A, B, 
in the same horizontal line, at given points, G, D, in the string are 
fastened two weights, P and Q ; find the relation which must hold 
between the given magnitudes so that the portion CD of the string 
may in the position of rest be horizontal. 

Ans. liAB = a; BG = 1 {G being adjacent to B, and D to .4) ; 
GD = m ; DA = n ; then 

27. Three smooth pegs, A, B, G, are fixed in a vertical plane; 
three light strings knotted together at a common extremity, 0, have 
suspended from their other extremities given weights, P, Q, B, and 
the corresponding strings are passed over the pegs A, B, arid G ; find 
the position of equilibrium. 

Ans. Construct a triangle whose sides are proportional to the 
magnitudes P, Q, R ; then the external angles of this triangle are 
equal to the angles BOG, GO A, A OB ; so that the point is de- 
termined as the intersection of circular arcs described on BG and GA. 

28. If in the last example the knot is replaced by a smooth 
ring or negligible weight which is tied to the peg C by a string of 
given length, while another string, passing freely through the ring, 
passes over the pegs A and B, and has two given weights suspended 
from its extremities ; find the position of equilibrium. 

Ans. [The suspended weights must be equal.] Describe an ellipse 
having A and B for foci and touching the circle described with G as 
centre and GO as radius. 

29. If the string in ex. 25 passes over any number of equally strong, 
smooth pegs, in the same vertical plane, find the best arrangement. 

Ans. If there are n pegs, each of the angles, a, /3, y, 5, . . . must be 
_ (w— l)ir 
n 

30. In example 19 calculate the pressures on the pegs A, B, G. 
Ans. The squares of the pressures are respectively 

P{2P+ r),| {4P=+ WW- V(iP^- W^) {4:P''- W'^)}> P(2P+ W). 

31. If the strengths of the pegs. A, B, G, in example 25, are propor- 
tional to Z, m, n, find the best arrangement of the system. 
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Ans. The angle a is given by the equation 

2mnx? + {f+m^ + n'')aP-P= 0, 

in which a; = cos-- The angles /9 and y are at once found from a. 

32. Let A„A^...Ag (Fig. 35) be any funicular polygon, with weights 
F-^, Pj, P3, Pj suspended at 

its vertices, il J, A^, A^, A^, „ ^. di_ 

respectively; draw any line, 
Oj fflg, meeting the verticals 
through A„, A^, ... in the 
points a„, dj, d^j.-.ajid let 
ii„ jlj meet these verticals in 
A^jD^,!)^,... Now construct 
a new polygon, o„ Wj a^... Ogj 
by talong d^ % = s D-^ A^^ ; 
d, S = 5 A -^2 ; and so on, 
n being any number. 

Prove that the new poly- -^' 

gon, whose fixed ends are «„ . Fig. 35. 

and a^, will be kept in equilibrium by the set of forces P^,P^,P^, P^ 
applied at its vertices aj, aj, flj, a^. 

Although this may be readily proved geometrically by principles of 
Graphic Statics, the student wiU do well to establish it by the method 
of example 8. He will easily prove that, if a and /3 are the incli- 




nations oi A^ A. and a„ a. to the horizon, 6^, 0^ 



the inclinations 



of the sides .4 „ J. 1, ^j^2,...,and (}>„^, (^u,... those of «„«!, aia^,...to the 
horizon, we shall have 

tan ^„i— tan /3 = - (tan ^jj— tan a) ; 



tan 4>i2~ ^^^ y3 = - (tan ^u— tan a), &c. 

But if T denotes the constant horizontal tension in a funicular 
polygon, the conditions of its equilibrium are 

P P 

tan ^„i— tan 6^3 = -^; tan ^u— tan 0^ = -^' &<=• 

These conditions are satisfied in the polygon «„ a^,...a^ on the 
supposition that the horizontal tension in it = m^ ; and it is axiomatic 
that if internal forces can preserve equilibrium, they wiU. 

Of course all the ordinates (and not merely those through the 
vertices) of the derived polygon are proportional to the corresponding 
ordinates of the original. 

33. Show that the last example enables us to construct for a given 
parallel system of forces a funicular polygon which shall pass through 
three given points. 

(A solution of this problem for any system of forces will be given in 
^ subsequent chapter.) 
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34. Given the base, NS (Fig. 36), of a triangle NFS, and also 
the sum of the cosines of the base angles, SNF and NSP ; let 

the curve locus of F be constructed. 

Prove that if a particle be placed at any 

point of the curve and acted on by two 

forces, one repulsive from iV and equal to 

u 
-r^> and the other attractive towards S 

and equal to -^=2 > the resultant force is, at 

every position of the particle, directed 
^ig- 36- along the tangent to the curve. 

N. B. — This curve is called the 'Magnetic Curve,' being one of those 
in which small iron filings would arrange themselves under the influence 
of a fixed magnet whose poles are N and S. 

It is to be observed that each little piece of iron is a magnet, 
having two poles at its extremities, and that it must therefore set at 
the point, F, where it is placed, in the direction of the resultant force 
on either of its poles. 

35. Prove that the line of action of the resultant force of a magnet 
on a magnetic pole at F divides NS externally in the ratio NF^ : SF^. 

36. Iron filings are sprinkled over a sheet of paper on which a magnet 
rests ; prove that all those filings which dip towards the same point 
on the line of the magnet lie on a circle (neglecting their mutual 
actions). 



CHAPTER III. 

THE EQUILIBRIUM Or A PAETICLE ON PLANE CURVES. 

Section I. 
Smooth Curves. 

36.] Smooth surface. When a body is placed in contact with 
a surface, it is evident that, in addition to the given forces acting 
on the body, there is a certain force produced by the surface — 
the force, namely, which the surface exerts to prevent the body 
from passing through it. This force is called the Reaction of 
the surface. Now, the surface being supposed to be rigid, there 
is evidently no limit to the magnitude of the force with which it 
is capable of reacting ; but the direction of the force depends on 
the nature of the surface itself. If the surface be perfectly 
smooth, it can react on any body in contact with it only in the 
direction of the normal to the surface at the point where the 
body is in contact with it. Thus (Fig. 37), if a body, M, acted 
on by any given system of forces, 
be in contact at a point with 
a smooth surface, AB, the force 
which this surface exerts on the 
body takes the direction, ON, of 
the normal to the surface at the 
point of contact, 0, and its mag- 
nitude will be such as to destroy 
the eflfect of all the other forces 
acting upon M. To the magnitude of the reaction, B, there is 
no limit ; so that if each of the other forces acting on M were 
increased 100 times, for example, the surface would react with a 
force equal to 100 ^ ; but the direction of B is strictly limited to 
that of the normal. We may therefore state that — 

When two smooth bodies are in contact, their mutual reaction is 
normal to the surface of contact. 
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37.] Example, If P (Pig, 38) is a heavy particle whose weight 
is W, placed on a smooth spherical surface whose vertical diameter 
is A£, what is the position of equilibrium ? 

Here the forces acting on P are only two 

in number — namely, its weight, W, and R, 

the reaction of the smooth surface. Now, 

this reaction takes place in the direction of 

the normal, PO, to the sphere at P ; and 

since the particle is in equilibrium under 

the action of only two forces, these must be 

equal in magnitude, and act in opposite 

directions. Hence, since ?Facts vertically, 

PO must be a vertical line ; that is, P must 

be placed at A, the lowest point of the 

sphere, or outside the surface at -B, the 

highest point. 

Whatever be the smooth surface on which the particle is 

placed, it is evident that the points on it at which the particle 

will rest are points the normals at which are vertical lines. And, 

generally — 

A particle will rest at those points of a smooth surface at which 
the normal coincides with the direction of the resultant of all the 
forces acting on the particle. 

38.1 Normal to a Curve. The normal to a curve at a given 
point is not, like the normal to a surface at a given point, a 
definite line, but is any line whatever in the plane perpendicular to 
the tangent at the point. 

Hence, for the equilibrium of a particle placed inside a smooth 
tube of any form, the resultant force on the particle need not act 
in a given right line, but must act in a given plane — namely, the 

plane which is normal to the 
tube at the point where the 
particle is placed. Thus, for 
example, let AB (Fig. 39) be 
a smooth tube of any form, 
and let P be a particle placed inside it. If we imagine a string 
attached to P, coming out of the tube through an opening at P, 
which is not suflBciently large to allow P to come out, it is 
evident that we may pwll at P with any force however great 
in the plane normal to the tube, and in all directions round P 
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and the equilibrium of the particle will not be disturbed. But 
if we incline the string ever so little to the normal plane at P, 
motion will ensue along the tube. 

39.] Plane Curve. In the present chapter we shall consider 
only plane curves, i.e., curves which lie altogether in one plane. 

Moreover, when a particle is placed on a curve, and acted on by 
given forces, we shall suppose that all the forces act in the plane 
of the curve. 

Now, it is evident that the only effect which a curve produces 

on a particle placed upon it is a normal reaction of some definite 

magnitude. If, then, we produce upon the particle, by any other 

means, a force identical with this reaction, we may dispense with 

the curve altogether. This being so, if we call the reaction of 

the curve R, we may suppose the particle acted upon by all the 

given forces, and also by a new force equal to B, this latter 

acting in the direction of the normal to the curve. Thus, the 

case is the same as that treated in the last chapter — namely, the 

equilibrium of a particle acted upon by any number of forces in 

one plane ; and in writing down the equations of equilibrium, we 

shall merely have to include the new force R among all the others. 

40.] Graphic Solution of Equations. It often happens that 

a position of equilibrium is defined by two angles for which two 

equations are given. The equation for either variable which 

results from eliminating the other may be one of high degree, the 

approximate solution of which by the methods of the Theory of 

Equations would be very troublesome. In such Cases it is often 

possible to obtain a solution sufficiently accurate for practical 

purposes by constructing curves corresponding to the equations 

and taking their points of intersection. For this purpose a box 

of mathematical instruments is required. 

A few illustrations of the method, as well as some examples 
of frequent occurrence, are here given, but in numerous instances 
of lilie character, which will present themselves subsequently, the 
student must exercise his ingenuity in obtaining graphic solutions 
for himself. 

(a) If A and B are two fixed points and P a variable point, 
whose position is defined by the angles PAB {—0) and PBA 
(= <p), what locus is represented by the equation 

acot(5— a) + dcot((f— /3) = c, 
where a, h, c, a, ^ are constants ? 

E 
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It will be easily found that it denotes, in general, a conic 
circumscribing' the triangle ABC, where C is determined by- 
drawing AC making Z CAB = a, and BC making Z GBA = /3. 

But if a cot a + ^ cot /3 + c = 0, it will be found that the 
equation represents a right linoj the conic becoming the product 
of this line and the line AB itself. 

In particular, a cot 6 + beot^ = c denotes a right line, which is 
constructed by producing AB to B, so that AB : BD= b — a:a\ and 

/> 
at JD drawing the line BC, making the angle CBB = cot~^£ — ■ 

(^) With the same meanings of 6 and ^, construct the locus 
represented by the equation 

a cos Q + b cos <\) = c. 

With the points A and B as 
'"•■.,. centres describe two circles, 8 and 

s/ /[ ./I'l \ 2'(Fig.4o)ofradii-.J5and-.^5, 

\ respectively. Draw any common 

'■■ /'^ '^ \ i ordinate MZQ meeting them in Ii 

\ \ I / and N; then the lines AL and BN 

'" ■■-.,\ _..^' intersect in a point, P, on the re- 

^^<r. quired locus ; for 

Fig. 40. Aq + Q,B = AB,oic 

AL . cos fl + BN. cos (f) = AB, or 

-• AB cos e+ - . AB cos d) = AB, 

c c ^ ' 

which is the given equation. 

. By drawing an indefinite number of lines, such as NQ, perpen-. 
dicular to AB to cut both circles, we determine as many points 
as we choose on the curve, which is represented in the figure by 
the thick line. 

In the particular case in which a = b the locus is the . 
Curve (p. 46). 

{y) To find and ip from the equations 

^+iSr^ = '^°*^ cos9 = /Jcos,^, 
where a, b, 0, h are constants. 

Take two points, A and B (Fig. 41), such that AB=a-\-b; take 
AO=a, OB = b, and draw OB perpendicular to AB ; with A as 
centre and c as radius describe a circle; draw any radius, 
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AC, of this circle, meeting OB in L; inflect BJ equal to LC; 
then P, the point of intersection of AG and BJ, is a point on 
the locus, the angles 6 and (/> being ^ZO and BJO, respectively. 
The full curve represents half the locus, there being a similar 
portion below AB. 

Also the equation cos 6=.Ji; cos <^ gives | 

sin PAB=k. sin PBA, ovPB=Jc.PA, Ir ,.y'''^ 

so that the locus representing this /^""J^ 

equation is .a circle whose diameter is /..■■" \ \ 

the line joining the points which divide aI::'1... \s 

AB internally and externally in the _. 

ratio 1 : h. The values of Q and ^ 

which satisfy both equations are those belonging to the points 
of intersection of this circle and the previous curve 
(8) To find Q from the equation 

a sin ^ + J cos = c. 
We may, of course, form a quadratic for either sin 6 or cos 9, but 
when a, 6, c are numerically given, this method would often be 
very troublesome. 

Divide out by a, and put - = tan a ; multiply by cos o, and 

we get ■ /^ V c 

sm (6 + a) = -cos a. 
'^ ' a 

The angle a is known from a table of natural tangents, so that 
this last equation gives 6 at once. 

As a numerical example, let it be required to find the inclina- 
tion of a smooth plane on which a weight of 7-5 kilogrammes can 
be sustained by an up-plane of 2-4 kilogrammes and a horizontal 
force 3'6 kilogrammes. The equation for i, the inclination, is 

7-5 sin i — 3-6 cos *= 2'4. 
Dividing out by 7.5, and looking in the tables for tan-^— -^ » 

1*0 

we have 

sin«— cosi tan (25° 38' 28") = -32. 

Multiplying by cos (25° 38' 28"), we have 

sin (»— 25° 38' 28") = -2884871 = sin (16° 46' 3"), 

,-. i = 42° 24' 31". 
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Examples. 

1. A heavy particle is placed on a smooth inclined plane, AB 
(Fig. 42), and is sustained by a force, F, which acts along AB in the 

vertical plane which is at right 
angles to AB; &n&F, and also the 
pressure on the inclined plane. 

The only effect of the inclined 
plane is to produce a normal re- 
action, B, on the particle. Hence, 
if we introduce this force, we 
may imagine the plane removed. 
Let W be the weight of the par- 
ticle, and i the inclination of the 
plane to the horizon. 
Resolving the forces along AB, we have 

F— W sin i = 0, or F = W sin i ; 
and, resolving perpendicularly to AB, 

R— W cos 1 = 0, or iJ = TT cos i. 
If, for example, the weight of the particle is 4 grammes and the 
inclination of the plane 30°, there will be a normal pressure of 2/^3 
grammes on the plane, and the force F will be 2 grammes. 

2. In the previous example, if F act horizontally, find its magni- 
tude, and also that of R. 

Resolving along AB, and perpendicularly to it, we have, successively, 

i^cos i — W sin j = 0, or F = Wia,n i ; 

W 

and i^sin i + TTcos i—R—O, .: R = • 

cose 

R is therefore in this case greater than it was before, as is sufficiently 
evident a priori. 

3. If the particle is sustained by a force, F, making a given angle, 
0, with the inclined plane, find the mag-, 
nitude of this force, and of the pressure, 
all the forces acting in the same vertical 
plane. 

Resolving along the plane (Fig. 43), 

Fcose-Wsmi=0, orF=^^^; 

cosO 

and resolving perpendicularly to the plane, 

R + Fsmd-Wcosi=0,.:R= r^^iil+D. 

cos 6 

The student will, of course, observe that these values of F and R could 
have been at once obtained, without resolution, by the equation (a), 
p. 12. 

4. A heavy particle, whose weight is W, is sustained on a smooth 

inclined plane, by three forces applied to it, each equal to — ; one 
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acts vertically, another horizontally, and the third along the plane 

(Fig. 44) ; find the inclination of the plane. 

Since we do not want B, the pressure on the plane, we shall resolve 

forces at right angles to £, that is, along the plane. Hence 

W . . W W . „, . 

— sin t + — + — cos e — TFsin i = 0, 

or 2sint = 1 -l-cosi, .•. 2sin-cos- = cos*-- (1) 

If we reject the factor cos - 1 for the present, we have 

* * 1 
tan-=-. 

which determines the inclination. 

Now the expulsion of the factor cos- from, equation (1) amounts to 

rejecting the solution 

i 
cos - = - 

But in this, as well as in many phy- 
sical and geometrical problems, such a 
solution ought not to be rejected, unless 
it is shown to be irrelevant to the ques- 
tion. So long as our equations are 
perf&A interpretations of the phyacal 
or geometrical conditions of the pro- 
blem, no factor can furnish an irrelevant 

solution. It is only when an equation expresses more or less than 
is implied in the given conditions that irrelevant factors can present 
themselves. Instances of these factors frequently occur in the opera- 
tions of Algebra and Analytic Geometry— as, for example, when we 
rationalize an equation by the process of squaring, fl, before this 
process, the square root of a quantity was affected with a minus sign, 
this sign will be indifferent in the rationalized result, and this latter, 
consequently, expresses more than was contained in the original 
equation. Hence it may happen that the result will furnish us not 
only with what is relevant, but, in addition, with what is wholly 
irrelevant. 

In the present instance the equa- 
tion cos - = would give the incli- 

nation of the plane = 180°, and the 
figure would then become Fig. 45> ™ 
"which the particle is placed under- 
neath the plane in such a way that 
equilibrium is manifestly impossible. ,• , ,, ■ , 

Hence it appears as if the equation cos - = were wholly Wxthout 
meaning. 




Fig. 44. 
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A little reflection, however, will show that it is quite relevant. For 
equation (1) is merely the analytical expression of the physical con- 
dition that the component of the acting forces along the plane shall be 
zero. Now it is not enough /or equilibrium that the component along 
some one line shall be zero ; for this, the component along some other 
line must vanish as well. Hence our result does not express the com- 
plete condition of the particle's equilibrium, but merely a part of that 
condition ; and each of the equations 

4 1 % 

tan - = - , and cos - = > 

expresses perfectly all the physical conditions contained in (1). For 

W 
when the inclination is 180°, the force— which acted along the in- 

o 

clined plane becomes a horizontal force opposite to the given hori- 

W W 

zontal force — ; and the vertical —furnishes no component along the 
o o 

plane. If the normal force could consist of a pull, this position would 

be possible. 

2 
The magnitude of i? is - W. 

5. A heavy particle, P (Fig. 4^6), is placed inside a smooth parabolic 
tube whose axis is vertical, and is acted upon by a horizontal force, F, 
equal to \x PM, PM being the ordinate of the point P ; find the posi- 
tion of equilibrium. . 

Here the forces acting are W, the 
weight of the particle, R, the normal 
reaction of the tube, and F. We shall 
obtain an equation between F and W, 
without R, by resolving along the tan- 
gent at P. JS 6 = angle between the 
tangent at P and the vertical, 

W cos 6 = F siad = iJLy . sin 6, where • 
y = PM. 

Hence, for the position of equilibrium, 
retaining the factor cos Q, 

cos Q ( W— ixy tan &) = 0. 

But if the equation of the parabola is f = 4miB, tan 5 = — . Hence 

the equation is 

cos0{W—2ixm) = O. (1) 

This equation of equilibrium can be satisfied in two ways. Firstly, 
we can have 

cos 6 = 0, (2) 

or = -, which gives the vertex of the tube as the position of equi- 
librium. This position is a priori evident, since the particle would 
at the vertex be acted upon only by its weight and the reaction of the 
tube, the force F here being = 0. 
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Secondly, the equation will be satisfied if 

W—2ixm = 0. (3) 

Now, this is simply a relation between the constants of the problem, 
and gives no value of 6 — that is, no definite position of equilibrium. 
In fact, if the equation (3) is satisfied, (1) will be satisfied, no matter 

what may be. The result, then, is as follows : if u = — , the par- 

2m 
tide will rest in all positions ; and if this relation does not hold, the 
vertex is the only position. 

It is well for the student to observe that fi is here the quotient of 
a force by a line, the force being expressed in the same units as those 
of W, and the line in the same units as those of PM. For since 
we have put F = n'PM, if Q is a force in the same units as those of 
W, and I a line in the same units as those of PM, it is clear that 
the proper representation of F would be something of the form 

6. A heavy particle, resting on a smooth inclined plane, is attached 
to a string which, passing over a smooth pulley, sustains another 
heavy particle : find the conditions and position of equilibrium. 

Let W be the weight of the particle on the plane, P that of the 
hanging particle, and the inclination of the string to the inclined 
plane in the position of equilibrium. 

For the equilibrium of the particle on the plane, we have, resolving 

along the plane (since the tension of the string = P), 

IT sin i = P cos 5 ; 

. Wwx i 
.•. cos 6 = — p — • 

In order that there may be a position of equilibrium, this value of 
cos must be < 1, .•. JT sin i must be < P. 
Explain the result when P = )F. 

7. Three particles, whose masses' are 
m,, mj, »»3, are placed at three points, A, 
B, G (Fig. 47), inside a smooth circular 
tube ; they attract or repel each other 
with forces directly proportional to their 
masses and their distances ; find the posi- 
tion of equilibrium of the system. 

Consider the equilibrium of m^&\, A. 
It is acted upon by two forces equal to 



m. 




^ AB and m^ AG, in the directions AB 
and AG. The resultant of these must be 
normal to the tube at A. But (Cor. 2, 
p. 18) the resultant acts towards a, the 
centre of gravity of m^ and w,, and if 

is the centre, OB = OG. Hence ^^ = ^; and, by considering the 

gin« m. 
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equilibrium of B, we have -. = — ^ • Therefore sin a? : sin y : sin a 

^ sm z m^ 

r=m^: m^: wi,. Also x+y + g = -n; therefore x, y, and « are the 
angles of a triangle whose sides are proportional to m^, m^, and 
jHj. These angles being known from some such equations as 

cos 33= " „ — —t&c, the relative positions of the particles 

are at once determined. The centre, 0, of the tube is the centre of 
gravity of the particles. 

8. Two smooth heavy rings, A and C (Fig. 48), slide on two rods 
which are inclined to the horizon at angles i and i ; a string con- 
necting A and O passes through a smooth heavy ring, B. Find the 
condition of equilibrium. 

Let the weights of A, B, G, be P, W, P', respectively, and let R 
and R' be the reactions of the rods on A and G. Construct the force- 
diagram of the system by drawing Dm from an arbitrary origin, 0, 
parallel and proportiona,! to R' and mn parallel and proportional to 
P' ; then on will be parallel to BQ and proportional to the tension in 
it. Drawing again np parallel and proportional to W, Op will be 
parallel to BA, and represent its tension. Finally, if pq represents 
P, Oq will represent if. Since the tension in ABG is constant, 
On ^ Op; . • . a perpendicular from on mq bisects Jip. The length 




Fig. 48;. 

of this perpendicular is, on the one hand, {wm + \ np) tan i', and on 
the other, {pq + \ryp)i«ai. Hence, equating these, we have 

{P' + IW) tani'= {P+ I r)tani. 
This is a relation between the constants of the problem, and it there- 
fore constitutes a condition that equilibrium should be at all possible. 
If this condition is fulfilled, there will be an infinite number of posi- 
tions of equilibrium. For if 6 is the angle which the string ZfC makes 
with the vertical, we have from the force-diagram 

tan = — — tan * ; 
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and it can be easily proved that if the two rods are taken as axes 
of X and y, the locus of B is 

a; sec (e - 2") + 2/ sec (9 — i) = ? cosec (i + 1"), 
which is a given right line. 

9. Two heavy rings, whose weights are P and F (Fig. 49), rest on 
the circumference of a smooth vertical circle, and are connected by a 
weightless string on which a heavy ring, whose weight is Q, slides 
freely. Find the position of equilibrium. 




Fig. 49. 



Construct the force-diagram. Let 6 and ff be the inclinations of 
the radii GA and CA' to the vertical, and let ^ be the inclination 
of the portions of the string AB and BA' to the vertical. 

The force-diagram then gives the statical equations 

(|+P)tan0=(|H-/>')tane'. (1) 

(|-fP)tan0=|tan<^. (2) 

To these must be added the geometrical equation -which connects the 
length, I, of the string with the radius, a, of the circle. 

Since the horizontal projections of the broken lines AC A' and 
ABA' are the same, we have 

a (sin B-\-sm6^=.l sin <f). (3) 

Equations (1), (2), and (3) are sufficient to determine the unknown 
angles 6, ff, and ^. 

10. A body, whose weight is 10 kilogrammes, is supported on a 
smooth inclined plane by a force of 2 kilogrammes acting along the 
plane and a horizontal force of 5 kilogrammes ; find the inclination of 
the plane. 

Ans. sin~'f-j« 

11. A heavy body is sustained on a smooth inclined plane (inclina- 
tion i) by a force P acting along the plane, and a horizontal force, Q. 
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The inclination being halved, and the forces P and Q each halved, 
the body is still observed to rest ; find the ratio of P to Q. 

Ans. -p: = 2cos^-. 
Q 4 

12. A weight of 10 kilogrammes is to be sustained on a smooth 
inclined plane of 25° inclination by a horizontal force of 5 kilogrammes 
and a force unknown in magnitude and direction ; determine this force 
in both respects so that there shall be a normal pressure of 2 kilo- 
grammes on the plane. 

Ans. The force = 9.07 kilogrammes, and it makes an angle of about 
1°54' with the normal, having a downward component. 

13. Find the inclination of a smooth inclined plane if a weight of 
24 kilogrammes resting on it is sustained by a horizontal force of 7 
kilogrammes and a force of 16 kilogrammes (of unknown direction), 
while the normal pressure is a force of 15 kilogrammes; find also the 
unknown direction. 

Ans. i = inclination of plane =53° 53'. 

6 = angle made by force with plane = 17° 28'. 

1 4. Find the inclination of a smooth inclined plane if a weight of 
20 kilogrammes resting on it is sustained by an up-plane force of 5 
kilogrammes and a force of 1 5 kilogrammes of unknown direction, while 
the normal pressure is 2 kilogrammes ; and find the unknown direction. 

Ans. i = 49°28'; = 47° 9'. 

15. Find the inclination of a smooth inclined plane if a given 
weight, W, resting on it is sustained by a given horizontal force, P, 
and a force Q of given magnitude but unknown direction, while the 
normal pressure is a given force N ; find also the unknown direction. 

P 

Ans. If, for convenience, tana is put for -=^> we have 

W 

cosu — a)= , — : sm = -—- . 

2i\^V^rHP' S^iV^ 

16. Two weights, P and Q (Fig. 50), rest 

Aon a smooth double-inclined plane, and are 
attached to the extremities of a string 
which passes over a smooth peg, 0, at a 
point vertically over the intersection of 
the planes, the peg and the weights being 
in a vertical plane. Find the position of 
equilibrium. 
Ans. lil = the length of the string, 
Fig. 50. and CO = h, the position of equilibrium 

is defined by the equations 
sin a sin ^ cos a cos /3 I 

jr r: ^^ {^ ■ J -I- ^Z — , 

COS d COS (^ sin 6 sin ^ h 

which belong to case (y), p. 50. 
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17. Two weights, P and Q, connected by a string, rest on the 
convex side of a smooth vertical circle. Find the position of equi- 
librium, and show that the heavier weight will be higher up on the 
circle than the lighter. [The string lies along the circle.] 

Am. If the radius of the circle drawn to P make an angle 6 
with the vertical diameter, I = length of the string, and a = radius of 
the circle, the position of equilibrium is defined by the equation 

Psme=:Qsin(l^-e), 
6 being circular measure. 

18. Show, by considering the equilibrium of P and Q (in the last 
example) as one system, that their centre of gravity lies in the 
vertical radius of the circle. 

1 9. Two rods are fixed in the same vertical plane at inclinations a and 
P to the horizon ; two rings, whose weights are P and Q, are con- 
nected by a string of given length and placed one on each rod ; find 
the position of equilibrium. 

Ans. If P is placed on the rod of inclination a, the inclination, 
6, of the string to the vertical is given by the equation 
{P+Q) cot 9 = P cot P-Q tan a. 

20. Two heavy rings, P and Q, connected directly by a string of given 
length, rest on a smooth circular wire fixed in a vertical plane ; find 
the position of equilibrium. 

Ans. If 2 a is the angle subtended at the centre of the circle by 
the string, the inclination, 0, of the string to the vertical is given by 
the equation (P -t- Q) cot 5 = (P — ^) tan a. 

2 1 . Two heavy rings, P and Q, connected directly by an elastic string 
whose tension is proportional to its length^, rest on a smooth circular 
wire fixed in a vertical plane ; find the position of equilibrium. 

Ans. If G is the magnitude of the tension of the string when the 
string is stretched to the length of the radius of the wire, construct a 
triangle whose base and two sides are respectively proportional to 

PQ 

-~- > P, Q. Then the base angles of this triangle are those made with 

the vertical by the radii of the wire drawn to the rings. 

22. A weight W is attached to a small ring which can slip over a 
smooth circular wire fixed in a vertical plane ; the ring is also tied to 
a string which, passing as a chord of the circle over a fixed peg at 
the top of the circle, sustains a given weight P ; find the position of 
equilibrium and the pressure on the circle. 

Ans. If is the angle made by the radius drawn to the ring with 
p 
the vertical, sin 1 5 = -^; and the normal pressure = W. 

' The student will afterwards see that this would be the case if the natural 
length of the string were bo smallas to be negligible in the problem. 
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23. In the same vertical plane are fixed a smooth rigid circular 
wire and a smooth rigid rod ; a heavy ring A slips along the circle, 
and another, B, slips along the rod, these rings being connected by a 
string of given length ; find the position of equilibrium. 

Ans. If r =i radius of circle ; I = length of string AB ; jp = per- 
pendicular from centre of circle on rod ; P and Q = weights of rings 
A and B, respectively; 6 = angle between radius drawn to A and 
perpendicular to rod ; <p = angle between AB and perpendicular to 
rod ; i = inclination of rod to horizon, then we have 
r cos Q-\-l cos (^ ^p> 
Qcoi{e-i} + {P+Q)cot{(^ + i) = Pcoii. 
The second belongs to the rectilinear case (a) of p. 50, so that 6 
and (^ can be constructed from cases (a) and (/3).. 

24. Two very small rings, A and B, capable of slipping along the 
circumference of a smooth circular wire fixed in a vertical plane, 
have weights P and Q suspended from them ; the rings are attached 
to the extremities, A, B, oi a string AGB which passes over a peg 
fixed at C vertically over the centre of the circle ; find the position 
of equilibrium. 

Ans. Let h = height of C above centre of circle ; I = length, AOB, 
of string ; CA = r, GB = /; then we have 

Ql , PI 

r = — — — ) r := • 

P+Q P+Q 

25. Two weights rest on the convex side of a parabola whose axis is 

^^ vertical, and are connected by a string which 

^^^''^ passes over a smooth peg at the focus ; show 

y^ that equilibrium is impossible unless the 

y^ weights are equal. 

/ 26. Two weights, /^and Q (Fig. 51), rest on 

/ p the concave side of a parabola whose axis is 

L ^ horizontal, and are connected by a string 

Y ^\\ which passes over a smooth peg at the focus 

\ \ \ F. Find the position of equilibrium. 

\\ \ Ans. Let I = length of the stringy 6 = the 

^^^\ angle which FP makes with the axis; 4m = 

^\i the latus rectum of the parabola ; then 

Q^"^"^ fl P /^ 

Fig. 51. cot^ = , / l-2m ^ 

2 VP' + Q'W m 
27. A particle is placed on the convex side of a smooth ellipse, and 
is acted upon by two forces, F and F', towards the foci, and a force, 
F", towards the centre. Find the position of equilibrium. 

Ans. If r = the distance of the particle from the centre of the 

curve; 6 = semi-axis minor ; and n = — =7—; then 



VT^ 



n' 
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28. A heavy particle, P, is placed on the concave side of a smooth 
vertical circle whose lowest point is A and highest point £. If the 
particle is acted upon hy two forces, in the directions AF and BP, 
equal to i/£P, and IJ.AP, respectively, find the position of equi- 
librium. 

Ans. Let W= the weight of the particle; 6 = the angle made 
with the vertical by the radius to P; a = the radius of the circle ; then 

W 

29. A particle, P, is acted upon by two forces towards two fixed 

points, S and IT, these forces being —j^ and -^^> respectively; prove 

that P will rest at all points inside a smooth tube in the form of a 
curve whose equation is SP . PH = k^, k being a constant. 

30. A particle, P, is placed inside a smooth circular tube, and 
acted upon by two forces towards the extremities, A and B, of a fixed 
diameter, AB; the forces are respectively proportional to PA and 
PB : prove that the particle will rest in all positions. 

31. Two weights, P and Q, connected by a string rest on the convex 
side of a smooth cycloid. Find the position of equilibrium. 

Ans. If Z := the length of the string, and a = radius of generating 
circle, the position of equilibrium is defined by the equation 

. e Q I 

'"^i^PTQ'Ta' 
where 6 is the angle between the vertical and the radius to the point 
on the generating circle which corresponds to P. 
[The string is supposed to lie along the curve.] 



Section II. 
Bough Curves. 

41.1 Prietion. The curves and surfaces which we have hitherto 
considered were supposed to be incapable of offering resistance in 
any other than a normal direction. Such curves and surfaces, 
however, exist only in the abstractions of Rational Statics, and 
are not to be found in nature. Every surface in nature possesses 
a certain degree of roughness, in virtue of which it resists the 
sliding of other surfaces upon it. 

Now, there are two ways in which a surface may resist a 
sliding motion. Firstly, it may possess small inequalities which 
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act as fixed obstacles to sliding ; and, secondly, there may exist 
an adhesion between its substance and that of another body in' 
contact with it. In virtue of inequalities, the two surfaces get 
interlocked, and an effort to cause one to slide on the other causes 
a strain in each of the surfaces, the force which resists this sliding 
being called Friction. Rankine {^Applied Mechanics, p. 209) dis- 
tinguishes adhesion from friction on the ground that adhesion 
between two surfaces is independent of the force by which they 
are pressed together, and is analogous to shearing stress, i.e., to 
the force (called cohesion) which resists an attempt to divide a 
solid by causing one part of it to slide on another. 

At the same time he holds {Mechanical Text-Booh, p. 153) that 
friction is a kind of shearing stress, and this view gives probably 
the most real and vivid conception of its nature. 

42.] Iiaws of Friction. Experiments made by Coulomb and 
Morin have established the following laws of friction : — 

1°. The tangential force necessary to establish the leginning 
of a sliding motion is a constant fraction of the normal pressure 
between the two surfaces in contact. 

2°. With a given normal pressure, the tangential force neces- 
sary to establish the beginning of a sliding motion is independent 
of the extent of the surface of contact. 

Subsequent experiments have, however, considerably modified 
the first of these laws, and shown that it can be regarded only as 
an approximation to the truth. If N be the normal pressure 
between the bodies, F the force of friction, and jn the constant 
ratio of the latter to the former when slipping is about to ensue, 
we have F=fxK (a) 

The fraction ij. in this equation is called the coefficient of friction, 
and if the first law were true, p. would be strictly constant for 
the same pair of bodies, whatever the magnitude of the normal 
pressure between them might be. This, however, is not the 
case. For great differences of normal pressure there. are con- 
siderable differences in the value of jn. When the normal pressure 
is nearly equal to that which would crush either of the surfaces 
in contact, the force of friction increases more rapidly than the 
normal pressure. Equation (a) is nevertheless very nearly true 
when the differences of normal pressure are not very great, and 
in what follows we shall assume this to be the case. 

43.] Causes which Modify the Coeffieient of Friction. 
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Frietion being a force called into play by the mutual action of 
two bodies in contact, ju depends on the particular pair of bodies 
in contact, and is not a quantity pertaining to any one body by 
itself. Moreover, it varies for the same two bodies according as 
the state of each body varies. Thus, it is not the same for iron 
and dry oak, as for iron and the same piece of oak with a 
moistened surface. Neither, again, is it the same for two pieces 
of wood when their fibres are parallel as when they are perpen- 
dicular. In fact, when great accuracy is required, a special ex- 
periment should be made to ascertain the coeflScient of friction 
between two bodies which in any case are to act upon and sus- 
tain each other. Tables of the coefficient of friction between 
bodies in specified states are to be found in most practical treatises 
on Statics. 

44.J Independence of the Extent of the Surface of Contact. 
The second law of Friction may at first sight appear strange; 
but a little reflection will remove objections against its truth. 
If the total normal pressure between two bodies be N, and the 
area of the surface of contact S, the pressure per unit of area 

N 
(which is called the intensity of pressure) is -„. If now, while the 

normal pressure remains the same as before, the surface of contact 

is doubled, the pressure per unit of area is only —„, which is just 

half as great as before. Hence, though the area over which 
friction acts is doubled, the intensity of pressure is halved ; and 
it is consistent with common sense that the friction per unit of 
area should be halved also. Thus, on the whole, the same total 
tangential force is required to set up sliding in both cases. 

45.] Actual Magnitudes of CoefQcients of Friction. It is 
well that the student should have some idea of the actual magni- 
tudes of coefficients of friction between bodies. For this purpose 
he should look at a table of these coefficients. Practically there 
is no observed coefficient much greater than 1. In Rankine's 
table the coefficient for damp clay on damp clay is given as 1, 
and that for shingle on gravel is at the most l-.ll. Most of the 
ordinary coefficients are less than \. 

46.] Other Coefficients of Friction. It is found by experiment 
that the frietion which resists the beginning of sliding is greater 
than that which resists its continuance. Again, the resistance 
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which is opposed to the rolling of one surface on another is dis- 
tinguished by the special name of Boiling Friction, but it would 
more properly be called Resistance to Rolling. At present we 
shall limit ourselves to the consideration of the friction of the 
beginning of motion which is expressed by the equation 

47.] Reaction of a Bough Curve or Surface. Let AB 
(Fig. 5a) be a rough curve or surface; P the position of a 

particle on it ; and suppose the 
^1 / forces acting on P to be confined 

Rr "A ^'^ ^^ plane of the paper. Let 

\ / \ N = PRi = the normal resistance of 

\ / ;F -JT the surface, acting in the normal, 

^---^^^^^'''pr" B PIf, and F= the force of friction, 

J^ \ acting along the tangent, PT. 

' The resultant of N and i^ is a 

^^' ^^' force which we shall call the Total 

Resistance of the surface. It is represented in magnitude and 
direction by the line PR = R, which is the diagonal of the 
parallelogram determined by N and F. "We have seen that the 
total resistance of a smooth surface is normal ; but this limitation 
does not apply to a rough surface. The angle, ^, between R and 
the normal is given by the equation 

F 
tan <if> = ^• 

Hence, ^ will be a maximum when the force of friction bears 
the greatest ratio to the normal pressure. But this greatest 
ratio is what we have called the coefficient of friction, fx ; and 
this ratio is attained when the particle is just on the point of 
slipping along the surface. Therefore the greatest angle by which 
the Total Resistance of a rough curve or surface can deviate from the 
normal is the angle whose tangent is the coefficient of friction for the 
bodies in contact; and this deviation is attained when slipping is 
about to commence, 

48.] Angle of Friction. The angle between the normal and 
the total resista^ee of a rough surface when slipping is about to 
take place is called the Angle of Friction. It is sometimes called 
the Angle of Repose. We shall throughout denote it by \ ; and 
if /i is the coefficient of friction, 

tan A = u. 
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Let^ P be the posi- 
is W, on a rough 




49.] Experimental determination of ft. 
tion of a heavy particle, whose weight 
plane, AB, whose inclination is gra- 
dually increased until P is on the 
point of slipping down. Consider the 
equilibrium of P in these circum- 
stances. It is acted upon by two 
forces, namely, its weight, JP^ and 
the total resistance, B, of the plane. 
For equilibrium these forces must be ' 

equal and act in opposite senses. '^' ^^' 

Hence li acts in a vertical line ; and since slipping is about to 
take place, the angle between B and the normal, FN, to the 
plane must (Art. 47) be equal to A, the angle of friction. But 
the angle between the vertical and PiV is also equal to the 
inclination of the plane to the horizon. Hence tAe inclination 
of a rough plane on which a particle, acted upon solely iy its own 
weight, is just about to slip, is the Angle of Friction. 

This result might have been proved by the resolution of forces. 
Thus, if N be the normal pressure, the force of friction acting 
up the plane is ji;iiV", since slipping is about to begin. Hence, 
resolving forces horizontally for the equilibrium of P, 

N sin i—ixN cos i = 0, 
i being the inclination ; or tan i = fj,; .•. i = X. 

Morin determined the coefficient of friction between two 
substances by placing one on a fixed horizontal plane made of 
the other, and then measuring the least horizontal force which 
should be applied to the body resting on the plane to cause it to 
slide. The ratio of this force to the weight of the body is the 
required coefficient of friction. 

50.] Limitation of the Total Resistance. As in the case of 
the resistance of a smooth curve or surface, there is no limit to 
the magnitude of the total resistance of a rough curve or surface 
— for the surfaces with which we are at present concerned are 
supposed to be capable of resisting penetration to any extent — 
the only limitation to which the total resistance is subject being 
one of direction, and this limitation is thus expressed : — 



' P ought to be represented in the figure as having a, fiat base in contact with 
the plane. The student will similarly correct all the subsequent figures. 

VOL. I. !■ 
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The Total Resistance of a rough curve or surface, though un- 
restricted in magnitude, can never mahe with the normal an angle 
greater than the angle of friction corresponding to the two bodies in 
contact. 

Within this limit, the total resistance can assume any magni- 
tude and direction, so that we at once deduce the following 
important principle : — 

If the Total Resistance can maintain 
equilibrium, it will do so. 

Thus, let P (Fig. 54) be a heavy par- 
ticle placed upon a rough plane whose 
inclination is less than A., the angle of 
friction. Then it is clear that, to keep 
P at rest, the total resistance, R, has 
only to be equal and opposite to W, the 
weight of P. 

But drawing PQ, making the angle of friction, X, with the 
normal, PW, we see that the direction of R falls within the 
prescribed limit ; and therefore the equilibrium will subsist, no 
matter how great W may be, for there is no limit as to the 
magnitude of R. 

51.] Iiimiting Equilibrium. A particle acted upon by any 
forces and placed upon a rough surface is said to be in limiting 
equilibrium when it is in such a position that the total resistance 
of the surface makes the angle of friction with the normal. In 
such a position if any slight change should occur in the circum- 
stances of the particle, in virtue of which the total resistance 
would be compelled to make a greater angle with the normal, 
equilibrium could subsist no longer ; for the total resistance can 
never be inclined to the normal at an angle greater than the 
angle of friction. Or we may put the matter thus. In every 
ease the equilibrium of a particle restricted to a rough curve 
or surface is broken only by some circumstance which compels 
the total resistance to make with the normal an angle greater 
than the angle of friction. The manner in which this is supposed 
to happen depends on the particular problem. For example, let 
us enquire into the circumstances of the equilibrium of a heavy 
particle, whose weight is W, on a rough curve, AB (Fig. 55), 
whose plane is vertical, the particle being acted upon by a 
horizontal force, F. 
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The problem proposed for solution may be any one of the 
three following : — 

(a) Determine the least horizontal 
force that will sustain a particle, of 
vyeight W, at a given point, P, of a 
given rough curve, AB. 

(b) Determine the point at which a 
particle, of weight W, will be just sus- 
tained by a given horizontal force, F, ^w 
on a given rough curve, AB. ^' 55- 

(e) Determine the least coefficient of friction that will allow 
a particle, of weight W, to rest at a given point, P. of a curve, 
AB, the particle being acted on by a given horizontal force, F. 

If FN be the normal at F, and FE be drawn making the 
angle of friction. A, with it, FB will be the direction of the total 
resistance, since, by supposition, the particle is about to slip 
down. All three problems are solved by the equation 

W 
— = eot(--\). 

6 being the inclination of the tangent at F to the horizon. 
But the manner in which equilibrium is supposed to be 
broken is not the same in each of them. If, in the first case, 

F 
F< JFtan^e—X), in the second, 5 > X + tan-^ (^) » and in the 

third, \<0— tan ^(^Jjthe particle will not rest at F. Thus 

the equilibrium may be broken by — 

(a) a slight change in some of the acting forces ; 
(5) a slight change in the position of the particle ; or 
(c) a slight change in the nature of the supporting surface, 
i. e. a diminution of its roughness. 

If the particle is in limiting equilibrium (i. e. if the total 
resistance makes the angle of friction with the normal to the 
supporting surface) it is evident that equilibrium will always be 
broken if the third of these changes occurs ; but it may not be 
broken by either of the others. Take, for example, a heavy 
particle placed on an inclined plane whose inclination to the 
horizon is the angle of friction. It is evident that any change 
may be made, either in its weight or in its position on the 
plane, and equilibrium will still subsist ; for in neither case is 

W 2, 
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the total resistance (equal and opposite to W) compelled to make 
with the normal an angle > A. 

In every case of equilibrium it is to be observed that the Force 
of Friction (Art. 42) acts in the sense opposite to that in which motion 
would ensue if the bodies in contact became gradually smoother. 

52.] Friction in non-limiting equilibrium. The beginner is 
very prone to assume that, if ju, is the coefficient of friction be- 
tween two bodies, in every case in which one of these bodies rests 
against the other the force of friction is \i,N, where iV^ is the 
normal pressure between them. That this is not so he will 
easily see by considering the case in which a heavy piece of 
metal rests on a horizontal plane of wood, the coefficient of friction 
between the metal and the wood being, say, f , and no forces, 
other than its weight and the resistance of the plane, acting on 
the body. So far from the force of friction being | of the 
normal pressure, the force of friction is zero, and will come into 
existence only when some horizontal force is applied to the body. 
The force of friction will always be equal to this horizontal force 
and will attain the value \N only when slipping is about to 
take place. 

The changes both in magnitude and in direction which 
the Total Eesistance between two rough surfaces in contact 
undergoes while equilibrium changes from a state bordering on 
motion in one direction to a state bordering on motion in the 
opposite direction may be very simply illustrated by solving the 
following problem ; — 

A heavy body of weight W is held on a rough inclined plane 
of inclination * by a horizontal force P ; the force P being varied 

gradually from 
the value required 
just to sustain the 
body to the value 
required just to 
drag it up the 
plane, it is re- 
quired to repre- 
sent graphically 
the different mag- 



R N 




Fig. 56. 



nitudes and directions of the Total Resistance corresponding to 
the successive values of P. 
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Let (Fig. 56) be the position of the body, and measure oif 
a vertical line OJF to represent the magnitude of JF. 

Then, for different values of P, the resultant of W and P will 
be represented by lines drawn from and terminating on the 
horizontal line WH. The Total Resistance of the plane on the 
body is, of course, equal and opposite to the resultant of P and }F, 
and it will therefore be represented by a line drawn from to a 
horizontal line, lij^B^, iia,wn at the same distance above as the 
line JFS is below it. 

Let ON he the normal to the plane at 0, and draw the lines 
OR^ and OB^ making the angle. A, of friction with the normal at 
opposite sides of it. Let these lines be produced to meet the 
line WM\n the points r^ and r^. 

Then for equilibrium the resultant of P and F'must be re- 
presented by some line between 0)\ and Or^ . 

When the resultant of P and ^is Or^, the Total Resistance 
of the plane is OR^, and since this makes the angle of friction 
with the normal, the body is on the point of slipping down. 
When the resultant of P and W \s Or^, the Total Resistance is 
0^2 3 ^^^ ^^^ body is on the point of slipping up. 

The values of P which will just sustain the body and just 
drag it up are, respectively, 

Ftan(j— A):and F"tan(« + X), 
as appears at once from the figure or by calculation. 

If P has a value between these limits, the Total Resistance, OR, 
will be intermediate between OR^ and OR^ , and the equilibrium 
will not be limiting, i.e. the body will not be on the point of 
slipping either up or down ; and the force of friction, which is 
the component of R along the plane, will not be /it times the 
normal pressure, except in the two states bordering on motion. 

If P has the value W tan i, which is intermediate between its 
extreme values, the Total Resistance will be normal to the plane, 
and in this state there will be no force of friction exerted between 
the plane and the body. 

53.] Passive Resistances. The force of friction between a 
body and a rough surface belongs to a class of forces called 
Passive Resistances, i.e. forces which come into existence only on 
account of the action of other forces and which always endeavour 
to destroy the effect of these other forces. To this class, indeed, 
belongs also the nornial pressure between any two bodies, and 
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also the resistance of air or any other fluid to a body moving 
through it. 

And it is an axiom with regard to all passive resistances that if 
they can preserve equilibrium they will. 

Examples. 
1. A heavy particle is placed on a rough plane inclined to the 
horizon at an angle less than the angle of friction ; find the limits of 
the direction of the force required to drag it down. 

Let PJV (Fig. 57) he the normal to the inclined plane, and let PQ 
he drawn, making the angle NFQ = X, the angle of friction. Now, 
the necessary and sufficient condition that equilibrium should exist is, 
that the resultant of the weight, W, and the force applied, F, should 
fall within the angle NPQ. Hence, producing NP and QP to n 
and q, we see that no force applied to P within the angle nPq 
will disturb the equilibrium. F must, therefore, be applied withiu 

the angle N'Pq, and act from P towards 
the left of the figure. 

2. Two heavy particles, whose weights 
are P and Q, rest in limiting equilibrium 
on a rough double-inclined plane, and are 
connected by a string which passes over 
a smooth peg at a point, A (Fig. 58), ver- 
tically over the intersection, B, of the two 
planes. Find the position of equilibrium. 
Let the inclinations of the planes be 
a and ^ ; let the length of the string be 
I, and AB — h ; and let the portions of the string make angles d 
and <f) with the planes. 

Suppose that P is on the point of 
ascending, and Q of descending. Then, 
since the motion of each body is about 
to ensue, the total resistances, R and S, 
must each make the angle of friction 
with the corresponding normal ; and 
since the weight P is about to move 
upwards, P must act towards the left of 
the normal, while,' since Q is about to 
move downwards, S must act to the 
left of the corresponding normal. 

If T is the tension of the string, we 
have for the equilibrium of P, 
y^ sin(a + A) 

cos (9 -A.)' 
Again, for the equilibrium of Q, 

sin(/3-X) 
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Hence, equating the values of T, 

p sin (g + X) ^ sin (^ - \) 
'cos(0-A) ^'cos((^ + A.)' ^ ^ 

This is the only statical equation connecting the given quantities. 
We obtain a geometrical equation by expressing that AB and the 
length of the string are given. This is, evidently, 

Equations (1) and (2) determine the values of Q and i^, and con- 
stitute the solution of the problem. These equations can be solved 
graphically, (2) giving the curve in case (y) of Art. 40, while (1) gives 
a curve of the fourth degree defined thus— through B (Fig. 41, p. 61) 
draw an indefinite -right line, BE, making the angle EBA = A ; then 
P being any point on the curve which represMita (1), if AP meetfi 
BE in R, we shall have 

EP = k. PB, 

where A is a given constant, viz. -rr—. — }^ — r-'» This locus can be 

Vsin(^— X) 

practically constructed with ease thus — Draw any indefinite line, BE, 

through B ; take points M, N,S on this line, in order from B, such 

that BM : MN =1 ■.k = BSi'SN. Then draw any line ARP through 

A meeting BE in R ; draw NR ; from M draw ME, and from S draw 

SG both parallel to NR and meeting BE in F and G respectively ^ 

describe a circle on FG as diameter; then the line AR intersects 

this circle in points on the required curve. 

Other Solution. Instead of considering the total resistances, R and 

jS^, we may consider two normal resistances, N and iV', and two forces 

of friction, fiiV and nN', acting respectively down the plane a and up 

the plane j3. In this case, considering the equilibrium of P, and 

resolving forces along and perpendicular to the plane a, we have 



P sin a + iJ.N'= Tcos &, 
Pcosa = N+Taiad, 



] (A) 



and for the equilibrium of Q, 



QsinjS = nN'+ rcos<^,) -g> 

QcosP = N' +Tmi4>,) ^ ' 

Eliminating F, N', and T from the systems (A) and (B), we arrive 
at the same statical equation as before. 

The method of considering total resistances instead of their normal 
and tangential components is almost always more simple than the 
separate consideration of the latter forces. 

3. If in the last question P is given, what are the limits of Q con- 
sistent with equilibrium? 

If Q be so large that it is about to drag P up, its value, Qy, will be 

given by equation (1), . , , ,, , , , >^ 

_ sin (g + A.) cos {^ + K) ^ 

^1 - sin (/3-A) cos {d-k) ' 
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and if Q be so small that P is about to descend, its value, Q^, will be 

_ _ _ sin (g — X) cos (cj)— X) 

^^~ sin(/3 + A.)cos(e + A)' 
the angles 6 and (j) being connected by equation (2). 

4. A heavy ring is placed on a rough vertical circle ; find the 
limits of its position consistent with equilibrium. 

Ans. Draw two diameters making the angle of friction with the 
vertical diameter. The ring will rest anywhere on the circumference 
between the two upper extremities, or between the two lower extremi- 
ties, of these diameters. 

5. A body whose weight is 20 kilogrammes is just sustained on 
a rough inclined plane by a horizontal force of 2 kilogrammes, and a 

2 

force of 10 kilogrammes along the plane; the coefficient of friction is -; 



find the inclination of the plane. . _j^25\ 

Ans. i tan \^ ■ 

6. A heavy particle is placed on a rough plane whose inclination to 

the horizon is sin~'(-)! and is connected by a string passing over a 

smooth pulley with a particle of equal weight, which hangs freely. 
Supposing that motion is on the point of ensuing up the plane, find 
the inclination of the string to the plane, the coefficient of friction 

being - • 

Ans. By resolving forces along the inclined plane, we have, if = 
inclination of the string to the plane, 

- sm = 1 — cos a, or - sm - cos - = sm'* - > 
£i J 2 2 ^ 

a 1 

one solution of which is fl = 0, and the other is tan - = - . 

2 2 

7. In the second solution of the last question, exhibit the position 
of the string, and explain the result. 

8. A heavy particle acted upon by a force equal in magnitude to its 
weight is just about to ascend a rough inclined plane under the 
influence of this force ; find the inclination of the force to the inclined 
plane. 

Ans. If 6 is the required inclination, A. = angle of friction, and 
i' = inclination of the plane, 

^ = ^ - I, and e = 2X + i - - 
2 2 

are possible solutions. (Q is here supposed to be measured from the 
wpper side of the inclined plane. If - > 2 A + i, the applied force will 
act towards the undQv side.) 
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9. In the first solution of the last question, what is the magnitude 
of the pressure on the plane 1 

Am. Zero. Explain this. 

10. What angle must a given force P make with a rough incline so 
that when a weight W is just sustained, the normal pressure shall be 
equal to W1 

. ,_, sin i—u. 

Ans. cot -• 

I— cosi 

1 1. A weight of 500 kilogrammes can be just sustained on a rough 
incline by a horizontal force of 120 kilogrammes, and also (separately) 
by an up-plane force of 132-6 kilogrammes ; find ju and i. 

Ans. ju = . 539 ; i = 41° 51'. 

12. Two weights rest on a rough double inclined plane, being con- 
nected by a cord which passes over a smooth pulley at the vertex of 
the double incline ; the inclinations of the planes are 48° and 32° ; 
for both the angle of friction is 28° ; if the weight on the first is 560 
kilogrammes, and is just on the point of slipping down, calculate the 
other weight, 

Ans. 221 kilogrammes, nearly. 

13. A heavy body is to be dragged up a rough inclined plane; 
find the direction of the least force that wUl sufiice. 

Ans. The direction of the force must make the angle of friction 
with the plane. This follows at once either by resolution of forces or 
by drawing the force-diagram. Viewed in the latter way, the problem 
is this : — Given one force (the weight) in magnitude and line of action, 
and the line of action of another (the total resistance), when is their 
resultant a minimum 1 Evidently when it is at right angles to the 
total resistance. 

N. B. This result is often expressed thus: — the besi angle of traction 
up a rough inclined plane is the angle of friction. 

14. Prove that the horizontal force which will just sustain a heavy 
particle on a rough inclined plane will sustain the particle on the 
same plane supposed smooth, if the inclination is diminished by the 
angle of friction. 

1 5. What is the least coefficient of friction that will allow of a heavy 
body's being just kept from sliding down an inclined plane of given 
inclination, the body (whose weight is W) being sustained by a given 
horizontal force, P ? 

. Wi&ui—P 

Explain d, 2)riori, why we get a negative value for the coefficient of 
friction unless W tan i> P. 

16. It is observed that a body whose weight is known to be W can be 
just sustained on a rough inclined plane by a horizontal force P, and 
that it can also be just sustained on the game plane by a force Q up 
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the plane ; express the angle of friction in terms of these known 
forces. 

PW 

Ans. Angle of friction = cos ' - , ^ r— . 

^ QVpi+ W^ 

17. It is observed that a force, $,, acting up a rough inclined plane 
will just sustain on it a body of weight W, and that a force, Q^, 
acting up the plane will just drag the same body up ; find the angle 
of friction. 

Ans. Angle of friction = sin~^ .. > ' ^— — • 

18. A body is held on a rough inclined plane (i > \) by a force which 
acts up the plane ; this force being varied gradually from the value 
required just to sustain the body to the value just required to drag it 
up, it is required to represent graphically the different magnitudes 
and directions of the Total Eesistance. 

19. In example 8, p. 56, if the rings A and C are equally rough, 
find the condition that there may be a limiting equilibrium in which 
each is about to slip down. 

Ans. If X is the angle of friction, the required condition is 

(P' + — )tan(i'-X) = (i' + _)tan (t-X> 

In this case the lines Om and Oq must be drawn making angles 
i'—X, and i— A, respectively, with the line mq. 

If the above condition is satisfied, there will be an infinite number 
of positions of equilibrium, as in ex. 8, p, 56, those of B all lying on a 
certain right line. ' *' 

20. In the same example, if one of the rings, C, is in a position of 
limiting equilibrium, find the direction of the string, the position of 
the other ring, A, and the direction of the total resistance at it. 

Ans. The position of the string is determined by the equation 

J.tanfl=(— + P')tan(i' + X), 

the + or — sign being used according as G is about to slip up or 
down. When 6 is known, the position of A is known ; and the 
direction of the total resistance at A is found from the equation. 

{~ + P) tan Oqm = (^+P')is.n{i'±\). 

21. Two small rings, from which hang two weights, P and Q, are 
fitted on a rough circular wire fixed in a vertical plane, and are con- 
nected directly by a string of given length ; find the limiting positions 
of equilibrium. 

With the notation of example 20, p. 59, if P is about to descend, 
{P + Q)cote = Q tmXa + \)-Ptm{a-X). 
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22. Two weights, P and Q, hang from two small rings, A and £, 
fitted on a rough circular wire fixed in a vertical plane, the rings 
being connected by a string passing along the circumference ; find the 
limits of the position of equilibrium, supposing no friction between 
the string and the wire. 

Atis. If 6 be the angle made by the radius to A with the vertical, 
I = the length of the string, and a = the radius of the circle, 6 may 
have any value between 6^ and ^^j these being given by the equations 



tan0,= 



Qsia(- + A.) + Psin\ 



Qcoa{- + X) + Pcos\ 



tan 6, = 



Q sin ( \^ — P sin \ 

i ' 

Q cos ( X) + P cos A 




X being the angle of friction. 

23. If the wire in the last question is in the form of any curve, 
show thiat in the limiting positions of equilibrium the total resistances 
at A. and £ intersect on the circle passing through A, B, and the point 
of intersection of the normals at A and B. 

24. Two heavy particles, P and Q (Fig. 59) 
rest, one on a rough diameter, AB, of a rough 
vertical circle, and the other on the convex 
side of the circle, the particles being con- 
nected by a string which passes over a smooth 
peg at the upper extremity, B, of the diameter. 
Find the position of equilibrium, the string 

being supposed to be nowhere in contact with 

any rough surface, and the coefficients of -p- ,. 

friction for P and Q being different. 

Ans. If a = the inclination of AB to the vertical, = inclination 

of the radius drawn to Q to the vertical, ^ = coefficient of friction 

between P and AB, ^'= coefficient of friction _ between Q and the 

circle, the limiting positions of equilibrium are given by the equations 

Q (sin ^1 + m' cos ^j) = P (cos o - f* sip a), 

Q (sin e^—iJ.' cos e^ = P (cos a + /x sin a). 

25. Three particles of weights w^, Wj, w^ rest on a rough horizontal 
table ; Wj is connected with w^ by a string fully stretched, and w^ is 
similarly connected with w,. Find the magnitude and direction of 
the least force which, applied to Wj, will move all the particles. 

Am. For the possibility of the motion the angle between the line 
w, w, and the line w^ w^ produced through w, must be acute. Take 
any point, 0, and through it draw OA parallel to the line w^w^ and 
proportional to /xw, ; from A draw AB parallel to the line w, w, and 
inflect OB proportional to fx-to^ J draw OB equal and parallel to AB, 
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and draw OG perpendicular to OB' towards AB and proportional to 
{i-w— Then the diagonal through of the rectangle determined by 
0(7and OB' gives the required direction and magnitude of the force 
to be applied to Wg. 

26. If in the last example, w^ and w^, instead of being, connected 
with each other, are each connected with w^, find the direction and 
magnitude of the least force which, applied to w^, will move them all. 

27. Any number of particles of Veights Wp w^, w^, . . . w„, lie on a 
rough horizontal table, w^ and w^ being connected by a tight string, 
as also w^ and w^, w^ and w^, and so on. Find the magnitude and 
direction of the least force which, applied to the last particle, w„, will 
cause the whole set to move simultaneously, and find the conditions 
that such movement shall be possible. 

Ans. Take any point 0, and draw OA^^ parallel to the string w^ w^ 
and proportional to fiw/j; draw 0.^23 parallel to the string w^ 1^3 and 
inflect jij2 j^ug proportional to luu^ ; draw OA^^ parallel to the string 
Wg w^, and inflect ^23 -^34 proportional to jxw^ ; and so on, until the 
vertex J.,^j,„ls reached; then draw il,^j, „ P perpendicular to Oj1,^„„ 
and proportional to |uw„. The line OP represents the required force 
in magnitude and direction. The lines OA^^i OA^^, OA^^, . , . represent 
the tensions of the strings ; and for the possibility of the motion the 



angles OA^^A^^,OA^^ 



134' OA^ A^^ . 



, . must each be > - 




Fig. 60. 

the length of the string; 
equations 



28. Two heavy particles, P and Q 
(Fig. 60), rest on two rough circular arcs 
which have a common vertical tangent at 
; P and Q are connected by a string 
which passes over a smooth pulley at ; 
find the positions of limiting equilibrium, 
Ans. Let B and <^ be the angles sub- 
tended by the arcs OP and OQ at the 
centres of the corresponding circles, a and 
h the radii of the circles, K and e the angles 
of friction for P and Q, respectively, and I 
then, if P is about to slip down, the 



p cos (0 + A) _ ^cos((|) — e) 



,e 



and 



. e ^ ^ I 

asin- + 6sin| = -, 



determine the position of equilibrium. Changing the signs of X and e, 
we obtain the position in which Q is about to slip down. 

[Instead of particles on the circular arcs, we suppose small rings 
from which the weights P and Q are suspended.] 

29. A particle rests on a rough curve whose equation is/(!B, y) = 0, 
and is acted on by forces the sums of whose components along the 
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axes of X and y are X and Y ; prove that the particle will rest at all 
points on the curve at which 

ax ay 

:>cosA. 



30. Two rings whose weights are P and Q are moveable on a rough 
rod inclined to the horizon at an angle i ; these rings are connected 
by a string of given length which passes through and supports a 
smooth heavy ring W; find the greatest distance between P and Q. 

Ans. If 6 is the inclination of either portion of the string to the 
vertical, the greatest distance between the rings is obtained by giving 
tan 6 the less of the values 

^ — tan (X - 1), — — tan (\ + 1), 

Q being the upper ring. 



CHAPTER IV. 

THE PUINCIPLE OF VIETUAL WORK. 



SSBCTION I. 

A Single Particle, 

54.] Orthogonal Projection. Let Ox and AB (Pig. 6i) be any 

two right lines inclined at an 
angle 0. If from the extremities, 
A and B, of the right line AB, 
two perpendicularSj Aa and Bl, 
be let fall on Ox, the line al is 
X called \,\\e orthogonal projeetion oi 
AB on Ox. If the lines Aa and 
Bb had been each drawn parallel 
to a given line, which is not perpendicular to Ox, ah would be an 
oblique projection of AB. 

In the case of orthogonal projection it is evident that ah = 
AB cos e. 

55.] Projection of a Broken Line. Let ABCD (Fig. 6a) be a 
zig-zag or broken line. Then it is evident that the projection 
(orthogonal or oblique) of the line AB, joining the first and last 



Fig. 6i. 



b 




Fig. 62. 



Fig. 63. 



points, A and B, is equal to the sum of the projections of the 
separate lines, AB, BC, and CB, on any line Ox. 

This is also true when the line Ox, on which the projection 
takes place, cuts any or all of the lines AB, BC,... between 
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tlie vertices, A, £, C,.,., of the polygon formed by them, as in 
Fig, 63. 

If the sides of a closed polygon taken in order be marked with 
arrows pointing from each vertex to the next one, and if their 
projections be marked with arrows flying in the same directions, 
then, lines measured from left to right being considered positive, 
and lines from right to left negative, we may evidently state this 
result as follows : — 

TAe sum of the •projections of the sides of a closed polygon on any 
right line, allowance leing made for positive and negative projections, 
is zero. 

56.] Virtual Displacement. Virtual Work. If a point at 
(Fig. 64) be conceived as displaced to A, OA may be called the 
virtual displacement of the point. 

Let OP be the direction of a 
force, P, and let AN be drawn per- ,,-<. 

pendicular to it ; then ON is the 
projection of the virtual displace- 
ment along OP, and the product 
of the force, P, by the projection, 
ON, of the virtual displacement is " j,. g 

called the virtual worJc of the force. 
We shall therefore say that — 

The Virtual Work of a force is the product of the force and the 
projection along its direction of the Virtual Displacement of its point 
of application. 

If e be the angle between the force and the virtual displace- 
ment. 

The Virtual Work = P.ON= P.OA cos e = Peos 6.0 A. 
Now P cos e is the projection of the force along the direction of 
displacement, and is equal to OM, if PM is perpendicular to 
OA. Hence we may also define the virtual work of a force as 

follows : — 

The virtual worh of a force is the product of the virtual displace- 
ment of its point of application, and the projection {or component) of 
the force in the direction of this displacement. 

This latter definition is for some purposes more convenient 
than the former. It is to be observed that the projection of a 
line AB (Fig. 61), of given length, remains unaltered in magni- 
tude when AS is moved parallel to itself into any position. 
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57.] Theorem. The virtual work of a force is eqttal to the sum 
of the virtual works of its components, rectangular or oblique. 

Let a force U, represented by 072 
(Fig. 65), act at 0, and let its com- 
ponents be P and Q, represented by 
OF and OQ. Let OA be the virtual 
displacement of 0, and let its pro- 
jections on i2, P, and Q, be r, p, and 
q, respectively. Then the virtual 
works of these forces are R.r, P.p, 
Q.g. Drawn Pm, and P« perpen- 
dicular to OA. Then On is the pro- 
jection of R in the direction of the displacement, and by the end 

of Art. 56, 

R.r=OAxOn. 

Similarly P.p = OA x Om, and Q.q = OAx mn. 
Hence 

P.p+Q.q= OA(Om + mn)= OAx On = R.r.—Q.'E.'D. 

58.] Theorem. The sum of the virtual works of any number of 
forces acting at a point is equal to the virtual work of the resultant. 

This may be proved by taking the forces two-and-two, and 
using the last Theorem^ or by making use of the polygon of 
forces (see Fig. Ii, p. 20). The sum of the virtual works of the 
forces is equal to the virtual displacement multiplied by the sum 
of the projections along it of the sides of the polygon parallel to 
the forces (Art. 56). But (Art. 55) the sum of these projections 
is equal to the projection of the remaining side of the polygon, 
and this side represents the resultant. Therefore, &c. 

It follows, then, that — 

When a system offerees acting at a point is in equilibrium, the 
sum of the virtual works of the forces = 0. 

For such a system will be represented by a closed polygon, and 
(Art. 55) the sum of the projections of the sides of the polygon 
along any right line = 0. 

.59.] Convention of Signs. If the virtual displacement, OA 
(Fig. 66), project on the line of the force P in a direction opposih 
to that in which P acts, the projection ON is to be considered 
negative, and the virtual work is negative. In this case P 
will also project on the line of displacement in a direction 
opposite to OA. 
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v'-\ 
In Fig. 66 the virtual displacement, OA, is such as to give 
positive projections, Or and Ojb, along the forces B and P, and 

Q/ ^R 





Kg. 66- Fig. 67. 

a negative projection, 0^, along Q. And if in this ease the 
lengths of Or, Op, and Oq are denoted by r,j), and q, the equation 
of virtual work will be li.r = P.p—Q.q. 

60.] Nature of the Displacement. It must be carefully 
bbserved that the displacement of the particle on which the 
forces act is both virtual and perfectly aebitraey. In the 
motion of the particle, treated of in Kinetics, the displacement 
is often taken to be that which the particle actually undergoes ; 
but in the statical problem of the equilibrium of forces, the 
relation between them, expressed in an equation of virtual work, 
holds, whatever the displacement may be — that is, it holds whether 
the displacement be an actual or merely an imagined one. Since 
with regard to the equilibrium of forces a state df absolute rest 
and a state of uniform motion in a right line are not essentially 
different, we shall see that the most useful applications of the 
Principle of Work are made in the case of machines moving uni- 
formly. The second, characteristic of the displacement, namely 
its arbitrariness, is most important, 
as will presently appear. 

61.] General Equation of Vir- 
tual Work. Let several forces, Pj, 
P2, ...(Fig- 68), act in equilibrium 
on a particle, 0, and let OA be any 
conceived, or virtual, displacement 
of 0. Letting fall perpendiculars, 
Ap-i, Ap2,.--, on the forces, the 
projections OjOg, Op^, and Op^, are 
all positive, while Op^ and Op^ are 
negative (Art. 59). Hence the equation of virtual 




work 



IS 



VOL. I. 



Opi + P, . Ojp^ + Ps . OJJ3 + P4 . OP4--P5 % = 0- 
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If the projections of the displacement be denoted by ^j , ^j^j ■ • • > 
and if these quantities are supposed to carry their proper signs 
with them, this equation becomes, the number of forces being 
any whatever, 

Pi.Px + P^.p^ + Pz.Pz+ ... = 0, (1) 

or 2 (P .p) = 0. (2) 

63.] General Displacement of a Particle. The most general 
displacement of a single particle is a simple motion of translation 
from the point, 0, which it occupies, to another point, A. It is 
true that in Molecular Dynamics, very small portions of matter 
are conceived as capable not only of translations but also of 
rotations about axes through themselves. Indeed every portion, 
of matter, since it must possess extension in space, must be 
capable of both kinds of displacement ; but the second kind does 
not belong to our present purpose. 

63.] Deduction of the Equations of Equilibrium from the 
Equation of Virtual Work. Through draw any two axes, Ox 
and Ot/, rectangular or oblique, and let a and /3 be the projections 
of the virtual displacementj OA, along these axes. Eeplaee the 
force -Pi by its components, Xj and Jj, along Oa? and Oy. Then 
(Art. 57) 

P,.i?i = aXi + ^7i. 

Similarly, Pg.jOg = aX^ + /SZgj 

P3. ^3 = 0X3 + ^73. 



Hence equation (1) of Art. 61 becomes 

a (Xi + Xa + X3 + ...) + /3(Ji + 7^ + ^3 + ■••) = 0, 
or a2X+/3S7=0. (l) 

Now a and /3 are perfectly independent of each other. For the 
displacement OA. may be chosen so as to keep a constant while 
varying /3 at pleasure, or vice versd. Suppose, then, that /3' and a 
are the projections of a new virtual displacement, and we shall 
have 

aSX + /3'2r=0. (2) 

Subtracting (2) from (l), we have 

((8-v8')S7=0. 
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Now /3-/3' is not = 0, therefore SFmust = j and in the same 
way 2X= 0. Hence we arrive at the equations of resokition of 
forces 

2Z=0, 2r=0, 
which were deduced in Chap. II.* 

64.] Elementary Virtual Work. In the general equation of 
virtual work, for forces acting in equilibrium on a sinffle particle, 
namely. 

Pi -A + Pa . ft + P3 -iSg + ... = 0, or 2 (P . jb) = 0, 
no limitation has been placed upon the magnitude of the virtual 
displacement. This equation is true, independently of its 
magnitude ; but it is generally more convenient to assume the 
virtual displacement to be infinitesimal, even in the case, of the 
equilibrium of a single particle, and it is absolutely necessary to 
do so (as will presently be seen) in treating of the equilibrium of 
a connected system of particles. 

If the virtual displacement is infinitesimal, its projections, 
Pv Pv" i '^^ ^^^ several forces acting upon the particle are all 
infinitesimal. We shall, therefore, denote these small projections 
in future by 6^j, SjOg, . . . , and the equation of elementary virtual 
work will be 

Pi . g/i + A • 8ft + P3 . 8i>3 + ... = 0, 
or 2P6j3 = 0. 

65. J Case in which the Virtual Work of a Force vanishes. 
If a force P act at a point 0, and if the virtual displacement OA 
is at right angles to the direction of P, it is clear that hp, the 
projection of OA on the direction of P, is equal to zero. Hence, 
when the virtjial displacement is at right 
angles to the direction of the force, the 
virtual worh of the force = Q, arid the 
force will not enter into the equation 
of victual worh. Such a- virtual dis- 
placement is always a convenient one 
to choose when we desire to get rid of 
some unknown force which acts upon 
a particle or a system. For example, 
let a particle, 0, of weight W, be sus- 
tained on a smooth inclined plane by a force, P, making an angle 




* These equations are, of course, implied in the proof of the principle of virtual 
work (Art 58.) 

G a 
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Fig. 7Q- 



6 with the plane. If we wish to find the magnitude of P in 
terms of W, without bringing the unknown reaction, R, into our 
equation, we conceive as receiving a virtual displacement, OA 
(the magnitude of which is, in the present case, unlimited), at 
right angles to B, that is, along the plane. Drawing Am and 
An perpendicular to W and F, respectively, the equation of 
virtual work is 

W.Om—P.On = 0. 

But Om= OA. sin i, and On = OA. cos 6 ; therefore 

^sin i—F cos 0=0. 

As a second example, let us suppose 

that the plane is rough, and that the 

particle is on the point of being 

dragged up the plane. The normal 

resistance will then be replaced by 

-the total resistance, H, inclined to 

the normal at an angle = A, the 

angle of friction. Let the virtual 

displacement, OA (Fig. 70), now take 

place perpendicularly to B. Then the equation of virtual work is 

~JF. Om + F.On= 0. 

But Om = OA . sin {i + \), and On,= OA. cos (A— 0) ; therefore 

W. sin (j + A) =F cos (A— 0). 
As a third example, let us find the horizontal force which is 
necessary to keep a heavy particle in a given position inside a 

smooth circular tube (Fig. 7 1). 

Let the virtual displacement, 
OA, be an indefinitely small one 
= ds, along the tube. Then 
since ds is infinitesimal, the pro- 
jection of OA on B will be zero. 
Also Om=: ds. sin 6, and On = 
ds . cos ; therefore the equation 
of virtual work is 
— Wds. smO + Fds . cos fl = 0, 
or F=Wisiae. 

If the tube is roug^, and the particle in limiting equilibrium, 
instead of the normal reaction we must draw the total resistance, 




tw 



Kg. 71. 



^7-] NOEMALa»TO CURVES. 85 

making the angle X with the normal at the right or left hand 
side, according as P is the force which just sustains the particle, 
or the force which will just drag it up the tube, and take the 
virtual displacement, not along the tube, but at right angles to 
the total resistance. In this ease we obtain 
P= rtan (fl + A). 

66]. Condition of Equilibrium of a Particle as determined 
by the Principle of Virtual Work. It will now be sufficiently 
clear that — 

For the equilibrium of a free particle acted on ly any forces in one 
plane it is necessary and sufficient that the virtual work of the system 
of forces for every arUtrary displacement whatsoever should vanish. 

First, it is necessary that the virtual work should vanish for 
every displacement. For the sum of the virtual works of the 
forces is equal to the virtual work of their resultant, and if this 
sum did not vanish, the resultant force could not vanish, and 
therefore the particle could not be in equilibrium. 

Secondly, it is sufficient that this sum should vanish for every 
displacement. This sum is equal to the virtual work of the re- 
sultant, and if this vanishes for all possible displacements, the 
resultant force itself must be zero, and therefore the particle is 
at rest. For, if possible, let th«re be a resultant R, which is not 
zero. Then, since the virtual displacement is quite arbitrary, we 
may choose it so that it gives a projection = 6r (which is not 
= 0) on the direction of R. Now, since 'the virtual work of the 
system vanishes, we have Rbr = 0. 

But since 6r is not = 0, R must be = 0, and the particle is, 
therefore, at rest. 

67.] Normals to Curves. The equation of virtual work 
furnishes a ready method of drawing normals to certain curves. 
For example, to draw a normal at 
any point, 0, of an ellipse (Fig. 73) 
let a particle be placed at O inside 
a smooth elliptic tube whose foci 
are J^and I", and let it be kept in 
equilibrium by two forces, P and 
P', directed towards the foci. Let 
OF=r, 0^ = /. Then by the ^.^^^^ 

property of the ellipse, 

;• .f / = a constant. 
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Hence, proceeding to a close point, A, we have 

8/ + 8/=0. (1) 

Now the resultant of P and i" is normal to the curve, and is 
destroyed by the normal reaction. Drawiilg Am and Am' per- 
pendicular to P and P', the equation of virtual work is 

P. Om-r . Om' = 0. 
But Om = —br, and Om' = 8/; therefore this equation becomes 
P.8>- + P'.8/ = 0. (2) 

Equation (1) gives 8/ = —br; therefore, substituting in (2), 
we have 

F = F', 

or the forces towards the foci 
must be equal. But the result- 
ant of two equal forces bisects 
the angle between them. 

Hence the normal at any 
point of an ellipse bisects the 
angle between the focal radii 
drawn to the point. 
Again, the ovals of Cassini are given by the equation 

// = y5;2, 
/ and / being the distances of a point, 0,'on the curve (Fig. 73), 
from two fixed points, F and F'. If two forces, P and P', act at 
towards F and F', their resultant being normal to the curve, 
we have for a small virtual displacement along the curve , 

P8r + P'8/=0. (1) 

But, differentiating the equation of the curve, 

r' br + rt/ = Q. (2) 

Hence from (l) and (2) 

P _/ 
P'-'r' 
Now, if C is the middle point of FF', we have 
/ _ sinF _ sin COF 
r ~ sinP'~sin COF" 

Therefore ?. - ^^"^ ^^^ 

P' ~ sin COF" . 
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But if ON be the direction of the resultant, 
P^ _ smNOF' 
P' ~ sin NOF ' 
I Hence NOF' = COF; and the normal is, therefore, constructed 
by joining the point 0, on the curve, to the middle point of the 
line joining the foci, F and F', and then drawing the right 
line ON so that LNOF' = LCOF. The line ON is the normal 
at 0. 

Examples. 

1. If the equation of a curve is expressed in the form— = A, A 

r 

being a constant, and r, r' the distances of any point on the curve from 
two fixed points, A, B, show that the normal to the curve divides AB 
externally in the ratio P : 1, and that the curve is therefore a circle. 

2. Prove that the normal to the curve -^ + -7^ = -sr divides ^5 in 
the ratio (-^)"+='. 

3. Give a simple construction for the normal to a Cartesian oval, 
whose equation is lr-\-nvr ■= a. 

4. The equation of the magnetic curve is cos a) + cos (j) -^k 
(example 34, p. 46). If N and ;S' are the poles, prove that the normal 
at a point P is constructed by measuring, on lines perpendicular to 
PN and PS, lengths proportional to PS' and PN^, respectively, and 
proceeding as in last Article. 

5. The equation of any curve being f{r, r') = 0, prove that if the 
normal is constructed by measuring constant lengths. Pa and Pb, from 
a point P on the curve, along the lines PA and PB, the curve must 
belong to the Cartesian ovals. 

[This follows at once from the integral of the equation -^ = k-^,; 

for this integral gives /= (j){kr + r') ; therefore all such curves givelfc 
kr + r'= const.] 

6. Show that for curves given by the equation /(oj, oj') = 0, a 
construction similar to that in the last example (except that the 
constant lengths are measured on perpendiculars to PA and PB) will 
only hold when the equation is ruj-?v^ci>{^i^'t^ 

tan"^tan™^ = A. 

[This follows from the integral of the equation 

Idf k df . df , . , df 

--~!L = —r-^f or sm CO -5=^ = A sm o) -V^ ) 
rdoii r aw dca ao) 
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for the method of obtaining which integral see Boole's Differential 
Equations, p. 328]. 

7. Apply the result in the last example to construct the normal to 
an ellipse at any point. 

[The equation of the ellipse is tan ^' tan — = k] 

The general theorem* of which these are particular cases is 

the following : — Let the equation of any curve be expressed in 

the form 

f{'ri,r2,rs,...r„)= 0, 

.r„, denote the distances of any point, P, 
(Fig. 74), on the curve, from a number 
of fixed points, Ai,A2,Ag,...A„; then, 
if on PAi, PA2, PAg,...PA„, we mea- 
sure off lengths Paj, Pa^, Pa^,..,Pa„ 
proportional to 

dvi d/r^ dr^' "'dr„ 

and find G, the centre of gravity of 
the points a^, a^, a^,...a„, PG will be 
the normal to the curve at P [/is used for shortness instead 

The proof of this theorem is exceedingly simple from a statical 
point of view. Suppose a number of forces, P^, P^, P3, ... P„, 
to act at P along the lines PAi, PA^, PAg,...PA„; then these 
forces will have a result normal to the curve if 

Pjbr^ + P^br^ + PsS/g . . . + P„br„ = 0. 

^^' f^ + f/'-^ + ff- +!> = «' 

henceif P,: P,: P^:...P„ = f:^ :f.....^ , 
^ ^ ^ " dr^ dr^ dr^ dr„ 

the resultant acts in the direction of the normal. The rest 
easily follows by Leibnitz's graphic method of representing the 
resultant of any number of concurrent forces (see p. 17). 

This theorem may be extended to curves given by equations 
of the form 

/(a)i,co2,co3,...a>„) = 0, 




* This theorem is, I believe, due to Tschirphausen. 
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where wi, w„ 0)3,... a)„ are the angles which PA^, PA„ PA^, 
...PA„ make with a fixed line. 

Let forces Q„ Q„ Q^,... Q„, act at P perpendicularly to the 
lines PAi , PA^ , PA^, . . . PA„ . Then the virtual work of Q^ for 
a displacement along the curve is evidently Qirjpioi. Hence the 
forces will have a resultant normal to the curve if 

Q,iri8o>i+ Q2»-a8a)2+ ^3^380)3... + Q„r„66)„ = 0. 
But /8<.,+;^6a,,+/8<O3...+^8a,„ = 0; 

aWl BBg ^£03 * <?a)„ 

therefore the resultant will be normal if 

-0 -0 ■ O --i^- 1 ^/ . 1 ^. 1 ^/ 
Consequently, the rule is — measure off lengths, Pb-^^, Pb^, &c., 
proportional to — —^ > ■— , &c., on lines drawn at P perpen- 
dicularly to PA^, PAif&c, in the directions in which the angles 
o)j, Wa, &c., increase ; find the centre of gravity of the points, b^, 
ij, &c. ; then the line joining this point to P is the normal to 
the curve. 

Section II. 

A Sysiem of two Particles. 

68.] Projection of a Displaced Line of Constant Length. 
Let a line, AP (Fig. 75}, be a 
right line which is displaced into 
any close position, A'B', its length 
remaining constant. Let bd be -p. 

the small angle between AP and 

A'P', and let ab be the projection of A'P' on its original position. 
Then Aa, the projection of the displacement AA', is equal to Pb, 
the projection of the displacement PP', if infinitesimals of a 
higher order than the first are neglected. 

For, ab = A'P'. cos (85) = A'P'{\ -^^ + •••) * 

Hence the difference between ab and A'P^ (or AP) is of the order 
of (fidf ; and therefore, rejecting {bOf, we have 

AP = ab, 
.: Aa = Bb. 
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Fig. 76. 



The result may be thus stated : — the diflPerenee between AB 
and ab is infinitesimal compared with the greatest displacement 
in the figure. 

69.] Projection of a Displaced String of Constant Length. 
Let AP£ be a string which passes over 
a peg at P, and, the length of the 
string remaining the same, let the 
extremities, A and £, be slightly dis- 
placed to A' and £'. Let Aa and M 
be the projections of the displacements 
AA' and ££' on the original portions 
of the string (Fig. 76). Then Aa 
= M. 

For Pa = PA', cos aPA' = PA', as 
in the last Article. 

Also Pb = P£'. Hence, since PA' 
+ P£' = PA + PB, Pa + Pb = PA + 
PB, therefore Aa = Bb. 

If in the last Article I = the length 
of AB, and in the present, I = length of the string, both results 
are expressed in the equation 

8^=0. 
70.] Virtual Work of the Tension of an Inelastic String. 
In Fig. 76 suppose the peg to be smooth. Let A and B be two 
particles which are acted on by any forces which keep the 
system in equilibrium in the position indicated by the figure. 
Then if we consider the equilibrium of A alone, we may replace 
the string by a force = T (the tension) acting in AP. Con- 
sidering then a virtual displacement AA', the tension would 
furnish the term 

T.Aa, ov-T.br, 
to ^'s equation of virtual work, the length PA being denoted by 
r. Similarly, considering the equilibrium of B, the tension 
would furnish to its equation of virtual work, for the virtual 
displacement BB', the term 

-T.Bb,ov-T.h/, 
/ denoting the length of PB. 

If we combine the two equations by addition, the term con- 
tributed by the tension will be 
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which = 0, since the particles A and B are imagined to be 
simultaneously displaced in such a manner that the length of 
the connecting string is constant. Hence — 

T'or any small virtual displacement in which the length of a 
string is unaltered, the virtual ^ork of its tension = 0. 

In the same way, if, in Fig, 'jr, the rod AB, connecting two 
particles A and B, be subject to a tension, T, in the direction 
of its length, the virtual work of this tension for the displace- 
ment A'B' will be 

T. (Aa—Bb), OT-T. bAB, 
which = 0, because the length of AB is constant. 

Hence — The virtual worh of the tension of a rod connecting two 
points whose mutual distance is unaltered in the virtual displace- 
ment is zero. 

71.] Typical Expression for the Virtual Work of a Force. 
Example. — ^We have seen (Art. 64) that if a force, P, act on 
a particlcj 0, whose vir- 
tual displacement, OA, 
has a projection = 6^ 
on the line of action of 
P in the direction in 
which F acts, the virtual 
work of Pis ^'^■"• 

P.hp. 

Generally, if p denote the co-.ordinate, referred to some fixed 
axis, of the point of application of a force, P, whose direction is 
perpendicular to the axis, the virtual work of the force is P. 8^, 5^ 
being supposed to be a positive increment, and the co-ordinate being 
measured in the sense in which P acts. 

As an example, let us determine the relation between two 
weights, P and F (Fig. 77), which rest on two smooth inclined 
planes, of inclinations i and i\ Let y and / denote the co- 
ordinates of the weights, referred to a horizontal plane through 
0. Then the equation of the virtual work for the system, the 
displacements being imagined to be along the planes, is 

P.8y + P'.8/=0. (1) 

[Here it will be observed that the normal reactions do not 
enter, because the virtual displacements take place at right 
angles to them (see Art. 66) ; and the tension does not enter, 
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since the virtual displacement does not alter the length of the 
string (see Art. 70)]. 

To this must be added the geometrical equation connecting 
y and y'. If I be the length of the string, we have, clearly, 

sin I sin I 
Diflferentiating this equation, we have 



sin I sm % 
Hence, from (1) and (2), 

P sin i = P* sin »*', 
an equation which is, of course, otherwise evident. 

If the weights are connected as in example 16, p. 58, we have 
still the equation of virtual work, 

P6y+Q8/ = 0, (3) 

y and if denoting the vertical distances of P and Q in the figure 
of that example from a horizontal plane through C. 

The geometrical equation connecting y and y' is, evidently, 



\// cosec^o + 2 i5y + ^2 ^ -s//^ cosec^/S + 2 %' + /^^ _ ^_ (4) 
Differentiating (4), we have 

ycosec^g + z^ ^^_^ /cosec^/3 + /^ . y ^ n. (5) 

wy^ cosec^a + 2 % + ^^ >// ^ cosec^/3 ■^1hy-\- ¥ 

Hence, from (3) and (5), we obtain 
p Vy^ cosec^g + 2 % + /^^ " _ _ \//^ cosec^/3 + 2hy' + K ^ , , 

ycosec^a + -4 "" /cosec^/3 + i 

Equations (4) and (6) are suiEcient to determine y and /, on 
which the position of equilibrium depends. 

73.] Geometrical Forces. When a particle is compelled to 
satisfy some geometrical condition — as, for instance, to rest on a 
given smooth surface, or to preserve a constant distance from 
some other particle — this condition is equivalent to the action of 
a certain force on the particle. If the particle is compelled to 
rest under given forces on a smooth inclined plane, we have seen 
that this condition may be removed if we produce, by any 
means, a force exactly equal to the normal reaction of the plane 
on the particle. In the same way, the connexion of the particle 
with another by means of a rigid rod may be severed if we 



73] CHOICE OP VIRTUE DISPLACEMENTS. 93 

produce on the particle the force which is actually impressed 
upon it hy the rod. 

Forces proceeding from geometrical connexions are sometimes 
called Geometrical Forces, and if these forces are actually pro- 
duced on the particle by other means, the conditions may be vio- 
lated, and the particle considered absolutely free from constraint. 

73.] Choice of Virtual Displacements. When two or more 
particles constituting a system are connected by rods or strings, 
and constrained to rest on given smooth curves or surfaces, 
there is an advantage, when seeking for the position of equi- 
librium, in choosing suck virtual displacements as do not violate 
any of these conditions ; because, as we have seen, the tensions of 
the connecting rods or strings, and the reactions of the smooth 
curves or surfaces, will, for such virtual displacements, contribute 
nothing to the equation of virtual work of the system. Thus 
we get rid at once of all such unknown forces. Of coursef any 
geometrical condition may be violated in a virtual displacement 
at the expense of bringing into the equation of virtual work the 
corresponding geometrical force. 

For example, if a particle, 
(Fig. 78), is placed on a smooth 
plane whose inclination is i, and 
we wish to find the horizontal 
force, P, which will sustain it, 
the best displacement to choose 
is one along the plane, i.e. one 
which does not violate the geome- 
trical condition, because, if this is 
chosen, the unknown reaction, 5, 

will not appear in the equation of virtual work. But we shall 
still get a valid equation if we choose a virtual displacement, 
OA, which does violate the condition. This equation is 

n . Or— P. Op— W. Om=0, 
Or, Op, and Ow being the projections of OA on the directions of 
JR,P, and W, respectively. _ 

On the other hand, if we wish to determme R, without 
determining P, the best virtual displacement to choose is one 
at right angles to P, i. e. a vertical displacement, which does 
violate the geometrical condition. 
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In the typical expression, Pbp, for the virtual work of a force 
the letter 8 has been used to signify that the small displacement 
is any whatever ; but it is usual in the Differential Calculus to 
denote small increments of the co-ordinates of a point on a curve 
or surface by the letter d, when we pass from the point to an 
adjacent one wkicA also lies on the curve or surface. Hence in the 
following examples, in which such passage alone is contemplated, 
we shall denote small displacements on the curves considered 
by this letter. 

Examples. 
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Fig. 79. 



1. Two heavy particles, P and P (Fig. 79), rest on the concave side 
of a smooth vertical circle, and are connected by a string passing over 

a smooth peg, A, at the ex- 
A tremity of the vertical dia- 

meter. If the particles are 
acted upon by two horizontal 
forces, i''and F, proportional 
to the distances, PQ and 
i^Q', of the particles from 
the vertical diameter, find 
the position of equilibrium 
by the principle of virtual 
work. 

Let 6 and ff be the angles 
which the radii to P and P' 
make with the vertical ; let 
the weights of the particles 
be TFand W; the radius of 
the circle = a, the length of the string ^ I, and the forces F and 
F'= n. PQ and yf . P'Q', respectively. Finally, let the distances PQ 
and P'Q' be X and x', and let the vertical distances of P and P' 
below the horizontal diameter of the circle be y and y'. 

Then, choosing virtual displacements of P and P' along the circle 
in such a manner that the length of the connecting string remains 
unaltered, we have 

Wdy + W'dy' + Fdx + P'dx' ■=t 0, 

or Wdy + W'dy'+ix.x . dx + /iiV. dx' = 0. (1) 

Now y = acos0, y — a cos 0', as = a sin Q, x' = a sin 6'. 

Hence (1) becomes 

{W-p-a cos9) &medd + {W' - n'am^e') smO'd^' = 0. (2) 

Again, AP z=i 2a cos -5 AP' =. 2a cos-. 
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Hence the geometrical equation is 

6 ^ 1 

COS- + COB-=-. (3) 

Differentiating this, we have 

Q a/ 

sin-.(£9 + sin — ■c?9'=0, (4) 

From (2) and (4), we have, therefore, 

( TT— jM! COS 0) COS - = (TF— /iiacosfl')cos-^' (5) 

a 2 

The solution of the problem is contained in equations (3) and (5). 

2. Two heavy particles, P and P', rest on two smooth curves in a 
vertical plane, and are connected by an 

' inextensible string which passes over a 
smooth peg, A (Fig. 8o), in the same 
plane. Prove that in the position of 
equilibrium, the centre of gravity of the 
particles is at the greatest or least height 
above the horizon that it can occupy con- 
sistently with the given conditions. 

Let y and y' denote the vertical dis- 
tances of P and P' from a horizontal line 
through J., (or through any other fixed 
point). Then, the displacement being 
made consistently with the geometrical conditions, we have 

Wdy-^W'dy'=ii, (1) 

W and W being the weights of P and P'. 
Now, the depth of the centre of gravity is 

Hence, differentiating (2), 

(r+ W')dy= Wdy+ W'dy= ; (3) 

and y is therefore a maximum or minimum. 

If equation (3) holds in all positions of the particles, they will rest 
in all positions, and their centre of gravity is at a constant height. 

3. If the normals at P and P' meet the vertical line through A in 
n and n, prove that in the position of equilibrium 

An An 

a result which is at once evident from the trianffle of forces. 

4. If the particle P hang freely, find the curve on which P' will 

rest in all positions of the system. . , . . „ » 

Ans. A conic having A tor focus. 
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5. If P and P' rest in all positions, and if the curve on which P' 
rests is given, find that on which P rests. 

Ans. Let the horizontal line through A be taken as axis of x, 
I = the length of the string, y ■= f (AP') be the equation of the given 
curve, and Wy-\- W'y' = Tc; then the equation of the other curve will be 

Wy='k- W'f(l-r), or r = ^(y), 
where r = AP. 

6. A particle is attracted towards two fixed points by two constant 
forces : find the curve on which it will rest in all positions. 

Ans. A Cartesian oval. 

7. A particle is acted upon by forces emanating from a given 
number of fixed points and proportional, respectively, to the distances 
of the particle from the fixed points; find (by Virtual Work) the 
surface on which the particle will rest in all positions. 

Ans. A sphere. [See also p. 18.] 

8. Show from p. 88 that the two systems of curves obtained by 
varying C and C in the equations 

m^logri + m^logr^ + mslogr, + ...= 0, 

mi0i + m^d^ + mgd^ + .,. = G', 

cut each other orthogonally. 

9. A small ring is carried on a smooth wire bent into the shape 
of the magnetic curve; what is the relation between two forces 
directed towards the poles if they keep the ring in equilibrium ? 

Ans. If the forces towards N and S are P and P', both attractive 
^ or both repulsive, and if Z JVPS = a>, while NP = r, SP = /, 

P {r^ -r"- COB w) + P'{r^-r^ cos (a) = 0. 

[The student is recommended to solve some of the examples in 
pp. 59-61 by the Principle of Virtual Work.] 



CHAPTER V. 

COMPOSITION AND RESOLUTION OF TOKCES ACTING IN ONE 
PLANE ON A KIGID BODY. 



74.] KesTiltant of two Parallel Forces. Let two parallel 
forces, P and Q (Fig. 8i), act at points A and B, in the same 
directions, on a rigid body. It is required to find the resultant 
of the forces P and Q. 

At A and B introduce two equal and opposite forces, F. 
The introduction of these forces will not disturb the action 
of P and Q, since, the body being 
indeformable (see p. 1 4), the force F 
at A may be supposed to be trans- 
ferred to B, at which point it would 
be directly opposed to the other 
force, F, Compound P and ^ at ^ 
into a single force, R, and compound 
Q and Fat B into a single force, S. 
Then let B and S be supposed to act 
at 0, the point of intersection of their 
lines of action. At this point let them 
be resolved into their components, 

P, F, and Q, F, respectively. The forces ^ at destroy each 
other, and the components P and Q are superposed in a right 
line, OG, parallel to their lines of action at -4 and B, The magni- 
tude of the resultant is, therefore, P+Q. To find the point, G, 
in which its line of action intersects AB, let the extremities of 
P and R (acting at A) be joined. Then the triangle PAR 

P OP 
is evidently similar to the triangle GOA ; therefore -^ = ^ • 

Similarly, -^ = y^ ; thereforCj by division, jr = ^. Hence- 
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The resultant of two parallel forces acting in the same direction 
at the extremities of a given line divides this line internally into two 
segments in such a way that each segment is inversely proportional 
to the force acting at its extremity. 

Suppose, now, that the parallel forces, P and Q, act in 
opposite directions. At A and B (Fig. 82), let two equal and 

opposite forces, F, be introduced, as 
Sy, ^ Q before ; and let jB, the resultant of 

£ G P and P, and <S, the resultant of Q 

/ and P, be transferred to 0, their 

/p-Q point of intersection. If at the 
/ forces H and S are decomposed into 

/ their original components, it is clear 

that the system will reduce to a 
force, P, acting in the direction GO, 
'" parallel to the direction of P and Q, 

Fig. 82. and a force, Q, acting in the direc- 

tion OG. Hence the resultant is a 
force = P— Q acting in the line QO. To determine the point 
G, we have, from the similar triangles, TAR and OGA, 

P OG , . Q OG .. . P GB 

-F = GA' ^lsowchave^ = -^; therefore -^=-^. 

Hence — 

The resultant of two parallel forces acting in opposite directions 
at the extremities of a given line cuts this line externally into two 
segments, in such a way that each segment is inversely proportional 
to the force acting at its extremity. . 

Def. — The segments of a right line, AB, made by a point G in 
it or its production, are the distances, GA and GB, of the point 
G, from the extremities A and B of the given line, whether G is 
on AB, or on AB produced. 

In both cases we have the equation 

PxGA=qxGB. 
Hence we have, evidently, the theorem — 

If from a point on the resultant of two parallel forces a right 
line be drawn meeting the forces, whether perpendicularly or not, 
the products obtained by multiplying each force by its distance from 
the resultant, measured along the arbitrary line, are equal. 

75.] Composition of Parallel Forces deduced directly 
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from that of Concurrent Forces. Let two forces, P and Q, 
(Fig. 83), act, in inclined directions, at two 
points, A and B, of a rigid body. Let 
be bhe point in which their lines of action 
meet, and measure off Om and On pro- 
portional to P and Q respectively. Then, 
completing the parallelogram Omrn, the 
diagonal. Or, represents- the resultant of 
P and Q in magnitude and direction. 
Let G be the point in which Or meets 
AB. Then we have 

P Om Bva.rOn 

Q mr 




Kg. 83. 



Then 



(1) 



sinrOm 
From G let fall perpendiculars, Gp and (?§', on P and Q. 

sinrOw = 77^ , and sin rOw* = -Jj^; therefore 

P _G(i 

q- Gp' 

Again, if B, is the resultant of P and Q, we have 

B, Gr _ saxnOm 
P ~~ Om ainnOr 
R _ perp. from BonP , ,. 

"'■ P ~ perp. from ii on ^" ^ ' 

Now, if P and Q are parallel, B becomes parallel to P and Q, 

and we shall evidently have ^ =-q2'' ^^^'^^ (^) gi^es-for 

parallel forces 

P_^ 

Q- GA' 

and (2) gives, since B is parallel to P and Q, 
B^_BA__ BG+GA 
P" BG~ 



1 +p^» 



BG 

.: B=P+q. 
A similar demonstration holds when P and Q act in opposite 

directions. 

76.] Construction for the Resultant of two Parallel 
Forces. If the lines AP and BQ (Figs. 84 and 85) represent 

n a 
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in magnitudes and lines of action two parallel forces, the student 
will easily prove the following construction for the resultant : — 





Fig. 84. 



Fig. 85. 




Draw BQ' equal and opposite to £Q, and draw PQ', meeting 
AS in ff. Then measure oS AG = Sg. (r is a point on the 
resultant. Through G draw an indefinite right line parallel to 
P and Q, and from A and P draw parallels to PQ' and AB, 
respectively. These lines will intercept on the line through G a 
length = P + Q = resultant. 

77.] Moment of a Force with respect to a Point. Let a 
force, P (Fig. 86), act on a rigid body in the plane of the paper, 

and let an axis perpendicular to this 
plane pass through the body at any 
point, 0. It is clear, then, that the 
effect of the force will be to turn the 
body round this axis, (the axis being 
supposed to be fixed,) and the rotatory 
effect will depend on two things — 
firstly, the magnitude of the force, P, 
snd, secondly, the perpendicular distance, p, of P from 0. If P 
passes through 0, it is evident that no rotation of the body 
round can take place, whatever be the magnitude of Pj 
while if P vanishes, no rotation will take place, however great 
j» may be. Hence we may regard the product 

F.p 

as a representation of the ability of the force to, produce rotation 
about O ; and to this product the special name Moment has, for 
convenience of reference, been given by writers on Statics. 

When all the forces under consideration act in one plane, we 
may speak of the foint, 0, in which the axis of Moments meets 
this plane, instead of the axis itself. We shall therefore define 
the Moment, with respect to a point, of a force acting on a body 



Fig. 85. 
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to be the product of the force and the jierj)endicular let fall on its 
line of action from the point. 

If the unit of force is a pound weight and the unit of length a 
foot, the unit of Moment will obviously be a. foot-pound. 

78,] Moments of different Signs. If two forces tend to 
produce rotations of a body in opposite senses round a point, 
their moments with respect to this point are affected with opposite 
signs. Thus (Fig. 87), the force P 
tends to turn the body round in a 
sense opposite to that of watch- 
hand rotation, while Q tends to turn 
it in the opposite sense. If, then, 
the former rotation is considered 
positive, the algebraic sum of the 
moments of P and Q round is ^'S- 87. 

p and 3' being the perpendiculars from on P and Q. 

Round the point 0' both forces would produce rotation in the 
same sense, and therefore the algebraic sum of their moments 
with respect to this point is 

■p.y+QY. 

p' and / being the perpendiculars from Cf oxs. P and Q, re- 
spectively. 

In future we shall speak simply of the sum of the moments, 
instead of the algebraic sum of the moments, of forces with 
respect to a point, as we shall suppose the moment of each force 
to be affected with its proper sign, in accordance with the rule 
given at the beginning of this Article. 

79.] Case of two Equal and Opposite Parallel Forces. If 
the forces P and Q in Art. 74, Fig. 82, are equal, the equation 

Pxe^ = QxG-S 

GA 
gives GA = GB, or -^^ = l, an equation which is true only 

when G is at infinity on AB. Also the resultant of the forces 
being equal to their difference, is equal to zero. Two equal and 
opposite parallel forces acting on a rigid body constitute what is 
called a Couple. 

Hence, regarded in one way, a couple is equivalent to a zero 
force acting along a line at infinity. Observe, however, that, 
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though the force is of zero magaitude, it has an infinitely long 
' lever-arm ' with respect to any point at a finite distance ; so 
that it must not be rejected as something without meaning. 

We now proceed to show that, regarding couples in a difierent 
way, they possess remarkable properties. 

Theokem I. Ttoo equal and opposite parallel forces have a 
constant moment with respect to all points in their plane. — Let 
(Fig. 88) be any point in the plane of 
two equal and opposite parallel forces, 
P, and let fall the perpendiculars Om 
and On on their lines of action. Then, if 
is inside the lines of action of the 
forces, these forces tend to produce rota- 
tion round in the same sense, and 
therefore the sum of their moments is 
equal to 

P ( Om + On), or P x run. 

If the point chosen is 0', the sum of the moments is evidently 

Pljym—Cfn), or Pxmn, 

which is the same as before. 

The perpendicular distance between the two forces of a couple 
is called the Arm of the couple. 

The Moment of a couple is the product of the arm and one of 
the forces. 

The Axis of a couple is a right line drawn anywhere perpen- 
dicular to the plane of the couple, and in a particular sense, its 
length being proportional to the moment of the couple. The 
sense of the axis is determined thus : — imagine a watch placed 
in the plane in which several couples act. Then let the axes of 
those couples which tend to produce rotation in the direction 
opposed to that of the rotation of the hands be drawn upwards 
through the face of the watch, and the axes of those which tend 
to produce the contrary rotation be drawn downwards. 

Theokem II. The effect of a couple on a rigid body is not altered 
if the arm he turned through any angle round one eootremity. 

Let AC and BB (Fig. 89) be a couple whose arm is AB, 
and let the arm turn round B into the position BA!. At A! 
introduce two equal and opposite forces, A'C and J'C", each 
of which is equal to one of the forces, P, of the given couple, 
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and perpendicular to BA'. At B introduce two equal and op- 
posite forces, BB' and BB^', per- 
pendicular to BA', each force being 
equal to AC or P. The effect of 
the given couple is, of course, un- 
altered by the introduction of these 
forces. Now the forces BB and BI/' 
may be replaced by their resultant, 



2 Pcos 



BBBT' 



or 



2 P sin — r— > 




2 2 

which acts in the bisector, BO, of 

the angle BBBl' ; and the forces 

4Cand A!G" may be replaced by their resultant, 2Pcos 

„^ . ABl 
or 2Psin 



COC 



which also acts in the line BO in a sense 

opposed to the previous resultant. Hence the forces BB, 
BW, AC, and A'C", are a null system. There remain, then, 
the forces BB' and ^C which form a couple whose arm is BA^ . 
Hence the couple of forces P acting at A, and B may be replaced 
by a couple of forces P acting at the extremities of an arm of 
length equal to AJB having one extremity common with AB. 
. /Thdorem III. TAe effect, of a couple on a rigid lody is not 
altered if the arm is moved parallel to itself anywhere in the plane 
of the Couple. 

Let two forces, AC and BB, 
each equal to P (Fig. 90), act with 
arm AB, and draw A'B' equal and 
parallel to AB in the plane of the 
couple. At A' and B" introduce, 
perpendicularly to A'B', four 
forces A'C, A'C", B'B', and 
B'B^', each equal to P. This does 
not alter the effect of the given 

couple. Now since AB and A'B' are equal and parallel, the lines 
AB' and BA', being the diagonals of the parallelogram ABB' A', 
bisect each other in the point 0, suppose. Replace the forces 
BB and A'C" by their resultant, 2P, which acts at parallel to 
BB • and replace the forces AC and FB^' by their resultant, 2P, 
which also acts at in a sense opposite to the previous 
resultant. These two resultants destroy each other, and there- 
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fore the forces BB, AC, B'B", and J!C", constituting a null 
system, may be removed. There remain the forces, JlC and 
B'lf, which constitute a couple whose arm is j£i'. Therefore, &c. 

Theorem IV. The effect of a Couple on a rigid body is not 
altered if the Couple is changed into another having the same 
moment, the arms of the Couples leing in the same Une and 
having a common eastremify. 

Let the given couple be AC and BB (Fig. 91), each equal to 

P. Produce BA to A! so that -^-j, = -^ > and at A! and B in- 

MA J: 

troduce equal and opposite forces A'C and A!C", BIY and Bjy, 
the magnitude of each of these forces being Q. Now the forces 
AC and A'C" give a resultant = P—Q, at B (Art. 74) along 

the line BI/' ; and this force 
added to BB" gives a force = P 
which destroys BB. Hence there 
remain the forces A'C and BB", 
which form a couple whose moment 
is equal to that oi AC and BB, 
since (by construction) 
.BA= Q. BA'. 
Therefore, &c. 
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Theorem V. A Couple acting on 
a rigid body may be replaced by any 
other Couple in the same plane if the 
moments of the Couples are the same 
in magnittide and sign. 

Let P, P and Q, Q (Fig. 9a) be 
two Couples in the same plane, 
having the same moment, and tend- 
ing to produce rotation in the same 
sense ; then P, P may be transformed into Q, Q. For, we 
can first turn the arm AB round B until it is parallel to B'A' 
(Theorem II) ; then we can lengthen it until it becomes equal 
to B'A', changing, at the same timCj the forces P into forces Q 
(Theorem IV) ; and finally, we can move it into the position 
B'A' (Theorem III). 

The sign of the moment of a couple is indicated by the sense 
in which the axis is drawn, as:',has been already explained (p. 102). 
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Axes drawn upwards througli the face of the watch are then 
considered positive, and axes drawn downwards are negative. 

From the foregoing Theorems it is clear that the addition of 
co-planar couples is effected by adding their axes, regard being 
had to the signs of the axes. 

Theoeem VI. A force and a couple acting in the same plane on 
a rigid hody are equivalent to a single force. 

Let the force be i^'and the couple (P, «)— that is, P is the 
magnitude of each force in the couple whose arm is a. Then 

(Theorem IV) the couple (P, a) = the couple (-?! ^) • Let 

this latter be moved until one of its forces acts in the same line 
as the given force F, but in the opposite sense. The given 
force F will then be destroyed, and there will remain a force F 
acting in the same direction as the given one and at a perpen- 
dicular distance = -^pr from it. 
F 

This Theorem is equivalent to the statement — A force and a 
couple acting in the same plane cannot produce equilibrium. 

Theoejem VII. A force acting on a rigid hody at any point A 
may he replaced by an equal force acting in the same direction at 
any other point B together with a couple whose moment is the 
moment of the original force about B. 

This important proposition is easily demonstrated. 

Theorem VIII. The resultant cf any number of Coplanar Couples 
is a couple whose moment is equal to the sum (with the proper signs) 
of the moments of the given couples. 

For, let the component couples have moments L,M,N,... and 
let each of them be changed into a couple, having the same right 
line AB (whose length is x) for arm. Then (Theorem IV), the 

couple L will give rise to a force — at A, and an equal force in 

SB 

opposite sense at B. Hence at A we shall have the force 

'-^ and an equal and opposite force at R. Thus we 

oo 

have a couple whose moment is the product of this force by the 

arm so; i.e., its moment is i/ + Jf+iV+..., or the sum of the 

given moments. 

80.] Geometrical representation of the Moment of a Force 

with respect to a Point. Let the line AB (Fig. 93) represent 
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a force in magnitude and direction, and let it be required to 
represent its moment -with respect to a point 
0. If ^ = the perpendicular from on AB, 
the moment is AB xp. Now this is double the 
area of the triangle AOB. Hence the moment 
of a force with respect to a point is geometrically 
represented ly double the area of the triangle 
whose base is the line representing the force in 
magnitude and line of action, and whose vertex 
is the given point. 
Draw AO, and from the other extremity, B, of the given force 
draw an indefinite right line, BC, parallel to AO. Join A to any 
point, C, of this line. Then the area of the triangle AOB = the 
area of the triangle AOC, since these triangles have the same 
base and are between the same parallels. Consequently the 
moment of a force represented by AB about = the moment of 
a force represented by AC about 0, wherever C be taken on the 
indefinite line through B. 

81. j Varignon's Theorem of Moments. The sum of the 
moments of two forces with respect to any point in their plane is 
equal to the moment of their resultant with respect to the point. 

Let AP and A Q (Fig. 94) represent two forces whose resultant 
is AB, and let be the point about which moments are taken^ 
Draw AO, and draw PC and QB parallel to it. 

By the last Article the moment of 

AP about = the moment of ^Cabout 

0, and the moment of AQ, = the 

moment of AB; therefore the sum of 

the moments of AP and AQ about 

= the sum of the moment of AC and 

AB about = the moment of the sum 

of AC and AB (since AC and AB are 

forces acting iri the same line) ; but, by equal triangles AC is 

evidently = BR ; therefore the sum of the moments = the 

moment of AR = the moment of the resultant. Q.E.D. 

The student will find no difficulty in considering the case in 
which is between AP and AQ, observing that in this case' 
their moments are opposed, and that in the new figure AR will 
be equal to ABi^AC. 

Of course it follows that the sum of the moments (with their 
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proper signs) of any number of co-planar forces with respect to 
any point in their plane is equal to the moment of their resultant 
with respect to this point ; for the forces may be replaced in 
pairs by their resultants, &c. It also follows that the sum of 
the moments of the forces about any point on the line of action 
of the resultant is equal to zero. 

82.] Varignon's Theorem of Moments for Parallel 
Forces. TAe mm of the momenta of two parallel forces about 
any point is equal to the moment of their resultant about the 
point. 

Let the forces be P and Q (Fig. 95) and let be the point 
about which moments are to be 
taken. From let fall perpendicu- 
lars OA, OB, and Off on the direc- 
tions of P, Q,, and their resultant, B, 
and let the forces be applied at the 
points A, B, and G, respectively. 

Then, moment of ^^S- 95. 

P about = P.OA = P(OG+ GA) ; 
and moment of Q, about 0= Q.OB = Q{OG— GB) ; 
therefore, by addition, the sum of the moments 

= (P+ q). OG + P.GA-Q. GB. 
But P. GA = Q. GB ; therefore the sum of the moments 
= (P+Q).OG=zIi.OG. 

A similar proof holds when P and Q act in opposite directions, 
and also when is between the lines of action of P and Q. 

It follows that the sum of the moments {with their prroper signs) 
of any number of co-planar parallel forces with respect to a point in 
their plane is equal to the moment of their residtant with respect to 
the point. 

83.] Centre of Parallel Forces. Theorem. If any number of 

parallel forces, P^, P^^, P^, ... P„,act in one plane at points A^, 

A^, A^, ... A„, their resultant passes through a fixed point if all the 

forces are turned in the same sense round their points of application 

through an arbitrary but common angle. 

The point, g-^, (Fig. 96}, of application of the resultant of Pj 
and P2 has been determined (Art. 74) by dividing the line 
Ji A^ so that A^ _ P^ 
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on the supposition that the forces Pj and P^ are parallel, but no 

assumption has been made as to 
their common direction. Hence 
^1 will be a point on their re- 
sultant in whatever direction they 
act, and the force at this point 
is P-i + P^. The point of appli- 
cation of the resultant of P^, P2, 
and Pg , is determined by joining 




Fig. 96. 



ffi to A^, and dividing it in ^2> 
so that 






force at A, 



force at y^ P^^ + P^' 

and the force at ff^ ^^ Pi + ^z + ^s- Similarly, the point of 
application of the resultant of P^, P^, P3, and P^, is a point, G, 
on ^2 A^ , such that g^ q p^ 

A^G"^ P^ + P^ + Ps' 
and the force at (? = P1 + P2 + P3-I-P4. 

We thus see that the point, G, of application of the resultant 
of the system is determined by dividing the lines g^A^, g,i^A^,... 
in certain ratios which depend simply on the magnitudes, and 
not on the directions, of the forces at -4]^ , A^, A^,.... The theorem 
is, therefore, evident. 

Of course no one point on the line of action of a force which 
acts on an indeformable body has a special right to be called the 
point of application of the force ; nevertheless, we shall speak of 
the point, G, as the point of application of the resultant force, 
since, as we have seen, it is a point through which the resultant 
of forces equal to P^ , P^,... always passes, whatever be the 
common direction of these forces, provided that each force acts at 
a fixed point in the body. 

The theorem of this article is true also in the case in which 
neither the parallel forces nor their fixed points of application lie 
in the same plane. 

84.] Centre of Mean Position. Let there be any number 
of points, A-^, A2, A^, ... (Fig. 97), in one plane, and let the 
line, A^ A^, be divided at g^ so that 

ffiA ^ % . 
g^Ai w,/ 
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let gyA^ be divided at g^, so that 



H9\ m^ 

let g^^ be divided at ^3, so that 

ffi-^i _ mi + m^ + m^ 

and so on, until by a final construction we arrive at a point, G. 
It is required to express the dis- 
tance of G from an arbitrary line, 
Z, in the plane of the points in 
terms of the distances, z-^, %, ^3, ... 
oi Ai, A^, J^, ... from this line.* 
Draw AjMn parallel to Ii. Then 

A, 



A,A 
gjm = 



i+i 



_ ""2 




r(^2-%)- 



But the distance of ^^ from L is equal to 

"^ ^ m^ + rn^^ ^' m^ + m^ 

Calling this distance S^, we have the distance of 1 

equal to {mj^ + m2)zi + m^s^ m^z^ + m^e^ + m^z^ 
— : — : : = > 



from L 



»l + »«2 + % 



% + % + «»3 



since g^A, is divided at a. in the ratio — 

m^ + m^ 

application of this method, we have evidently 

?Ki+»»2 + »«3+. ..+»«„ 

z being the distance of G from L. 

This equation is generally written in the form 

'S,mz 

in which 2 denotes a summation. 



Continuing the 



(1) 



(2) 



* All this holds if the points A^ A,,,., are not in the same plane and Z re- 
presents any plane from which their distances are measured. 
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The point" G thus arrived at is called The Centre of Mean Posi- 
tion of the given points for the system of multiples nii,m2,m^,...m„. 

The points A■^^, A^, A^, ... remaining the same, and the system 
of multiples being altered to ^^ ^ jOg , jOs , ... the point G arrived at 
would, of course, be different. The distance of the new point 

would be — — • 

In particular, the distance, z, of the centre of parallel forces 
from any plane is given by the equation 

__ '2Pz 



EXAMPLES. 

1. The centre of mean position of three points, A, B, C, for a 
system of equal multiples, is the interseetion of the bisectors of the 
sides of the triangle A BC drawn from the opposite angles. 
^ 2. The centre of mean position of three points. A, B, C, for a 
system of multiples sin 2 j4, sin 2 B, sin 2 C, is the centre Of the circle 
circumscribed about the triangle ABO. 

3. The sides of the triangle being a, b, c, the centre of mean 
position oi A, B, C, for the system of multiples a, b, c, is the centre 
of the inscribed circle. 

4. For the system of multiples tan^, tan 5, tan (7, the centre of 
mean position is the intersection of perpendiculars. 

The construction given in this Article for the Centre of Mean 
Position of the points A^^, A^, A^, ... is of course the same when 
the points do not all lie in one plane. In the latter ease it is 
easily seen that if % , ^3 , ^3 , . . . denote the distances of the points 
from an arbitrary ^^a«e, the distance, z, of the centre of mean 
position from this plane, for the system of multiples m^, m^, m^, 
..., is given by the equation 

'Smz 
^~ 2m' 

Centre of Mean Position is a generic term which comprises 
under it particular points which must be specially noticed. One, 
the Centre of Parallel Forces, has been already mentioned. 
Another is the Centre of Mass, called also the Centre of Inertia. 
If at the points considered, A^,A2,A^,... there be placed 
material' particles whose masses are respectively %, Mg, %, ... 
and we find the centre of mean position of these points for the 
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system of multiples m^, m^, m^, ...we shall arrive at the Centre of 
Mass of this system of particles. Nothing is here assumed 
about the closeness of the points A-^^, A^, A^,...,ox the particles 
placed at them, and the process of arriving at the point G will 
be unaltered if these particles constitute a continuous body. 
Hence the Centre of Mass of any body is the Centre of Mean 
Position of all the points within it for a system of multiples pro- 
portional to the masses of the infinitely small particles placed at 
these points respectively. 

A body whose points do not suffer any relative changes of 
position will therefore continue to possess the same centre of 
mass no matter into what part of the universe the body may be 
taken. A different arrangement of its particles, would, of 
course, in general alter its centre of mass. The centre of mass 
of a rigid body is, then, something which it possesses absolutely, 
or apart from all contingency of position in space or relation to 
other bodies. 

The distance of this point from any plane is given by the 
equation last written, in which the sign 2 is to be replaced by 
the integral sign f, and the element of mass at a distance z from 
the plane denoted by dm. Thus 

z = 

Again, if at the points A-^, A,^, A^,... there be placed particles 
whose weights are w-^, w^, w^, ... these weights constituting a 
system of parallel forces, the centre of these parallel forces is 
called the Centre of Gravity of the given particles. 

The effect of altering the position of the body in the most 
general manner possible is merely to turn the forces, w^,w^,w^,... 
round their fixed points of application ^1 , ^2 >•• • through the 
same angle, and by the last article we see that the resultant of 
the weights of the particles will, in all positions of the body, 
pass through, a fixed point, G, in the body. The resultant of 
all the elementary weights is equal to their sum, and is called 
the weight of the body. "We may, therefore, define the centre of 
gravity of a body thus— i%e centre of gravity of a body is that 
unique point in it through which passes, in all possible positions 
of the body, the resultant of the system of parallel forces formed by 
the weights of the indefinitely great number of indefinitely small 
particles into which the body can be divided. 
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The centre of gravity of a body is, then, the centre of the 
particular set of parallel forces which act on its various elements 
in virtue of the attraction of the Earth. The existence of such 
a point depends on the parallelism of the forces produced by the 
Earth on the elements of the body, and this parallelism, again, 
depends on the minuteness of the volume of the body in com- 
parison with that of the Earth. If the body were carried to the 
surface of the Sun, or any other such large attracting mass, the 
individual weights of its elementary portions, and therefore its 
total weight, would be greater than they are at the Earth's 
surface, but the position of the centre of gravity in the body 
would remain the same. On the other hand, if the dimensions 
of the body were comparable with those of the attracting mass, 
the forces of attraction on its elementary portions would not be 
a parallel system, and the resultant attraction would not, in 
general, pass through any fixed point in the body independently 
of the relative positions of the two masses. The term weight of 
a lody is used to signify the resultant attraction produced on the 
body by the Earth, or other planet, on whose surface the body 
exists, and it is therefore, unlike mass, a mere contingent 
property of the body. If we imagine the body taken out into 
space and removed (if possible) from the attractions of all bodies, 
the terms weight and centre of gravity would cease to have any 
meaning with reference to the body in that position ; while, on 
the contrary, it has both its mass and centre of mass perfectly 
unaltered. Hence the centre of gravity is essentially distin- 
guished from the centre of mass ; although, since weight and 
mass are always proportional, when the first point exists, it 
coincides with the second. 

In considering the eqmlilrium of a rigid heavy lady we represent 
its weight as a single force acting vertically through its centre cf 
gravity. 

85.] Conditions of Equilibrium of a Kigid Body acted on 
by rorces in One Plane. 1 . Let the forces be parallel. Take 
any point 0, and draw through it a right line, Oy, parallel to 
the forces (Fig. 98). At introduce two forces, P/ and P/', 
each equal to P^, these new forces being directly opposed to each 
other along Oy. Now, P^ and P" form a couple whose moment 
is Pj.jfi, if ^1 is the perpendicular from on the line AJPi, 
Introducing, in the same way, two forces, P/ and P/', equal 



85-] 



CONDITIONS Ojt EQUILIBRIUM. 



113 




Fig. 98. 



to Pj, directly opposite to each other along Oy, we have Pg at 
A^ replaced by a force P/' acting at along Oy' and a couple 
whose moment is — P^ .jo^, jb^ being 
the perpendicular from on the 
line ^aPg. The - sign is attached 
to this couple because the couple 
(■^2'. -^2) tends to produce rotation 
in a sense opposite to that in which 
the couple (P/', Pj) tends to pro- 
duce rotation. 

Proceeding in this way with all 
the forces in the above figure, we 
have the whole system of forces at A^, A^, A^, A^,,.. equiva- 
lent to a single force, 

acting at in the direction Oy, and a couple, 

tending to turn the body round in a sense opposite to that 
of watch-hand rotation. 

In general, denoting the resultant force by P, and the 
moment of the resultant couple by G, we have 

P = 2P, (1) 

G = l{P.jp). (2) 

Now, by Theorem VI, of Art. 79, a couple and a force in the 
same plane are equivalent to a single force, and cannot, there- 
fore, conjointly produce equilibrium. Hence, for equilibrium, 
the force and the couple must vanish ; or 

2P = 0, (3) 

and 2 (P.jo) = ; (4) 

that is to say, for the equilibrium* of a system of eoplanar 
parallel forces acting on a body — 

(«) TAe sum of forces must = 0, and 

(6) The sum cf the moments of the forces about every point in 
their plane must = 0. 



* The aUention of the student is particularly directed to the remark in 
Art. 88. 
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2. Let the forces aet in any directions. 

Take any point whatever, 0, (Fig. 99), in the plane of the 
forces*. At introduce two opposite forces, P^' and P", each 

equal and parallel to Pj. Let 
Pj and Pj" be considered as 
forming a couple. Then Pj at 
Ai is equivalent to P^ acting 
at 0, and a couple whose mo- 
ment = Pj . jOj. Replace Pg at 
A2 in the same way by Pg" (or 
Pj) acting at 0, and a couple 
(Pg, P/} whose moment is 
Fig. 99. —Pi- Pi- Thus the whole 

system of forces will be re- 
placed by forces, Pj, P2, P3, P4,..., acting at 0, aind a number 
of couples whose moments are Pj.pi,— Pg^./Pg, Pg .jSg,— P4 .JO4,... 
(the forces acting as in the above figure). The forces acting 
at will have a single resultant, R, and the couples will form a 
single couple whose moment, G, is (Theor. VIII, Art. 79). the sum 
of the moments of the couples. Por equilibrium it is necessary 
that each of these should vanish. Hence, for the equilibfiumf 
of a body acted on by coplanar forces — 

(«) The resultant wMch the forces would Jmve if they all acted 
together at a point, each in the direction in which it acts on the 
given body, must — ; and 

(i) The sum of the moments of the forces round every point in 
their plane must = 0. 

The first of these conditions asserts that there must be no 
force in any direction; and the second that there must be no 
moment round any point. Thus, the conditions of equilibrium 
of a rigid body embrace {a) the condition of the equilibrium* 
of a particle (Art. 26, p. 23); and (h) a condition distinctive 
of the susceptibility of a body of finite extension to receive a 
motion of rotation. 

It is to be observed, then, that a system of coplanar forces 
acting on a body can be reduced to a single resultant force, P, 
acting at any arbitrary point, 0, in the plane of the forces, and 



* The point is supposed to be rigidly connected with the body, 
■]- See remark in Art. 88. 
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a couple, G, also in this plane ; and that whatever pointj 0, is 
chosen, the force M is constant in magnitude and direction, 
while the magnitude of the couple G varies with the point 
chosen. The force R is called the Resultant of Translation. 

Coplanar forces can, of course, always be reduced to a single 
resultant, unless they happen to reduce to a couple, by Theorem 
VI, p. 105. 

Example. 

AB and DC are two parallel lines 20f decimfetres and 16 decimetres 
long, respectively, the points A and D being adjacent, and B and C 
adjacent ; these lines are 4 decimfetres apart, and the length of AD is 
5 decimfetres. Find the magnitude and line of action of the resultant 
of the following system of forces : — 20 kilogrammes acting from 
A io B, 26 kilogrammes from B to G, 30 kilogrammes from D to C, 
15 kilogrammes from D to A, and 25 kilogrammes from A to C. 

Ans. Reducing the forces to a single force acting at A, together 
with a couple whose moment is the sum of their moments about A, 
and taking AB as axis of x and the perpendicular to it through A 
as axis of y, we have SX= 55-45 kilogrammes, 27"= 17-15 kilo- 
grammes, G ^ 408 kilogramme-decimfetres in a counter-clockwise 
sense. Hence i? = 58-04 kilogrammes = resultant of translation ; 
therefore the single resultant = 68-04 kilogrammes, acting along 

a line whose distance from A — -r^-z— = 7-03 decimfetres, making 

ST" 343 58-04 

tan~^ -=-= = tan~^ — — - with AB, and intersecting AB between A 

^JS. 110:7 

and 5. 

86.] Analytical Conditions of Equililbriuni. Through any 
point, 0, draw two rectangular lines. 
Ox and Oy, and resolve the force, Pj, 
acting at Ai, into two componcBts, 
Zi and Yi, parallel to Ox and.Oy. 
Now (Art. 81), the moment of P^ 
about is equal to the sum of the 
moments of X^ and Y^ about 0. Kg. loo. 

But if rotation opposite to that of a 

watch-hand is considered positive, the moment of 7^ about 
is Yj^.x^; and the moment of Xj is— X^.^j, where as^ andy^ 
are the co-ordinates of A^ referred to the axes Ox and Oy. 
Hence the moment of Pj about is Yj^Xj^—X^^i. 

Adding together the moments of P^, Pg,..., we get the total 
moment g ^ 2 (Yx-X^). (1) 

I 3 
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If the sum of the components of the forces along Ox is 
denoted by '2X, and the sum of the components along O1/ by 
SJjthe resultant of the forces acting at (Fig. 100) is given by 
the equation B^ = {^Xf + {I.Yf . (2) 

Now, since for equilibrium we must have B = 0, and G = 0, 
the conditions, analytically expressed, are 

2Z= 0,27=0, (3) 

^{Yx^Xy) = Q. (4) 

These equations are the expressions of the conditions of 
Art. 85. 

87.] Equation of the Resultant. We have seen (Art. 85), 
that a system of eoplanar forces is equivalent to a single force, 
R, acting at any arbitrary origin, together with a couple, G. 
The direction and magnitude of the resultant force, R, will be 
the same whatever origin may be chosen, but the couple will 
vary with the origin. Now, supposing that the resultant of 
the forces does not vanish, the couple and the force R can 
(Theorem VI, Art. 79) be replaced by a single force equal to 
R ; and the sum of the moments of the forces about any point 
on its line of action is equal to zero (Art. 81). 

Let (a, /8) be the co-ordinates of any point referred to rect- 
angular axes through an arbitrary origin, (Fig. 100). Then the 
moment of the force, Pj, about this point is evidently 

YM-a)-X,{y,-^), or Y^x^-X^Tf^-aT^+^X^. 

Taking the sum of the moments of all the forces about the 
point, we have G'=G-alY+ ;82X, ( 1 ) 

G' being the sum of the moments about the point (a, /3). 

Since, for any point on the resultant G'= 0, the equation of 
its line of action is a2Z-«i32X= G 

Equation (l) gives at once the following result — The sum of the 
moments of a system qf eoplanar forces about any point, 0, is equal 
to the sum of their moments about any other point, (y,plms the moment 
about of their resultant of translation, supposed acting at (/. 

88.] Remark on the Conditions of Equilibrium. It must 
be carefully borne in mind that the conditions of equilibrium 
given in pp. 113 and 114 are sufficient only in the case of in- 
deformable bodies. For, having reduced a system of forces to a 
resultant of translation, R, acting at an arbitrary point, together 
with a couple of moment G, the logical conclusion is that — 
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If B = and G= 0, those motions of the system which would 
he produced ly R and G respectively are therehy destroyed. 

Now by a fundamental principle of Kinetics, which we antici- 
pate, if R = Q there is no resultant linear acceleration of the system 
in any direction, or in other words its centre of mass is at rest or 
in uniform rectilinear motion ; and if, in addition, G= 0, there is 
no resultant angular acceleration about the centre of mass of the 
system. 

These two things we. can conclude from the equations ^ = 0, 
(? = for all systems, whether they are gases, liquids, deform- 
able frameworks, natural solids, or rigid bodies. 

Now the destruction of resultant linear and angular ac- 
celeration will, except in the case of rigid bodies, be quite cc n- 
sistent with the existence of motions of parts of the system 
among themselves, negative momenta cancelling positive. Hence, 
whenever a system is capable of altering the relative positions of its 
parts, the complete equilibrium of the system will require more than 
the vanishing of the resultants of translation and rotation of the 
forces applied to it. In fact, its internal forces will have to be 
taken into account. In rigid bodies the destruction of the 
above-mentioned motions will necessitate the destruction of all 
motion, and the conditions 72 = 0, (? = are both necessary and 
sufficient. In these bodies there is no restriction placed on the 
internal'forces, so that they are always capable of assuming such 
magnitudes and directions as will enable them to destroy the 
action of the external forces. On the contrary, in deformable 
bodies, there are restrictions placed on the internal forces so that 
they are not capable of preserving equilibrium against all 
systems of external forces. For example, in a freely jointed 
framework, the action between bar and bar must consist of a 
single force restricted to passing through the joint. This is the 
reason why two equal forces applied in opposite senses in the 
same line to two opposite sides of a set of parallel rulers will not 
hold them in equilibrium, unless the rulers are pkced in a 
certain configuration ; and it is also the reason why two equal 
and directly opposSWiajjees applied to the ends of a string, elastic 
or inelastic, will not honkit in equilibrium, until it has assumed 
a certain state. j 

Hence also the necessity for considering the internal forces 
(pressures) in Hydrostatics, 
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Nevertheless, the conditions of equilibrium of all material 
systems whatever — natural solids, liquids, gases — are completely 
expressed by the single principle that — when the system has as- 
sumed its configuration of equilibrium, then for all imaginable small 
derangements of its parts the whole work which would tlierehy he 
done hy all the acting forces, external and internal, is zero — which 
is Lagrange's great principle of Virtual "Work. 

89.] Force Polygon and Funicular Polygon. Let there be 
any system of forces, Pj , Pg , Pg , P4 , Pg , (J'ig. i o i ) acting in one 
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tices of the force polygon. 



plane on a body. Starting with 
any point, 01, draw lines, (01, 
12), (12, 23), (23, 34), (34, 45), 
(45, 56), parallel to the lines of 
action of the forces* and re- 
spectively proportional to them. 
The figure formed by these lines, 
(01, 12), (12, 23),..., is called 
the Force Polygon of the given 
system of forces. Now take any 
point, 0, and from it draw lines, 
01, 012, 23,...,to the ver- 
From any point, /j , on the line of 
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action of P^ draw two lines, /j /„ and/i/^ , parallel to the lines 
01 and 12 ; from the point /g in which /i /^ meets P^ dravF 
/a /g parallel to 23 and meeting P^ in /g ; from /g draw/g /^ 
parallel to 34; and so on. 

The system of lines /o /i/a/g/^/s/g parallel to the radii 
drawn to the vertices of the force polygon from any point, 0, is 
called a Funicular Polygon of the given system of forces. 

The point the radii from which to the vertices of the force 
polygon determine the funicular is called the Pole corresponding 
to the funicular. 

Let any other pole, (7, he chosen, and from an arbitrary 
point,/i', on P^, let ///(,' and//// be drawn parallel to (7 01 and 
C 1 2, respectively ; and let a new funicular, /p' // . . .//, be 
constructed. 

Then the sides (such as/g/g and///g') of these polygons which 
reach between the lines of action of the same two forces are 
called corresponding sides. 

Since the point / may be taken anywhere on P^ it is clear 
that for a given pole, 0, we may construct an infinite number of 
funiculars of the system, but the corresponding sides of them are 
of course parallel. If the force at each vertex of a funicular of 
the system is resolved into two components directed along the 
two sides of the funicular which meet at this vertex, the 
components at the extfemities of each side of the funicular are 
equal and opposite, Por, suppose Pg resolved into two compo- 
nents in/3/2 and /g/^; then these components are reptesented 
by the lines 23 and 34 ; also if Pg is resolved into components 
in /g /g and/2/, these will be represented by 23 and 12 0, 
respectively; thus the components in the side/g/g are equal and 
opposite. 

Hence we may formally define a funicular polygon of any 
system of forces thus : — A funicular polygon of a given system of 
forces is a polygon whose vertices lie oiie by one on the lines of action 
of the given forces, and is also such that, if the force acting at each 
vertem is resolved into two {oblique) components along the sides of 
the polygon meetvng in that vertex, the forces at the extremities cf 
each side of the polygon a/re equal and opposite. 

90."] Theorem. The corresponding sides of any two funiculars of 
a given system of forces intersect on a right line, which is parallel 
to that Joining the poles of the tw'o funiculars. 



120 COMPOSITlOlir AND RESOLUTION OF FORCES. [90. 

At the points f^ and // let two equal forces (each F^ be 
applied in opposite senses along the line f^ f{ ; suppose 
them to act away from both of these points, as Pg i^ represented 
in Fig. loi. Considered as acting on a rigid body, these forces 
are in equilibrium. Now let Pg at f^ be resolved into its com- 
ponents along /a /i and /g /g. These components will be re- 
presented in magnitudes and senses by 0X1 and 230, respectively. 
Similarly, resolve Pg at // along // f( and // f{ ; and these 
components will be represented by 12 0' and 0' 23. These four 
components are therefore in equilibrium. Take the sum of their 
moments about the point of intersection of the lines /g /g and 
fi K- Then, since this sum is zero, it follows that the resultant 
of the two components (012 and 12 0') in the lines /2/1 and 
/i' fi ""list pass through the point of intersection of f^ /g 
and /g' /s' ; t)*!* it ^l^o passes through the point of intersec- 
tion of /a fx and // f{ ; therefore its line of action is the line 
joining these two intersections. Now this line of action is 
parallel to the line 00' \ for, two forces represented by 012 
and 12 0' give a resultant represented by 00' in magnitude 
and sense. 

Hence the corresponding sides /1/2 and f( fi,/^/^ xa.if^f^, 
intersect on a line parallel to 00^ ; similarly the sides /g/g and 
/2'/3',_/3/4 and /g'y^' intersect on a line parallel to 00', which, 
of course, must be the same line as before. This line is LM in 
the figure, 

Favaro (Lezioni di Statica Grafica, p. 409) gives a purely 
geometrical proof of this, depending on the property that if in 
two complete quadrangles five pairs of corresponding sides 
intersect in five points which all lie on a right line (which may 
be a line at infinity), the point of intersection of the sixth pair 
will also lie on this line. 

In Fig. 101 produce /^ f^ and fif^ to meet — in N, suppose ; 
and consider the quadrangle formed by the points M, f^, //, N, 
and also that formed by the points 01, 12, 0, 0', The five pairs 
of corresponding sides {Mf^, OlO), {Mf^, 01 0'), {fyf^, 12 01), 
(/jiV, 120), and {Nf^, 0'12) intersect in points which lie on 
the line at infinity ; therefore the remaining pair of sides {MN, 
00') are parallel. 

The general proposition — which holds equally for two quad- 
rangles in difierent planes— is easily proved from the property 
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of two triangles in perspective which will presently be given, 
and which is not restricted to two coplanar triangles. 

91.] Problem. Given one funicular of a given system of coplanar 
forces, to construct all funiculars cf the system. 

Let the given funicular be fofififz.... Draw any line LM 
in the plane of the forces; produce the sides, /o/i,/i/2,..., of 
the given funicular to meet LM; from the point of intersection 
of LM and/o/i draw the arbitrary line/p'//, which meets P^ in 
f{ ; join /i' to the point of intersection of LM and f^ f^ ; this 
joining line will meet Pg i^/^', which is the second vertex of the 
-new funicular ; join // to the point of intersection of LM and 
f^ /g J this will give f^ ; and so on. Hence a new funicular is 
formed, and since the lines LM and f^ff were drawn at random, 
an infinite number of funiculars of the system can be described 
in this way. 

93.] Problem. To construct the Resultant of a given system of 
coplanar forces. 

On any scale construct a force polygon 01, 12, 23, ... of the 
given system ; then the line of action of the resultant must be 
parallel to the side (01, 56) which closes the force polygon. 
Take any pole, 0, and construct a funicular /o/j/g-" ^'^ *^® 
system. Then the resultant must pass through the point of 
intersection of the extreme sides, _/5, f-^ and f^ f^ , of the funicular. 
For, by resolving each force into components along the two 
sides of the funicular which start from the vertex at which the 
force may be supposed to act, these components will be mutually 
destroyed, with the exception of those in the extreme sides, /q/j 
andffg. Hence the whole system of forces is equivalent to two 
forces acting in these sides, and represented in magnitudes on 
the scale adopted by the lines OOl and 056. The line of action 
of the resultant therefore passes through the intersection of the 
extreme sides and is parallel to the line joining 01 to 56, and 
the magnitude is represented by the length of this joining line, 
its sense being of course from 01 to 56. 

CoK. 1. Whatever be the path described by the pole, the 
point of intersection of the extreme sides of the funicular 
describes a fixed right line. This is the line of action of the 
resultant of the given system of forces. 

CoE. 2. The point of intersection of any two sides of a 
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funicular describes a fixed right line, when the pole varies in any 
manner. Thus the sides /^/g and/4/g will always intersect on 
the line of action of the resultant of the forces P^, P^, P^. 

93.] Graphic Conditions of EquUibrium. When a system of 
coplanar forces acting on a rigid body is in equilibrium, the 
forces when compounded two and two must finally reduce to two 
equal forces of opposite senses acting in the same right line. 
Since the resultant is proportional to the line required to close 
the force polygon, this line must be zero ; hence the force 
polygon of the system must close up of itself. Again, since the 
system is finally reducible to two forces acting in the first 
and last sides, yj, fi and f^ fg, of any funicular, these sides 
must coincide; or, in other words, the funicular must be 
closed. 

Hence the conditions of equilibrium ai-e — 

1. The Force Polygon of the system must be closed. 

2. Any Funicular Polygon of the system must be closed. 
Cor. 1. If any one funicular of the system is closed, every 

funicular of the system is closed. 

CoE. 2. If the system is equivalent to a couple, the force 
polygon is closed, and the first and last sides of all funiculars 
are parallel. 

94.] Problem. For a given system of coplanar forces find the 
locus of the pole cf a funicular polygon two of whose sides pass 
each through a given point. 

Suppose, for example, that the sides /o/j and/^/g pass each 
through a given point. Now these sides intersect on a given 
line (Art. 92) viz., the resultant, Ri^, of Pj, P^, P^, and P4. 
If, th.en,f^f passes through the given point JD, and/^/g through 
G, take any point, S, on -B1234 ^^^ j°i^ i^ ^^ D and G. Then 
from the vertices 01 and 45 of the force polygon draw two 
lines parallel, respectively, to SD and SG. These lines intersect 
in a point 0, which is the pole of a funicular satisfying the 
given conditions. The point S being varied, it is easy to see 
that the locus of the corresponding pole is a hyperbola. For 
if S^, S2, /Sg, S^ are any four positions of S on the right line 
-^12 34! ^^^ anharmonic ratios of the pencils D(Sj^ 828^8^ and 
G (8^ 82 8.^8^) are equal; and therefore the pencils 01 (0^ 0^ O3 O4) 
and 45 (Oj Ojj O3 O4) are also equal, which, by a well-known 
property, shows that the points lie on a conic (which is a 
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hyperbola) passing through both the points 01 and 45, its 
asymptotes being parallel to the lines BG and Ry^n- 

The hyperbola becomes 
two right lines in a par- 
ticular case. 

If the line joining the 
points 01 and 45 (Fig. loa) 
is parallel to the line R^^, 34 
— represented by LS in 
the figure^the hyper- 
bola becomes the line 

joining 01 to 45, together 
with a line, OM, parallel 
to GD. 

95.] Problem. To represent the moment of aforee about a point. 
Let it be required to repre- 
sent the magnitude of the 

moment of a force P about a 

point (Fig. 103). Draw ab 

parallel to P and representing 

it on any scale. 

Let be a point taken at a 

unit distance from ah ; draw oa 

and oh. Assume any point, Q, 

on the line of action of P, and 

draw QM and QL parallel to 

oa and oh, respectively. From 

draw a line, LM, parallel to 

P. Then the length LM 

represents the moment of P 

about 0. For, the triangles oah and QML are similar ; therefore 

if jo is the length of the perpendicular from Q on LM, we have 

LM ah ^,^ ^ . , . _ 
= — , .•. LM=P.p, since ab represents P. 

Hence LM is the moment on the scale adopted. 

If the pole is at a distance k units from ab, we shall have 

P.p = LMx7c. 

If the unit force is ot, and the unit length \, the moment of the 

k P 

force P about will be LMy. ot x - j for ai will obviously be 




Fig. 103. 



-A. 



124 COMPOSITION AND RESOLUTION OF FORCES. [96. 

96.] Problem. To represent the sum' of the moments of any system 
of c8planar forces about a point. 

Let A (Fig. 101) be the point about which the sum of the 
moments of the forces is required. 

The sum of their moments = the moment of their resultant 
about the point. Let this resultant be constructed by Art. 92, 
and let the moment of the resultant be constructed by last Art. 
Now the resultant is represented by the line joining 01 to 56 
(Fig. loi), and if is a pole assumed at any distance, k, from this 
line, we are to draw from any point on the resultant two lines 
parallel to OOl and 056, and through A a line parallel to the 
resultant, R. 

Now the extreme sides, /q/j^ and/^/g, of the funicular intersect 
in a point on B, and are parallel to the lines Ool and 056. Hence 
the intercept made hy the extreme sides of the funicular on a line 
drawn through the given point A parallel to the resultant will 
represent the sum of the moments cf the forces about the point. 

This intercept multiplied by k will be the sum of moments, 

97.] Property of Perspective Triangles. Two triangles, ABC 
and A'B C, are said to be in perspective when their vertices can 
be joined in pairs by three right lines which meet in a point. If 
the lines joining A to A', B to B', and C to (7 meet in a point, 
A and A' are called corresponding vertices, as are also B and B', 
C and (7 ; and the sides, AB and A'B', &c., which join corre- 
sponding vertices in the triangles are called corresponding sides. 

The fundamental property of triangles in perspective is that 
the points of intersection of corresponding sides lie in one right line. 

To prove this projective property it is sufficient to prove it for 
the simplest figure into which the two triangles can be projected. 
Let the line CC be projected to infinity. Then AA' and BB" 
will become parallel lines ; also the sides AC and BC of the first 
triangle will become parallel, as will A'C and B'C of the second. 
For the simple figure thus obtained there is no difficulty in 
proving the proposition. 

To construct a triangle whose three sides shall pass each through 
a given point, and whose three vertices shall each lie on one of three 
concurrent lines. 

Let it be required to construct a triangle whose vertices, 
A, B, G, shall lie on three concurrent lines, AO, BO, CO, and 
whose sides shall pass through the points a, 5, c, (Fig. 104). 
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Suppose it done, and let ABC be the triangle. Take any 
point, C, on CO, and draw Ca and 
C'b meeting 50 and ^0 in B' and A' 
respectively. /P 

Then the triangles ABC and A'B'C ' /\ 

are in perspective, therefore the sides / / \ 

AB and A'B' intersect in P, a point on / cJ-''/\ 

the line.ab. Hence P is known, since ^K^^\//\ 

it is the intersection of ah with the P^^/^-'.:~T:.f'^ \ 
line A!B' which is constructed by arbi- ' v// * 

trarily assuming C P being known, yc 

join it to e, and the vertices A and B I 

are determined, and C follows at once. 
Q.E.F. ^'^•'°-^- 

Examples on Fukicdlae Polygons. 

1. A heavy rod, or beam, is supported horizontally on two smooth 
props at its extremities, and loaded with given weights at given points 
in its length ; find the pressure on the props. 

Suppose the line a„a^ (Fig. 35, p. 45) to be horizontal and to 
represent the loaded beam, the loads, Pj, Pj,... (including its weight 
among them) being applied at the points, eZ,, dj,... ,and let the 
pressures at the props a„ and a^ be P, and P^. Starting from any 
point 01 draw a vertical downward line to represent on any scale the 
force Pj, and let this line terminate at the point 12 ; from 12 draw a 
vertical downward line representing P^ on the same scale, and let this 
line terminate at the point 23 ; from this point draw a vertical down- 
ward line to the point 34 to represent P3 ; from 34 draw a vertical 
downward line to the point 45 to represent P^. 

Then from 34 we must draw a vertical upward Hne to represent 
the pressure Pg, and this line will terminate at the point 56,, which, 
however, is at present unknown. The pressure P„ will, of course, be 
represented by the upward line between 56 and 01. 

To determine 56, assume any pole, 0, and join this pole to the 
points 01, 12, .... Across the lines of action of the forces acting on the 
beam draw the lines jl^^i, 4i^2,.. parallel to the Hnes 001,012,..., 
and draw the closing line, A^A^, of the funicidar polygon. Then 
the line through parallel to this closing line is that joining to the 
required point, 56. 

2. A beam is supported horizontally at its extremities on two 
vertical props and loaded with given weights at given points in its 
length ; it is required to represent the Bending Moment at any point 
of the beam. 

Def. When a beam is in equilibrium under the action of any forces, 
the Bending Moment at any point means the sum (with their proper 
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signs) of the moments about this point of all those forces which act at 
one side (either side will do) of the point. 

Suppose ttj ttg (Fig. 35, p. 45) to represent the beam, as in last ex- 
ample, and let P be the point about which the bending moment is 
required. The pressure on the prop a„ being P„, the bending moment 
at P is the sum of the moments of F„, Pj, and P^ ; and if we con- 
struct any funicular of the system this moment will, by Art. 96, be 
the intercept on a vertical line through P made by the extreme sides 
of the funicular of the forces Pq,Pi, and P^. But these extreme sides 
are obviously Ag A^ and A^ A^ . Hence the bending moment at any 
point P is represented by the vertical ordinate, mn, drawn through P, 
of any funicular polygon of the system. 

Of course, if k is the distance of the pole of the assumed funicular 
from the vertical line which serves as the force diagram, the bending 

moment will be mm x A X -r- • (See end of Art. 95.) 

A 

3. Of five coplanar forces in equilibrium, given the lines of action of 
all, the magnitude of one, and the ratio of the magnitudes of two 
others ; find the magnitudes of all. 

Let Pj (Fig. 105) be the force which is completely given, and let 
the ratio of P^ to P3 be given. 




Starting with any point a, draw ab parallel and proportional to Pi ; 
then if we draw any two lines be, cd, parallel to the given directions 
P^,P^, and bearing to each other the given ratio, the line Id is given. 
Suppose he and cd to represent P^ and P, ; then let de and ae be drawn 
parallel to P^ and Pj. It thus appears that everything would be 
known if any one of the points c, d, e were known. 

Now, in order to get a funicular with as many known sides as 
possible, choose 6 for pole; and for further simplification start the 
funicular from the (given) point, m, of meeting of Pj and P^ . We see, 
then, that we have to draw np parallel to the given line bd ; and 2)g, 
which is parallel to be, must pass through the point of meeting of P, 
and Pg, since (for the closure of the funicular) the last side, which is 
parallel to ab, must be parallel to P^ , and pass through m. Now the 
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f oiats m and n, and therefore^, are known ; hence pq is known, i.e., 
he is known in direction, .-. the point e is known, and hence the force 
polygon is completely known. 

4. Of four coplanar forces in equilihrium, given the magnitude of 
one and the lines of action of all ; find the magnitudes of all. 

5. Show how to resolve a force acting along a given line into three 
components acting each along an assigned line. 

[Let the given force act in the line L, and let the other assigned 
lines be A, B, 0. Join the point of intersection of L and A to that of 
B and C, and resolve the given force along the joining line and along 
A. Then resolve the first component along B and C] 

6. To construct for any system of coplanar forces a funicular poly- 
gon three of whose sides shall pass each" through a given point. 

Let the given sy stem of f orces be /\ , P, , P, , P^ , P^ (F ig. i o i , p. 1 1 8), 
and let it be required to construct a funicular polygon which shall pass 
through the points D, E, F. 

Consider the triangle formed by the sides, /„ /"j jf^fs, and /j /^ , of the 
funicular which pass through the three given points. 

The vertex formed by the intersection of /„ /^ and f^ /, lies on a given 
line, 7?i2 (not drawn in figure), which is lie resultant of Pj and P^ 
(Cor. 2, Art. 92) ; the vertex formed by the intersection of /2 /j and 
y^j/g lies on a given line, R^^, which is the resultant of Pj, P^, and P^; 
and the vertex formed by the intersection of/„^ and f^f^ lies on a 
given line, -iBias^s, which is the resultant of P^, P^, P^, P^, and P^. 

Moreover the three lines P^, P„g, and P13545 obviously meet in a 
point ; for the resultant of Pj, .. . P5 may, if we please, be constructed 
by first finding the resultant of Pj, Pj, and then finding the resultant 
oiP^,P^,P^. 

Hence the triangle formed by the sides of the funicular which are 
to pass through the assigned points is one whose vertices lie on three 
concurrent lines and whose sides pass each through a fixed point. 

Let this triangle be constructed by Art. 97. Then knowing the force 
diagram of the forces and drawing two lines, 01 and 23 say, parallel 
to the two sides /„ /i and /^ /,, the pole is known, and thence the 
whole figure. 

7. Construct a funicular polygon which shall pass through three 
given points, two of which lie on one side of the polygon. 

Ans. This side of the polygon is known, and it intersects the side 
passing through the remaining point in a point lying on a given line. 
Hence the side passing through the remaining point is known, and 
hence the pole of the funicular. 

8. For a given system of vertical downward forces, Pj, P^, ... P»_i, 

equilibrated by two extreme vertical upward forces, Pf^, P^, let any 

funicular polygon be constructed. Prove that the area of this 

G 
polygon = — > where G is constant and k the distance of its pole from 

the vertical line which is the force diagram of the forces. 



128 COMPOSITION AND EESOLUTION OF rOECES. [98. 

(The value of C is obtained by multiplying each force of the system 
by half the product of the distances between its line of action and the 
lines of action of the extreme forces, and adding all such products 

together, and multiplying the result by — • See end of Art. 95.) 

9. A uniform beam is supported at its extremities on two vertical 
props ; find the bending moment at any point in it. 

Ans. If y is the distance of the point from one extremity, the 

bending moment is W \., > where W is the weight of the beam. 

10. In the last example what is the curve of bending moment? 
Ans. A parabola passing through the ends of the beam, its vertex 

lying on the vertical line through the middle of the beam at a distance 

- from the beam. (The bending moment at any point is the product 
8 

of W and the vertical distance of the point from the parabola.) 

1 1. For any assigned system of forces, construct a funicular polygon 
such that if it were actually a string or a system of jointed bars kept 

' in equilibrium (its two extremities being fixed) by the given forces, 
the sum of the squares of the tensions or pressures in its sides would 
be a minimum. 

[Choose for pole the centroid of the vertices of the force-polygon.] 

98.] Astatic Equilibrium. When any number offerees, Pj, 
Pgj---) acting at points, A^, A2>---> ^^ ^ hody keep this body in 
equilibrium, these forces will not, in general, continue to 
preserve equilibrium when the body is displaced in any manner, 
each force still retaining its magnitude, direction, and point of 
application in the bodj'. If for all displacements of the body the 
forces continue to preserve equilibrium, the body is said to be in 
astatic equilibrium. 

The simplest example of astatic equilibrium is furnished by a 
heavy body suspended by a vertical string attached at its centre 
of gravity. Here the system of forces consists of the weights 
of the particles of the body and the tension of the string ; and 
however the body may be displaced about its centre of gravity, 
all these forces will retain their individual magnitudes, direc- 
tions, and points of application, and the body will remain at rest. 

Again, a system of two equal reversed magnets rigidly con- 
nected by an axis through their centres is astatic for displace- 
ments round this axis. 

When a system of forces applied to a body is not in equi» 
librium, it happens that in certain cases this system can bg^ 



98.] ASTATIC JQUILIBEIUM. 129 

astatically equilibrated by a single applied force; i.e., in all 
displacements which the body can receivej each force acting on 
it with invariable magnitude, direction, and point of application, 
it may be possible to equilibrate the system by one force of 
constant magnitude, direction, and point of application. 

It is evident that this is always the case for a system of 
parallel forces. A single force equal and opposite to their re- 
sultant, applied at their centre, will astatically equilibrate them. 

Into the general discussion of astatic equilibrium we do not 
at present enter. Suffice it to say that a system of (non-coplanar) 
forces must in general be astatically equilibrated by three forces ; 
and if the forces are all parallel to one plane, by two. When (as 
in the present chapter) the forces are all coplanar we shall prove 
that for displacements of their points of application in their 
plane the system can be astatically equilibrated by a single force. 

In this case it is clear that instead of considering the body to 
which they are applied as displaced, we may consider the body 
fixed and each force rotated in a fixed sense round its point 
of application through a constant angle — a tnotion of translation 
of the body or points having obviously no effect on the system 
of forces. 

We shall now prove that — if all tJie forces in a coplanar system 
are rotated in the same sense, through the same angle, in their 
plane, round their points of application, their resultant (unaltered 
in magnitude, of course) jo«««e« through a fixed point in the lody. 

Let two forces, P and Q, act at two fixed points, A and B, 
(Fig. io6) in the directions OA and OB, being the point of 
intersection of their lines of action ; and let the forces be turned 
in the same sense round A and B through the same angle, so 
that the point of intersection of their new 
lines of action is 0'. Now, since lOA(y= 
LOBCy, a circle described through A, B, 
and will pass through (7, and the angle 
AO'B, between P and Q when they are 
turned round, is equal to the original angle, 
AOB, between them. Also, the forces being 
unaltered in magnitude, it follows that the 
angles which the resultant at (/ makes 
with them are the same as the angles 
which it makes ' with P and Q at 0. 

VOL. I. K 
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direction of the resultant at 0, O'C must be the direction of this 
resultant at (7. Hence, the resultant of P and Q passes through 
the fixed point G. In exactly the same way it is proved that 
the resultant of three forces passes through a fixed point when 
the forces are turned round their fixed points of application 
through a constant angle ; and so on for any number of forces. 

This point may be called the astatic centre of the system of 
forces*. 

99.] To find the Astatic Centre of a System of Coplanar 
Forces. Taking an arbitrary origin and arbitrary axes, the 
point required lies on the resultant whose equation is (Art. 87) 

a2Y-^2r-G = 0, (1) 

(a, ;3) being the running co-ordinates. 

Now, if the force Pj acting at the point (a?i , j/j) is turned 
round in the plane of x^ through an angle co, X^ becomes Pj cos 
(^1 + 0)), where 0^ is the original angle made with the axis of so 
by Pj, or Zj cos w — Jj sin u ; Y^ becomes X^ sin to + F^ cos o) ; and 
l^«i— Zi_^i becomes (l^ajj— Xj^^) cos &> + (-Zj ajj + Fj^i) sin (o. 
Hence, 2Z becomes cos oj . 2Z — sin (a.'SY, \ 

sr „ sinw.SX+coscd.sr, V (A) 

G „ G cos 0) + r sin w, J 

where F = S (Xx + 1^). This quantity is called the Virial of the 
forces. 

The equation of the new resultant is, therefore, 

(a2r-/32X— G) cos w + (a2Z+ /327-r) sin o) = 0, (2) 
and the astatic centre of the system of forces is the intersection 
of the lines given by equations (1) and (2). This point may 
evidently be determined by (l) and by the equation 

a2Z+i327-r=0. (3) 

Hence for the co-ordinates of the astatic centre we have 

T2X+G2Y „ r2Jr-(?2Z .,, 

a = ^^—, ^= -^ (4) 

If the astatic centre were the origin, a and j8 would be each = 0, 
and G would = 0, since the point is on the resultant (Art. 81). 
Hence for the centre of the forces we have 

G = o, r = o. (5) 

* Of course it is understood thiougliout this discussion and in the examples 
at the end of this chapter that the displacements of the body or forces are always 
supposed to take place in the plane of the forces. 
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If the co-ordinates of A, the point of application of a force, 
■^j (I'ig- io7)> ^itli respect to rectangular axes, Ox and Oy, are 
iB and y, the quantity Xx+Yy is equal to 
P(a!cosfl+_ysinfl), fl being the angle 
which P makes with Ox. Now if OJf is 
X, and Jif is y, it is evident that x cos Q 
+y sin fl = ^iV; iV" being the foot of the 
perpendicular from on the line of action 
of P. Denoting AN by q^, we have, then, 
for the Virial 

r = 2(Pj). 

Hence, if any nvmber of coplanar forces be turned each round 
a fixed point of application through an arbitrary hut common angle, 
there exists a point in the plane of the forces such that both the 
Virial and the sum of the moments of the forces about it continue 
to vanish for all displacements. 

It is easy to see that if AN be the sense in which P acts, the 
sign of the product Pq will be changed. 

The value of r with respect to axes through a point (o, 0) 
parallel to Ox and Oy is evidently '2{X[x — a)-hT{y—^)}, or 
r— a2X— /32J". Hence the locus of points for which this quan- 
tity vanishes is given by equation (3), which denotes a right 
line passing through the astatic centre, and evidently perpen- 
dicular to the resultant. 

100.] Theorem. If any number of coplanar forces are in equili- 
brium, and if the forces be turned, each round a fixed point, in the 
same sense through any common angle, the new system is equivalent 
to a couple. 

For, from equations (A) of Art. 99, it appears that if SZ = 
and 2Z= before the rotation, they will be zero after it ; hence 
the new system has no resultant of translation, and it must, 
therefore, be a couple. Now, since by hypothesis G=0, the 
axis of the new couple is by equations (A) equal to 

r sin 01. 

We see, then, that the system of forces will remain in equi- 
librium, whatever be the angle through which they are turned, if 

r = o. 
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Examples. 

1. If the sums of the moments of any number of coplanar forces 
round three points which are not in a right line vanish, the forces 
are in equilibrium. 

2. If the sums of the moments round three points not in a right 
line are equal, the forces are either in equilibrium or equivalent to 
a couple. 

3. If the sums of the moments of a system of coplanar forces round 
three given points, A, B, C, are I, m, n, respectively, prove that the 
resultant is equal to 

^{Va^ + m'b'' + n^(? — 2lmab cos G -2mnhc cos A —2nlca COB B)^ , 

where A = area of triangle ABG, whose sides are a, b, e. 

4. If a system of coplanar forces applied at fixed points is in equi- 
librium, the co-ordinates of the astatic centre become indeterminate. 
Explain this. 

Ans. In this case the system must be astatically equilibrated by 
two equal and opposite parallel forces. 

5. In the last case show how to find an astatically equilibrating 
couple for the system. 

Ans. Take the astatic centre of any number of the forces, and 
also the astatic centre of the remaining forces. These will be the 
points of application of the forces of the required couple (whose 
moment, of course, varies with the displacement of the body or 
forces), and the forces of the couples are equal to the resultants of 
the two partial sets. 

6. Three forces are applied at the middle points of the sides of 
a triangle, ABG, perpendicular to the sides and proportional to them 
respectively; find a couple which will astatically equilibrate them. 

Ans. A couple one of whose forces is applied at the middle point 
of any one side, AB, and the other applied at the point of intersection 
of a parallel to AB drawn through C with the perpendicular to AB 
at its middle point. 

7. When a system of coplanar forces in equilibrium continues in 
equilibrium for all displacements in the plane of the forces, show 
that the astatic centre of any number of them must be coincident 
with that of the remainder. 



CHAPTER Vl. 

APPLICATIONS OP THE CONDITIONS OP EqUILIBRIUM OF A BODY. 

101.] Condition of Equilibrium of a Body under the 
Action of two Forces in a Plane. If two forces maintain a 
lody in equilibrium^ they must he equal and opposite in the same right 



For, take moments round any pbint on the line of action of 
one of them, P. The sum of the moments must (Art. 85) be 
= 0. Hence the other force, Q, must pass through the assumed 
point. Again, take any othet point on P, and take moments 
round it. The sum must be = 0, and Q, must, therefore, pass 
through this point. Hence P and Q act in the same line. Now 
their sum must = (Art. 85). Therefore P and Q are equal 
and opposite. — Q. E. D. 

103.] Condition of Equilibrium of a Body under the 
Action of three Forces in one Plane. If three forces maintain 
a lody in equilibrium, their lines of action must meet in a .point, 
or be parallel. 

For, take moments round the point of intersection of two of 
them, P and Q. The sum must (Art. 85) =0; therefore, either 
the third force, R, is zero, or it passes through the intersection 
of P and Q. If B is not = 0, it must pass through this point. 

The three forces may then be supposed to act at this point, 
and to keep it at rest. Hence, each force must be equal and 
opposite to the resultant of the other two ; and if the angles 
between them in pairs be p, q, /, the forces must satisfy the 
conditions p.q.ji— ^{^^ ■,sva.q: siii r. (j3) 

If two of them are parallel, the third must be parallel to them 
and equal and directly opposed to their resultant. 
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Examples, 

1. Three forces, P, Q, R (Fig. io8), act at the middle points of the 
sides of a triangular pla,te, each force being perpendicular and pro- 
portional to the side at which it acts. If 
the forces all act inwards, or all outwards, 
they are in equilibrium. For (a) they 
satisfy the first conditions of equilibrium 
of three forces, namely, that of meeting in 
a point (Art. 102); and (^) they are pro- 
portional to the sines of the angles between 
them in pairs, since 

P : ^ : 2? = a : 6 : c = sin ^ : sin 5 : sin C 
= sin qOR : sin ROP : sin P0(^. 

They, therefore, satisfy both of the conditions of Art. 102. 

In exactly the same way it is proved that if three forces act perpen^ 
dicularly to the sides of a triangle, and be proportional to them, they 
will be in equilibrium, provided that they pass through any common 
point, and all act outwards or all inwards, 

2. Three forces acting along the perpendiculars of a triangle keep 
it at rest ; find the relations between them. 

They satisfy the first condition of equilibrium, namely, that of 
meeting in a point. Then if the forces perpendicular to the sides 
a, b, c, P, Q, R, respectively, the relations (/3) of Art. 102 giye 

P:Q:R = sin 4 :sin^: sin C = a:h:c, 

as might have been concluded from the remark at the end of the last 
example. 

3. Three forces acting along the bisectors of the angles of a triangle, 
all either from or towards the angles, keep it at rest ; find the relations 
between them, 

The forces evidently satisfy the condition of meeting in a point, 
Let P, Q, R, be the forces in the bisectors of A, B, C, respectively, 

A+B 
Then the angle between P and Q is easily seen to be ir • 

Hence P:Q: R = cos ^i cob -•.coa-- 

u a 2i 

4. Three forces acting in the bisectors of the sides of a tri9,ngle 
drawn from the opposite angles maintain equilibrium ; find the rela- 
tions between them. 

They satisfy the first condition. 

Let the lengths of the bisectors of the sides a, h, c (Fig. 109) be 
/3i> ^2) and ^3, and let p and q be the perpendiculars from G on 
PanAQ. -r ^ r ^ 

Take moments round C for the equilibrium of the forces. Then 

I'p=Qq. ■ (1) 
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(The moments of P and Q with respect to G have opposite signs, 



since Q tends to turn the 
watch-hand rotation, while P 
tends to turn it in the opposite 
sense.) 

Again, pP^ = qp^; (2) 

each side of this equation being 
the area of the triangle. Divide 
the sides of (1) by the cor- 
responding sides of (2). 

:^ = -i 

^1 /3/ 



body round C in the sense of 



Then 4- : 




Tig. 109, 



Hence 



P:Q:i2 = ft:^,:/3„ 



or the forces are proportional to the bisectors. 

5. At the middle points of the sides of any indeformable polygon 
(Fig. no) forces act perpendicularly to the sides, each force being 
proportional to the side at which it 
acts. If the forces all act ijiwards or 
outwards, they form a system in 
equilibrium. 

For (example I) the resultant of Pj 
and Pg is a force acting at the middle 
point oi AC, perpendicular and pro- 
portional to AC. Again, this force 
and P3 may be replaced by a force 
acting at the middle point of AD, 
perpendicular and proportional to 
AD. 

Replacing the given forces in this 
manner, the result follows by ex- ' 

ample 1. 5^g- "°- 

6. If from any point perpendiculars be drawn to the sides of a 
polygon, and forces act along these perpendiculars, either all inwards 
or all outwards, each force being proportional to the side to which it 
is perpendicular, the system is in equilibrium, 

This follows, exactly as in the last example, by dividing the polygon 
into triangles, and attending to the remark at the end of example 1. 

7. From any point, 0, inside (or outside) a triangle, ABO (Fig. in), 
are let fall perpendiculars, Oa, 0/3, Oy, on the three sides. At the 
points a, /3, y, are applied forces P, Q, S, each of which is proportional 
and perpendicular to the side at which it acts. The forces are then 
all turned round their points of application in the same sense, so 
as to make equal angles with the perpendiculars Oa, 0(3, and Oy. 
Show that in this lp,tter case the resultant of the system of forces is 
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a couple whose moment is proportional to the square root of the area 
of the triangle A'BQ', enclosed by their lines of action. 
(The forces act all outwards or all inwards.) 

Let the sides of ABG he a, 6, c, and let P — ha, Q = M>,R = he, 
h being a constant coefficient. 

Let 6 be the angle, OaB', 
between P and the perpen- 
dicular Oa. Then 

e = O^G'=OyA'. 
Eeplace P by two compo- 
nents, one along BG and the 
other perpendicular to it. 
Similarly, replace Q and R. 
Then the perpendicular com- 
ponents are ha cos d, kb cos 6, 
and he cos d ; and since they 
meet in a point, 0, and are 
proportional to the sides at 
which they act, they are in 
equilibrium (example 1). 
Hence the forces are equi- 
valent to three, ka sin d, hb, sin 0, and he sin 6, acting along the sides 
of ABG in cyclical order, and therefore, their equivalent is a 
couple = 2hA sin 6, A denoting the area of the triangle ABG. (See 
Art. 100, p. 131). Now the triangle A'B'C is similar to ABG. 
For, since the angles OaB and OyB are right, and the angles 
OaB' and OyB' are equal, a circle will go round the points OB'aBy. 
Hence /.yOa = LyB'a; therefore their supplements, B and B' , are 
equal. Similarly, A = A' , and G = G'. 

Again, the side A' B' = AB . sin 6. For in the circle round 
yOB' aB, yB' is a chord making an angle Q with a chord yO, and an 

angle -z — with the perpendicular chord, yB. 




Fig. III. 



Therefore 
y5' = yO . cos -(- y5 . sin e. 
Similarly, in the circle round yA' O^A, we have 
yA' =--yO .Q,o^Q—yA. sin Q. 
Subtracting (2) from (1) we have 

A'B' = (y£ -f yi) . sin Q = AB . sin 0. 
Now if A' be the area of A'B'G', 

A' /A'B'^ . ,, 

w^K-ab)^''''^' 



(1) 



(2) 



vd 



=v 



A' 
A' 



and therefore the moment of the forces = 2A V'AA'. 
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8. If the triangle be replaced by a polygon of any number of sides, 
prove that the equivalent of the forces is a couple whose moment is 
proportional to the square root of the area of the (similar) polygon 
enclosed by their lines of action. 

9. A triangular plate, ABC (Fig. 1 1 2), is acted upon at each angle by 
forces, along the two sides containing it, 
represented in magnitudes and lines of 
action by the distances between the angle 
and the feet of the perpendiculars let fall 
from the other two angles on these 
sides. Find the line of action of the 
resultant force. 

Let the perpendiculars let fall on the 
three sides, a, h, c, from any point, P', 
on the resultant be x, y, z, respectively, 
and let A', B', C be the feet of the pei^endiculars. Then the force 
in AB in the sense AB is AG'— SO', or b cos A— a cos B. Hence 
the moment of this force about P is z{hcoaA—a cos B), and since 
the sum of the moments of all the forces (estimated in cyclical order) 
round P is = (Art 81), we have 

x(e cos B—b cos G) + y{a cos 0—c cos A) + z{b cosA— a cos B)=0 ..{1) 

Now, one set of values of x, y, and z, which will satisfy this equa- 
tion, is, evidently, a, b, c. Hence the resultant passes through the 
point the perpendiculars from which on the sides are proportional to 
ft, b, e. This point is thus found : — Let G be the centre of gravity of 
the triangle ; from A draw a line, AG', which makes AG AG' = LB AG, 
and from B draw a line, BG' , which makes Z.GBG' = LABG. These 
lines intersect in G' , the required point. 

Again, another set of values of x, y, z, which will satisfy (1), is 
cos A, cos B, cos C ; and the resultant passes through the point whose 
perpendiculars on the sides are proportional to these quantities. This 
point is the centre of the circumscribed circle. 

Hence the Une of action of the resultant is known. 

10. Show that the resultant of the' system of forces in the last 
example is 

4A 



abc 



^a* + b* + c'^-a^^-b^c'- o^a\ 



where A is the area of the triangle. 

11. Forces P, Q, R, act along the sides of a triangle, ABC, and 
their resultant passes through the centres of the inscribed and circum- 
scribed circles : prove that 

P _ Q ^ R 

cos JS — cos (7 ~ COS C — cos A cos A — cos B 
CWolstenholme's Book of Mathematical Problems). 

12. A heavy beam, AB (Fig. 113), rests against a smooth horizontal 
plane, CA, and a smooth vertical wall, GB, the lower extremity. A, 
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being attached to a cord which passes over a smooth pulley at G, 

and sustains a given weight, P. 
Find the position of equilibrium, 
and the pressures on the plane 
find wall. 

Let be the inclination of the 
beam to the horizon in the posi- 
tion of equilibrium; let fr= 
weight of the beam : and let the 
centre of gravity, G, divide the 
beam into two portions, AG = a, 
and BG = h. 

Now, the reactions, R and S, 
of the wall and plane are nor- 
mal to these surfaces; and since 
they are both unknown, we shall obtain an equation for Q which will 
contain neither of them, by taking moments about 0, their point of 
intersection. IJence, since the force P acts on the beam along A C, 
.and tends to turn it in a sense opposite to that in which W tends 
to turn it round 0, we have 




Fig, 113- 



tan 6 = 



P{a + b) 
Again, resolving forces vertically, we have 

i? = r. (2) 

And resolving hori?;ontally, S =: P. (3) 

13, If the beam rest, as in the last example, against a smooth 
vertical and a smooth horizontal plane, and a cord be attached 
firmly tothe point C, and to a point in the beam, find the limit to 
the position of this latter point consistent with equilibrium. 

Let Fig. 114 represent the beam in any position, and let m be the 
middle point of the beam. Suppose the cord attached to 0, and to 

a point, n, in the upper half of 
the beam. Then the forces 
acting on the beam are W, T 
(the tension of the cord nC), 
a, and S. Let p be the point 
pf intersection of W and T, 
Now, the resultant of W and 
T must, for equilibrium, be 
equal and opposite to the re- 
sultant of R and S; hence the 
resultant of R and /S'must act in 
the line Op; but this line is not 
between the lines of action of T 
and W, that is, inside the angle WpG ; therefore the resultant of i? and 
S cannot' be equal and opposite to that of ]y and T with such a position 
of the cord, and, therefore, equilibrium is impossible, no matter 




Fig, 114. 
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what the inclination of the beam may be. Hence, in order that equi- 
librium may be possible, the co^rd must be attached to some point, 
such as P, between A and m. 

14. In the last example, given the point of attachment of the 
cord, find the tension in it. 

It is easy to see that if P, the point of attachment, be given, and 
also I, the length of the cord, *CP, the position of the beam, is given. 
For, if fl = ABAC, we have 

f = BP\ co8^8 + AP^. sm% 
an equation which determines 6. 

The angle PGA is also known. Denote it by 0. To determine T, 
the tension of the cord, without bringing E and S into our equation, 
take moments round 0, their intersection. Hence, a and b being the 
segments of the beam made by the centre of gravity, we have 
Wacos9=J', 00 sin OOP = T.{a + h) sin {6 -({>), 

■(a + 6)sin(0— <^) 

It will be a good exercise for the student to find R, S, and T by 
graphic statics. [See example 4, p. 127.] 

Note. !£ = (p, T = cx>. In this case the, cord is attached to 
tn, the middle point of the beam, and therefore its direction always 
passes through 0, the intersection of H and »S. Now, it is easy to see 
that in this case the conditions of equilibrium are theoretically satis- 
fied, because the resultant of F and W acts along T, whose direction 
passes through 0. But if </)>5, no value of T can even theoretically 
satisiy the conditions (see last example), 

15. ABC is any triangle, of which C is the vertex, It is acted on 
by the forces GA, GB, and AB. Prove that it will be kept in equi- 
librium by a force equal to 2BG, acting parallel to BG, at the middle 
point oi AB. 

16. In example 1?, it is clear th^t two positions of equilibrium of 
the beeim are a vertical and a horizontal position ; explain why these 
positions are not given by the equation (1) which determines the 
position of equilibrium, 

17. Explain why the proof in example 5 would not hold for a 
polygon formed of bars freely jointefi together find therefore capable 
of turning about the joints, 

103. Action of a Hinge or Joint. 
Among the internal forces of a system, 
the action of a joint is one of frequent 
occurrence. If the joint be smooth, the re- 
action between two bars or beams connected 
by it consists of » single force, For, let PQS 
(Fig. 115) represent a section of the joint ^^ 

connecting two beams: then, since their 
surfaces are in contact, eithey throughout the whole of the cir- 
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Fig. 116. 



cumferenee or a part of it, there will be (since tli6 joint is 
smooth) normal reactions at the points of .contact, P, Q, . . . 
Now, since all these pass through the centre of the circle, 
they have a single resultant. Consequently, the action in this 
case consists of a single force tJirotigh the centre of the joint. 

Butj if the joint be rough, the reactions at the points of con- 
tact will not be normal, that is, their lines of action will not meet 
in a point, and, therefore, they may reduce to a 
couple, or to a single force. When slipping 
is about to ensue at the joint, it is easy to see 
that the total resistances at the points of 
contact envelop a circle (or rather a cylinder). 
For, at any point, P, of. contact (Fig. 116), 
draw PJR, making the angle of friction, A, 
with the normal, PC, to the surface of con- 
tact. The perpendicular from C, the centre of the joint, is equal 
to PC . sin X, and is, therefore, constant. Hence PR envelops a 
circle whose radius = PC sin A. 

If PC — a, and ds is the element of the surface of contact at 
P, it is evident that the sum of the moments of the reactions 
about C is [B being the reaction per unit of surface) 

a s\n\ / Rds. 
As an example, let us consider the equilibrium of two equal 
beams which are connected by a joint, C, and rest on a perfectly 
smooth cylinder in a vertical plane at right angles to the axis of 
the cylinder. 

Firstly, let the joint be rough, and suppose the contact to be 

complete all over its surface : 
then it is clear that such a 
position as that represented in 
Fig. 1 1 7 is a possible position of 
equilibrium if the joint is suf- 
ficiently rough. Let Fig. 118 
represent an enlarged view of 
the circle which is enveloped 
by the total resistances at the 
various points of the surface of 

„. contact at the hinge, C. Then, 

Fig. 117. .„ . 

if the total resistances at the 

lower portion of the joint be considerably greater than those at 
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the upper portion, it is possible that the resultant of the whole 

set may be a horizontal force, B, acting through a point, P, 

below the joint. 

In the position of equilibrium of the 

beams represented in Fig. 117 the 

weight, W, of the beam CD^, and the 

normal reaction, S, of the smooth cy- 
linder, meet in a point A^, through 

which point the force produced by the 

action of the other beam must pass. In 

the same way the action of the beam 

CD^ on Ci?2 must pass through the 

point A^. Hence the resultant action 

of each beam on the other must be directed in the line A, A, ; 

and we have seen that if the contact along the joint extend 

over its surface, this is a possible line of action, though it does 

not intersect the joint. 

Secondly, let the joint be rough, and let the contact take place 

at only one point, N (Fig. 119). Suppose the joint to consist of 

a pin, £N, which forms part of 

the beam CB^ (Kg. 117), and let 

this fit loosely into the beam CB-^. 

It is clear, then, that the action 

between the beams consists of a 

single force, R, acting at N, and 

making the angle of friction, \, 

with the radius CN, if slipping is 

about to take place. As before, this force must pass through the 

points A-^, A^. 

In this case, then, the point of contact of the beams is con- 
structed by drawing a radius, CN, of the cylindrical axis consti- 
tuting the joint, inclined to the horizon (since A^ A^ is horizontal) 
at the angle of friction. 

Thirdly, let the joint be smooth. In this ease the beams must 
assume such a position that the line A^ A^ passes through the 
centre of the joint ; and this position is practically the same as 
that in the last ease, because since the dimensions of the joint are 
negligible compared with those of the beams, the line of resist- 
ance ^iV^(Fig. 119) may be supposed to pass through the centre, 
C, of the joint. 




Fig. 119, 
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A similar explanatioli is to be given in the case of two equal 
beams rigidly connected, and forming one piece, the system rest- 
ing, as in the previous example, on a 
smooth cylinder. In this case the 
beams can take only one position, 
which must be a position of equili- 
brium, and the action between them 
must accommodate itself to the 
geometrical necessity of the figure. 
(In the following figure the cylinder 
is not drawn.) If we consider the 

equilibrium of one of the beams, 
Fig. 120. ^^ ^-pjg_ j^^^^ ^^ .^^^jf^ ^^ ^j^^jj 

have to supply to it whatever force is actually produced upon it 
by the other beam. Now, if BC is the section along which the 
system is considered as divided by the removal of the second 
beam, it is clear that the internal forces in the neighbourhood of 
£ tend to tear the beams apart, if A is below the section £C, 
while those about C tend to press the beams more closely 
together. Hence the action of the second beam on CD consists 
of a number of forces whose horizontal components near B act 
from left to right, as the force BF, and whose horizontal com- 
ponents near C act from right to left, as the force CF', If, 
therefore, the forces near £ are greater than those near C, the 
resultant of the whole system will consist of a horizontal force, 
AE, acting outside the section C£, so as to pass through the 
point. A, of intersection of the weight and the normal reaction 
of the cylinder. In this case, then, the action, over a section £C, 
between two rigidly connected pieces consists of a force outside 
the section ; which force may, of course, be replaced by one at 
any point in the section, together with an accompanying couple 
(see Art. 79). 

In all eases in which contact over a finite surface takes place 
between two bodies, the student must be careful to examine the 
nature of the forces exerted between them at the indwMual points 
of contact with a view to ascertaining whether the resultant action of 
one on the other consists of a single force at all ; or, if so, whether 
it can he assumed to act at any point in the surface of contact or 
must he assumed to act wholly outside it. 

104. j Geometrico - statical Problems. In many statical 
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problems which telate to the positions of equilibrium of bodies 
the result is independent of the magnitude of some given force, 
and such independence can be perceived ^ priori. Thus, suppose 
the question to be — What is the limiting inclination to the 
horizon of a heavy uniform beam which rests against a rough 
vertical and a rough horizontal plane ? In this problem we may, 
if we please, assume W, the weight of the beam, and 2a, its 
length ; but it is evident a priori that the result cannot involve 
either of these quantities. For, if the angle which the beam 
makes with the ground be &, the position of equilibrium will be 
defined by some of the trigonometrical functions of 6, such as 
sin Q or tan 6. Now, the trigonometrical functions of an angle are 
mere numbers, or ratios of quantities of the same kind. Hence, 
if the expression for tan Q (suppose) involve /o^-ce, it must involve 
the ratio of one force to another force, and if there is only one 
force given in the problem, we have no other force to combine 
with it in the form of a ratio or a mere number. Consequently, 
the weight of the beam can in no way influence its limiting in- 
clination. Precisely similar remarks hold with regard to the only 
tinea/r magnitude in the question, viz., the length of the beam. 
There is no other quantity of the same kind with which to 
compare it. Therefore, we are enabled to state a priori that the 
inclination of the beam to the horizon in its limiting position of 
equilibrium depends simply on the coefficients of friction for the 
beam and the two rough planes, or that 

jn and y.' being these coefficients, and / denoting some (as yet) 
unknown function. 

Again, suppose the question to be — What force applied to one 
of the handles of a table drawer will pull the drawer out ? * It 
is evident that the answer must be either — no force, however 
greatj will pull it out, or — any force, however small, will pull it 
out. And the result will depend simply upon the relation 
between the coefficient of friction for the drawer and the table, 
and the ratio of the side of the drawer to the distance between 
the handles. This is evident, because there is no given force in 
terms of which the required force could be expressed. 

Numerous examples of this class of questions will be given in 

* The friction of the bottom is negleotedv 



144 APPLICATION OF THE CONDITIONS OP EQUILIBRIUM. [104. 

the sequel. Such problems, then, in which the result is in- 
dependent of a force magnitude, we shall classify as Geometrico- 
statical Problems, because, though they involve conceptions 
concerning the directions of forces, they do not involve their 
7nagnitudes. In all such problems^ once the requisite theorems 
concerning the directions of forces are made use of, the result 
follows at once from the geometry of the figure ; and a solution 
by the method of resolving forces and taking moments is, in 
reality, an illogical process. 

In connexion with the class of geometrico-statical problems, 
the theorem of Art. 35 will be found extremely useful. 



Examples. 

1. A heavy beam rests on two smooth inclined planes whose inter- 
section is a horizontal line, the beam 
lying in a vertical plane perpendicular 
to this line of intersection ; find the 
position of equilibrium and the pres- 
sures on the planes. 

Let a and b be the segments, AG 
and BG, of the beam, made by its 
centre of gravity, G; 6 the inclination 
of the beam to the horizon, a and /3 
the inclinations of the planes, B and 
E' the pressures on these planes, re- 
spectively, and W the weight of the 
beam. 

Then, since the beam is in equili- 
brium under the action of only three forces, they must meet in a point, 
0. Now the angles GOA and GOB are equal to a and /3, respectively, 

and BGO = Z — G- Hence 




Fig. 121. 



{a + 6) cot BGO = a cot GOA - 6 cot GOB, 

or (a -1- 6) tan = a cot a — 6cot/3, 

which determines the position of equilibrium. 

Again, by the relations between three forces in equilibrium, 

sin/3 



Ii=W- 



R'=W^ 



L(a + /3)' 



sin (a + /3) 

Hence, if t =^ ; r-^ ' the beam will rest in a horizontal position. 

• tan p 



(1) 



(2) 
(3) 
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Suppose that a cot a— 6 cot /3 is positive, and that (a + b) tan/3< 
a cot a — 6 cot fi. Then, dt fortiori (a + 6) tan < a cot a - 6 cot /9, since 6, 
the angle made with the horizon by the beam in any such position as 
AB,is necessarily < j3. 

Hence, the only position of equilibrium possible is either one of 
continuous contact with the plane (/3), or one of continuous contact with 
the plane (a). Suppose the first, as in Fig. 122. To find in this case 
the point through which the resultant pressure of the plane ()3) on the 
beam acts, draw AO perpendicular to the 
plane (a) ; then AO is the line of action 
of the pressure on this plane. 

Let AO meet the vertical through G 
in 0, and from draw OP perpendicular 
to the plane {13). Evidently, F is the 
point at which the resultant pressure of 
the plane (;8) acts. 

But it may now be shown that, with 
the two inequalities supposed, this position 
is impossible. For if AP > a + 6, it will 




Fig. 122. 



. „ cos B sin (a + B) 

if a ^ . ^ ^' >a + t 



sm a 



be impossible ; that is, 

asin;8cosy3(cota— tan/3)>6; or a tan/3 (cota— tan/3) >6 + 6tan^/3; or 
a(cota— tan/3)>6 cot /3 + 6 tan/3 ;- or acot a— 6 coty3>(a + 6)tan/3. 
But, by supposition a cot a — b cot /3 is positive and > (a + 6) tan /3, 
therefore AP>AB, which is manifestly impossible. Hence the only 
position of equilibrium in this case is one of continuous contact with 
the plane (o). [We have supposed all through that the end A of 
the beam is to rest on the plane (a)]. The least inclination of the 
plane (a) which will allow of a position of continuous contact with 
ifi) is found by drawing at .S a perpendicular to the plane (;3) and 
joining its point of intersectionwith the vertical through G with A. 
The joining line is the normal to the plane of least inclination (a). 

2. A uniform heavy beam, AB (Fig. 123), rests with one extremity, 
A, against the internal surface of a 
smooth fixed hemisphere while it is 
supported at some point in its length 
by the rim of the hemisphere ; find 
the position. of equilibrium. 

It is d, priori evident that the result 
must be independent of force, since 
the weight of the beam is the only 
force that may be ■ supposed to be 
given ; and it is also evident that the 
result depends on the only two linear 
magnitudes which may be supposed to be given — viz. the length of 
the beam, 2 a, and the radius, r, of the sphere. 

Draw the three forces which keep the beam in equilibrium.. They 
are the weight, a reaction at A perpendicular to the swrface of contact, 

VOL. I. L 




Fig. 123. 
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and therefore perpendicular to the sphere, and a reaction at C which for 
the same reason is perpendicular to the beam. These must meet in 
a point, 0. Let Q = the inclination of the beam to the horizon = 
lACD. Let the line OG meet the semicircle BAC in the point Q. 
Then AQ is a horizontal line. Also IQAG = LBGA = Q, therefore 
lOAQ = 2e. Hence AQ = AOcos2e, and also AQ = AGcosd} 
therefore 2r cos 2 9 = o cos d, 
or 4rcos'5— acos^— 2r = 0. 

This equation gives two values of cos 6, one of which supposes the 
hemisphere to be completed into a sphere, the end A of the beam to 
rest against the U2)2)er portion of the sphere, and the action of the 
sphere on A to consist of a, pull. The student will have no difficulty 
in representing this position, or in proving that the reaction at 

2r 

. 3. Find the position of equilibrium of a uniform heavy beam, one 

end of which rests against a smooth 
vertical plane, and the other against the 
internal surface of a given fixed smooth 
sphere. 

Let the length of the beam, AB, := 2 a, 

r = the radius of the sphere, c = the 

distance of the centre, G, of the sphere 

from the vertical wall, DB ; also let 6 = 

the required inclination of the beam to 

Fig. 124. the horizon, and ^ = the inclination of 

the radius GA to the horizon. 

The statics of the problem is exhausted in drawing the figure so 

that the weight of the beam and the two reactions at A and B shall 

meet in a point, 0. Geometry then gives 

2 cot 0GB = cot AOG- cot GOB = cot AOG, 

or 2 tan = tan (j). (1) 

Again, the perpendicular distance between A and DB is 2 a cos 6 ; 
but it is also evidently equal to the horizontal projection of GA + the 
distance of G from BD ; that is, 

2acos ^ = rcos<^ + c. (2) 

From (1) and (2) a value of can be obtained, and hence the 
position of equilibrium. [See Example 43, p. 159.] 

If the beam rest on the convex surface, the. only change in the 
equations will be a change of the sign of c in (2). 

4. The extremities of a beam rest at two given points against two 
given smooth curves in the same vertical plane ; the beam is to be 
sustained by a rope attached to its centre of gravity and to a fixed 
point. Determine the position of this point so that the rope may be 
the weakest possible. 
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Fig. 125. 



Let AB (Fig 135) be the beam, G its centre of gravity, the point 
of intersection of the normal reactions of the curves A and B ; k the 
length of the perpendicular from on the line of action of the vp^eight, 
W, of the beam ; p the perpendicular from on the direction, GP, 
of the rope, and T the tension of the 
rope. 

Then, taking moments about 0, 
T.p= W.k, 

or T=W-' 

P 
Hence, since W and k are given, T 
■will be a minimum when ^ is a 
maximum. But the maximum value 
of the perpendicular from on a right 
line through G is OG ; hence the rope 
must assume a direction perpendicular to OG. 

5. A heavy uniform trap-door, AB (Fig. 126), is moveable about a 
hinge-line represented by A ; and to the 
middle point, B, of the opposite edge is 
attached a string, BG, the extremity C of the 
string being fastened to the point occupied by 
B when the door is horizontal. Given the 
length of the string, find the magnitude and 
direction of the pressure on the hinge-line, 
and the tension of the string. 

Produce the direction of the string to meet 
the direction of the weight in a point, 0. 
Then, since the door is in equilibrium under 
the influence of only three forces, they must 
meet in a point. Hence the pressure on the 
hinge-line must pass through 0, and since the 
plane of the tension, T, and the weight, W, 
intersects the hinge-line at A, the pressure, E, 
must act through A (the hinge being smooth). 

To determine T take moments about A. 
pendicular from A on BG, T.p= W. AD. 

Let the angle BAG = 2 a, and let AB=2a. Then ;, = 2 a cos a, 
AD = a cos 2 a, therefore 

, ,„ cos 2 a 
T=\W 




Fig. 126. 

Then, if ;> = the per- 
(1) 



Again, by the triangle of forces we have 

^2 = F'-H 2™— 2 TIF cos a ; 

and substituting the above value of T, this gives 
B=\ W'/T^a + s^oFa. 
L a 
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The values of T and E can be at once found in terms of the lengths 
AB and BO. Denoting the latter by 2 1, we have sin a = — j there- 



fore, &c. 



2a 



6. If in the last example the string, instead of being attached to C, 
pass over a smooth pulley at that point, and sustain a given weight, 
find the position of equilibrium, and the pressure on the hinge-line. 

Let P be the suspended weight, and Q ■=■ LGAB ; then the position 
of equilibrium is defined by the equation 



,0 P B \ ^ 

cos 7; — Tf^COS- — - = 0, 



w 



and 



Q 



^2=p2_2Prcos^-|- W. 



(1) 

(2) 
Equation (1) gives two positions of equilibrium, and since it shows 

a 

that one of the values of cos - is negative, one position corresponds to 

a value of greater than 180°. Such a position, of course, supposes 

the door capable of revolving freely- about its hinge-line through four 

right angles. 

The student will have no difficulty in representing the position of 

the door in this case, or in explaining why no linear magnitude enters 

into the equations. 

7. A uniform heavy beam, AB, rests 
against a smooth peg, P, and against 
a smooth vertical wall, AD ; find the 
position of equilibrium and the pressures 
on the wall and peg. 

This, so far as it relates simply to the 
position of equilibrium, is another geo- 
metrico-statical problem. We have merely 
to draw AB in such a manner that the 
vertical through GvaA the perpendiculars 
at A and P to the wall and beam shall 
intersect in a common point, 0. 
Let 2 a = the length of the beam, and c = the perpendicular distance 

of the peg from the wall. Then the position must evidently be expressed 




Fig. 127. 



as a function of 



Letfl: 



Then AP = ^— , and AO = 

sin sin' 



snr^ 
Resolving vertically. 



the inclination of the beam to the vertical. 
^- B\xiAO = AG.&md; therefore 
... sina = (£/. (1) 



S.sind=W, 



(2) 



104.] 



EX#IPLES. 



149 



Resolving horizontally, ScoBd = R, 



_^\M-^ 



B=W 



c^ 



(3) 



8. A triangular board, BOA (Fig. 128), of uniform thickness, rests 
on two smooth pegs, P and Q, at a given distance from each other, in 
the same horizontal line. Find 
its position of equilibrium. -n M A 

The position of equilibrium 
will evidently be known if 
the inclination of AB to the 
horizon is known. 

Let this inclination be 6 ; 
let the angles of the triangle 
be denoted hy A, B, C ; let o 
= LAMC, which the bisector, 
GM, of the base makes with 
the base ; let OM — I, and 
let PQ = k. 

Then, since no force is given except the weight of the board, will 
depend simply on A, B, G, I, and k, and the problem is geometrical. 
The reactions of the pegs P and Q are perpendicular to AG and BG, 
respectively, and they must meet the weight of the board acting 
through its centre of gravity, G, in a point 0. The geometry which 
gives the solution will express that 




Fig. 128. 



GO . Bin GOV=GG. sin GGO. 



Now, 
lGG0 = 1 + e- 



(1) 



■ a, and GOY= GOQ - VOQ ; but GOQ = QPG 

(since the quadrilateral QOPG is inscribable in a circle) = .4 + 5; 
and VOQ evidently = 5 — 5 : therefore G0V=A—B + 2e. Also 
GO is the diameter of the circle round QOPG, a circle in which the 
chord PQ subtends at the circumference an angle = G ; 



G0 = 



PQ 



G sin C 



Then, since GG = ^l, (1) becomes 



kmi{A—B+20)= -ZsinC.cos(a-0), 



(2) 



an equation which determines 0. 

9. Two heavy uniform rods, AB and BG (Fig. 129), are connected 
by a smooth joint at B, and, by means of rings at A and G, are also 
connected with two smooth rods, AD and GD, fixed in a vertical 
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plane. Find the reaction at the joint, the pressures at the rings, and 
the inclinations of the rods to the vertical in the position of equi- 
lihrium. 





Fig. 129. 



Fig. 130. 



Starting from any point, (Fig. 1 30), draw a force diagram of the 
system. Let Oa be parallel and proportional to the reaction, R, at 
A ; let ab represent P, the weight of A£ : then bO represents T, the 
reaction at K In the same way let bo and cO represent Q, the 
weight of SO, and S the reaction at C Let a and ^ be the in- 
clinations of AD and DC to the horizon, 6 and <^ the inclinations of 
AB and BC to the vertical. 

Then we have (from Fig. 130) 



sin (a + /3) 



S={F+Q) 



(2) 



' sin (a + /3) 

Ako T^= F'—2PRcosa + R\ which, by the substitution of the 
value of B from (1), becomes 

T^Bio'ia + P) = P''mn^a-2PQ Bin a ain 13 cos {a+^) + Q^ain'fi. (3) 
Again, = HGB, and evidently (Art. 35), 

2 cot 9 = cot AHG- cot GHB 

= cota— cota60(Fig. 130). 

, , - P — R eos a ■ P cot B — Q cot a 

cot abO — -^ — 



Now, 



Hence 



iBsina 



P + Q 



. _ P(cota— cotj3) + 2^cota 



by equation (1). 
(4) 



and we find a similar expression for cot <}>. 

10. A board, ABG, ... (Fig. 131), in the shape of a regular polygon 
of n sides, rests at one corner, A, against a smooth vertical wall, 
AP, the adjacent corner, B, being attached to the wall by a string 
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whose length is equal to the side of the polygon. Find the position 
of equilibrium. 

Let 6 be the inclination, BAP, of the side 
AB to the vertical ; and let be the point 
in which the lines of action of the normal 
pressure at A, the weight of the board, and 
the tension of the string meet. Then, to 
determine 6, we have 

OA=APia,jie, 

and OA = AG cos OAG = AG sin GAP, 

.-. APia.ne = AG sin GA P. 

Now, GAP = GAB + 6 = 1~- + e; a.nd 
<5 n 



if a = the side AB, AP = 2a cos ; 
a 




AG- 



therefore 



2qosGAB ' 

4sin9sin - = cos( 8]> 



Fig. 131. 



tan 9 = -cot-- 
3 n 



This equation determines the position of equilibrium. 

W IT 

The pressure at A is evidently equal to — cot - 1 W being the 
weight of the board. 



2ir 



The external angle of the polygon being equal to — . the incli- 
nations of the successive sides to the vertical are 

277 „ 47T . 6ir 

0,8 + --, d + — , 6+—, ...; 

n n n 

and if p^ he the perpendicular distance of the mf^ vertex from the 
wall, counting B as the first, we have 

f 2^. . /„ 2(m— l)ir. J 

p^=a jslnfl + sin (fl + — ) + ... + sm (5 + ^ ^ M [' 

or • "»'"■ 

sin — „ 

«™= 2«, 7: — (2 cos w— cos — !• 



sin- 



11. A heavy plane body, A£G (Fig. 132), of any shape, is suspended 
from a smooth peg, fixed in a vertical wall, by means of a string of 
given length, the extremities of which are attached to two fixed 
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points, F and F, in the body. Determine the positions of equi- 
librium. 

Let the ellipse P^P^Pi be described with foci F and F', and axis 
major equal to the length of the string. The peg will then be some- 
where on this ellipse, suppose at f j . Now, when the body is sus- 
p, pended from the peg, it is kept in 

^__x^2___-— — -'^\ \ equilibrium by its own weight 

/'T7 ''?3 actingverticallythrough the centre 

/ ''- - - -,- ;--'■ '" of gravity, and the two tensions in 

1 ^ '\ G,:-'' ^ P^FsjidiP^F'. But since the peg 

V \ / J is smooth, these tensions are equal; 

^V,^^ V / 3'iid their resultant must bisect the 

''^^'"^-~--.____^__,-< — "^ angle FP^ F'; its line of action is, 

therefore, normal to the ellipse. 
pjg 1,2. And if G is the centre of gravity 

of the body, the resultant tension 
must pass through Q, and be equal and opposite to the weight of the 
body. Hence the problem is solved by drawing normals from G to 
the ellipse, and then hanging the figure from the peg in such a 
manner that any one of these normals is vertical. Now, if G is inside 
the evolute, four normals can be drawn to the ellipse ; but it is easy 
to see that only three are relevant to the solution if G^ is inside the 
lower half of the evolute (as in Fig 1 29), or only one if G is inside the 
upper half. For the tangents drawn to the lower half of the evolute 
belong to the upper half of the ellipse ; and in order that the strings 
should be stretched, it is necessary that the peg should lie somewhere 
in the upper half of the ellipse. If GP^ , GP^, and GP^ , are the 
normals drawn from G, the figure must be placed in a position in 
which any one of these lines is vertical. 

12. A rod, whose centre of gravity divides it into two segments 
a and 6, is placed inside a smooth sphere ; find the position of equi- 
librium. 

Ans. Let 6 be the inclination of the rod to the horizon, and 2a 
the angle subtended by the rod at the centre of the sphere ; then 

tan 6 = tan a. 

a + h 

13. A heavy carriage wheel is to be dragged over an obstacle on a 
horizontal plane by a horizontal force applied to the centre of the 
wheel ; find the magnitude of the required force. 

Ans. Let W be the weight and r the radius of the wheel, h the 
height of the obstacle, and F the requisite force : then 

r—h 

14. If it be attempted to drag the wheel over a smooth obstacle by 
means of a force whose line of action does not pass through the centre, 
what happens? Is the result in last example modified if there is 
friction between the wheel and the obstacle ? 
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15. A heavy uniform beam, moveable in a vertical plane about a 
smooth hinge fixed at one extremity, is to be sustained in a given 
position by means of a rope attached to the other extremity; find, 
geometrically, the least value' of the pressure on the hinge, and the 
corresponding direction of the rope. 

Ans. The least pressure on the hinge = i Wsiu a, W being the 
weight of the beam and a its inclination to the vertical. Also if is 
the angle made by the rope with the vertical when the pressure is 
least, 

cot fl = 2 cot a + tan a. 

16. A vertical post, loosely fitted into the ground, is exposed to a 
uniform gale of wind ; a rope of given length is to be attached to the 
post and to the ground.; find how the attachment is to be made, in 
order that the rope may be least likely to break. 

.4ms. If h is the height of the post and if the length of the rope 
is < A\/2, the rope must make an angle of 45° with the horizon ; but 
if the length is >/tv'2, the rope must be attached to the top of the 
post. (See example 4.) 

1 7. A heavy uniform bar, AB, is moveable in a vertical plane round 
a smooth horizontal axis fixed at j1 ; to the end £ is attached a cord 
which, passing over a pulley fixed at C vertically over A sustains^ 
given weight, P ; find the position of equilibrium. 

Ans. If AB =z 2a, AG =b, weight of bar = TT, 5 = inclination 
to the vertical, 

(4p2_^2\J2_4^S(j2 

'°'^ = 4^6^^ 

18. A heavy beam rests with one extremity placed at the line of 
intersection of a smooth horizontal and a smooth inclined plane, the 
other extremity being attached to a rope which, passing over a 
smooth pulley at a given point in the inclined plane, sustains a given 
weight ; find the position of equilibrium. 

Ans. Let be the inclination of the beam, a the inclination of 
the plane, and <l> the inclination of the rope, to the horizon ; a the 
distance of the centre of gi'avity of beam, h the distance of the pulley, 
from the line of intersection of the planes ; and I the length of the 
beam. Then the position of equilibrium is defined by the equations 

Wa cos 6 = Pb sin {a—<j)), 
6 sin (a — <^) = lsm{d + <p). 

19. A heavy uniform beam, AB, rests with one end, B, against a 
smooth inclined plane, while the other end. A, is connected with a 
rope which passes over a pulley and supports a given weight ; find 
the position of equilibrium. 

Ans. If a, 6, and <^, are the inclinations of the plane, beam, and 
rope to the horizon, W and P the weight of the beam and the 
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suspended weight, respectively, the position of equilibrium is defined 
by the equations 

Pcos((/)— a)= TTsina, 

2tan0 = tan (^— cot a. 
The student will easily explain why no liTiear magnitude enters into 
the result. 

20. A heavy uniform circular board is freely moveable in a 
vertical plane round a horizontal axis fixed at a point on its cir- 
cumference; from two given points A and B on its circumference 
two weights, P and Q, respectively, are suspended ; find the position 
of equilibrium. 

Ans. If C is the centre, OCO' the diameter through 0, and if 
/.AGO'=a, lBGO'=fi, 6 the required inclination of OC to the 
vertical, and W= weight of board, 

Psina—Q sin fi 



tan e = 



2i'cos^| + 2Qcos^f +r 



2 1 . A rectangular board, ABCJD, of uniform thickness, is moveable 
in a vertical plane about a smooth hinge, P, in the side AD ; the side 
AB is to rest, at a given inclination to the horizon, against a smooth 
peg, Q : find the position of this peg when the pressure on the hinge 
is equal to the weight of the board. 

Ans. Let be the point of meeting of the forces which keep 
the board in equilibrium, and <? the centre of gravity of the" board. 
Then QO must bisect the angle POG. Hence from P draw a line, 
PO, making the same angle with the side AB as AB makes with the 
vertical ; and from the point, 0, of intersection of this line with the 
vertical through G draw a perpendicular, OQ, on AB. This deter- 
mines Q. 

22. Find the position of the peg when the pressure on it is equal 
to the weight of the board, the inclination being fixed. 

Ans. Let PH be the horizontal line through P meeting AB 
in ff ; produce AH to K so that HE = HP ; then KP is the direc- 
tion of pressure on hinge ; therefore, &c. 

23. A heavy body of any form is moveable round a smooth axis 
perpendicular to the vertical plane passing through the centre of 
gravity, and is sustained in a given position by a rope whose weight 
may be neglected. If the pressure on the axis bears a constant ratio 
to the weight of the body, prove that the direction of the rope must 
be a tangent to a conic whose directrix is the vertical line through the 
centre of gravity, and focus the point in which the axis of suspension 
cuts the above-mentioned vertical plane. 

If, in the last example, QO be the direction of the rope, the ratio 
sin POQ . 
-. — „„_ IS given, and the envelope of QO, as the direction PO varies, 
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is a oonic whose focus is P, directrix GO, and eccentricity the given 
ratio. 

24. In example 21, if the hinge is at the corner A, and the position 
of the peg is given, find the magnitude of the pressure on the hinge. 

Atis. Let c ^ half the length of the diagonal, a = angle between 
the diagonal and the side AB, 35= the distance of peg from 4, /3 = 
inclination of AB to the vertical ; then the pressure on the hinge is 



F". 



'/a? — 2 ex sin /3 sin (a +j3) + c'sin2(a + j3) 




25. In the last example, find the position of the peg when the 
pressure on the hinge is a minimum, and the minimum value. 

Ans. At the point in AB vertically under the centre of gravity 
on the board. The minimum pressure = W cos ^. 

It is easily seen that if the hinge is anywhere along the side AD, 
the pressure on it will be least when the direction of this pressure is 
parallel to AB. [By triangle of forces.] Hence the position of the 
peg. 

26. A rectangular board of uniform 
thickness rests in a vertical plane, with 
two of its adjacent sides in contact with 
two smooth pegs in the same hori- 
zontal line ; find the position of equili- 
brium. 

Ans. If P and Q (see Fig. 128) 
be the two pegs, CA and CB the 
sides in contact with P and Q, re- 
spectively, a the angle made by the 
diagonal GJ) with CB, the inclination 
of this diagonal to the horizon, c half 
the length of the diagonal, and I the distance PQ, the position of 
equilibrium is given by the equation 

ccosd = lcoa2{d—a). 

27. A triangular board, ABO (Fig. 133), of uniform thickness, is 
placed with its base on a smooth inclined plane, its vertex being con- 
nected with a string which passes over a smooth pulley and sustains 
a weight. Find the conditions of equilibrium. 

Ans. Assuming the inclination of the plane to be fixed, the 
string must take such a direction that the perpendicular let fall on 
the plane from the point of intersection of the string with the vertical 
line, Gm, through the centre of gravity of the board, falls mside the 
base. Hence, if Bp be the perpendicular at the extreme point of the 
base, and if the string cannot cross the surface of the board, all 
possible directions of the string are included between Gm and C}). 
Again, supposing the string to have a direction, On, consistent with 
the possibiUty of equilibrium, the weight P and the reaction of the 
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plane are thus found : From n let fall a perpepdicular on AB, meeting 
it in a point, q, suppose. Then qn is the line of action of the reaction 
on the plane : and, resolving along the plane, we have Wsin i = P cos 6, 
i being the inclination of the plane, and 6 the angle which the string 
Cn makes with the plane. This equation determines the magnitude 
of P corresponding to the direction, On, of the string. If P is a little 
greater than the value thus found, the board will begin to slip up, 
and if P is less than this value, the board will begin to slip down the 
plane. 

28. If in the last example the string is parallel to the plane, find 
the greatest inclination of the plane consistent with equilibrium. 

Ans. Tan-* (^ cot 4 + cot B). 

29. If in the same example the string, instead of passing over a 
pulley and sustaining a weight, is knotted to a fixed peg, how are the 
previous conditions of equilibrium modified? 

Ans. The only condition to be satisfied is that which has 
reference to the direction of the string. This direction must be 
somewhere between Cm and Cp. 

30. A rectangular board is sustained on a smooth inclined plane by 
a string attached to its upper corner ; the string passes over a smooth 
pulley and sustains a weight. Find the magnitude of this weight 
corresponding to a given direction of the string, and find also the 
pressure on the plane. 

Ans. Let i be the inclination of the plane, 6 the angle made by 
the string with the plane, W the weight of the board, P the suspended 
weight, and R the pressure ; then 

sin 2 



P=W 



cos 6 



cosS 

31. Show that a rectangular board cannot be sustained on a smooth 
inclined plane by a string attached to its upper corner, if the in- 
clination of the plane is greater than the angle made by the diagonal 
of the board with one of the sides perpendicular to the plane. 

32. If a rectangular picture be hung from a smooth peg by means 
of a string, of length 2a, attached to two points symmetrically placed 
at a distance 2c from each other on the upper side of the frame, show 
that the only position of equilibrium is one in which this side is 
horizontal if the adjacent side of the frame is greater than 

2 c' 

33. A rod whose centre of gravity is not its middle point is hung 
from a smooth peg by means of a string attached to its extremities ; 
find the positions of equilibrium. 
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Ans. There are two positions in which the rod hangs vertically, 
and there is a third thus defined : let F be the extremity of the rod 
remote from the centre of gravity, k the distance of the centre of 
gravity from the middle point of the rod, 2 a the length of the string, 
and 2 c the length of the rod ; then measure on the string a length FF 

from F equal to a f 1 + - J > and place the point P over the peg. This 

will define a third position of equilibrium. 

34. A smooth hemisphere is fixed on a horizontal plane, with its 
convex side turned upwards and its base lying in the plane. A heavy 
unifoim beam, AB, rests against the hemisphere, its extremity A 
being just out of contact with the horizontal plane. Supposing that 
A is attached to a rope which, passing over a smooth pulley placed 
vertically over the centre of the hemisphere, sustains a weight, find 
the position of equilibrium of the beam^ and the requisite magnitude 
of the suspended weight. 

Ans. Let W be the weight of the beam, 2 a its length, P the 

suspended weight, r the radius of the hemisphere, h the height of the 

pulley above the plane, 6 and <{> the inclinations of the beam and 

rope to the horizon ; then the position of equilibrium is defined by 

the equations n 1 ^ _i /.» 

r cosec = A cot 9, (1) 

r cosec '^d ■= a (tan (f) + cot 6), (2) 

which give the single equation for 0, 

r{r— a sin 6 coa 6) = ah siu'd. (3) 



sinfl ^asinWVr' + h^sm^e . ^ 

Also F=W ,. .. = W 3 (4) 

cos (9 — o) r" 

35. If, in the last example, the position and magnitude of the 
beam be given, find the locus of the pulley. 

Ans. A right line joining A to the point of intersection of the 
reaction of the hemisphere and W. 

36. If, in the same example, the extremity. A, of the beam rest 
against the plane, state how the nature of the problem is modified, 
and find the position of equilibrium. 

Alls. The suspended weight must be given, instead of being a 
result of calculation. Equation (1) still holds, but not (2); and the 
position of equilibrium is defined by the equation 

Phr cos ^<}> = War sin ^^. 

37. If the fixed hemisphere be replaced by a fixed sphere or 
cylinder resting on the plane, and the extremity of the beam rest on 
the ground, find the position of equilibrium. 
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Ans. If h denote the vertical height of the pulley above the 
point of contact of the sphere or cylinder with the plane, we have 

r cot q = ^ cot (j), 

Pr{l + cot - cot 9) cos ^=Wa cos 6. 

38. A heavy regular polygon of any number of sid€S is attached 
to a smooth vertical wall by a string which is fastened to the middle 
point of one of its sides ; the plane of the polygon is vertical and 
perpendicular to the wall, and one end of the side to which the string 
is attached rests against the wall. For a given position of the poly- 
gon, find the requisite direction of the string, and show that in all 
positions of equilibrium the tension of the string and the pressure on 
the wall are constant. 

Ans. Let A be the vertex of the polygon in contact with the 
wall, G the centre of gravity, the point in which the weight and 
the reaction of the wall meet, and M the middle point of the side to 
which the string is attached. Then the direction of the string is OM, 
and, the quadrilateral GOMA being inscribable in a circle, the angle 
between the string and the vertical is constant and equal to half the 
angle of the polygon. 

39. A square board rests with one corner against a smooth vertical 
wall, the adjacent corner being attached to the wall by a string whose 
length is equal to the side of the board ; prove geometrically that 
the distances of the corners from the wall are proportional to 1, 3, 
and 4. 

40. One end, ^, of a heavy uniform beam rests against a smooth 
horizontal plane, and the other end, B, rests against a smooth inclined 
plane ; a rope attached to B passes over a smooth pulley situated 
in the inclined plane, and sustains a given weight ; find the position 
of equilibrium. 

Let d be the inclination of the beam to the horizon, o the in- 
clination of the inclined plane, W the weight of the beam, and P the 
suspended weight ; then the position of equilibrium is defined by the 
equation ^os ( W«m a - 2 P) = 0. (1) 

Hence we draw two conclusions : — 

(a) If the given quantities satisfy the equation IF" sin a — 2P = 0, 
the beam will rest in all positions. 

(5) There is one position of equilibrium, namely, that in which 
the beam is vertical. 

This position requires that both planes be conceived as prolonged 
through their line of intersection. 

41. Discuss the second position of equilibrium in the last example, 
and show that its possibility will depend on the length of the beam, 
and also on the inequality W> or < P cosec a. 
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(N.B. — In accounting for this position, the impossible supposition 
that the reaction of the plane can consist of a pull must be rejected.) 

42. A uniform beam, AB, moveable in a vertical plane about a 
smooth horizontal axis fixed at one extremity. A, is attached by 
means of a rope BG, whose weight is negligible, to a fixed point, C, 
in the horizontal line through A ; show that as the point G varies, 
the position of the beam being always the same, the magnitudes and 
lines of action of the pressure on the axis will be represented by lines 
drawn from A io & certain right line parallel to AB ; and if the 
position of the beam varies, while AG is always equal to AB, find the 
curve whose radii vectores will represent the pressure on the axis. 

43. Show how to obtain by graphic solution the values of 6 and ^ 
from the equations 

tan = m tan 6, 
2 a cos 9 =-r cos (fi + e, 
of which the equations in Ex. 3, p. 146, are a particular case. 

[Draw a right line AB = c ; produce AB to C so that BG = ; 

round A as centre describe a circle of radius 2 a ; round B describe 
one of radius r ; draw any line perpendicular to AG cutting the first 
circle in P and the second- in Q ; as this line varies trace the locus 
of the point of intersection of AP and BQ (a small portion of it will 
sufiice) ; if this locus cuts the perpendicular to AG drawn at C in the 
point M, the angles 6 and </> axe MAG and MBG.'] 



CHAPTER VII. 

THE EQUILIBKIUM OP SYSTEMS DEDUCED t'EOM THE PRINCIPLE OF 
VIRTUAL WORK. [COPLANAR FORCES.] 

105.] Theorem, If a particle in equilibrium under the action 
of any force be constrained to maintain a fixed distance from a 
given fixed point, the force due to the constraint (if any) is 
directed towards the fixed point. 

Let B be the parbicle, and A the fixed point. Then the 
string or rigid rod which connects B with A may be removed if 
we enclose the particle in a smooth circular tube whose centre 
is A ; for evidently the preservation of the constancy of the 
distance AB receives sufficient expression in this matter. Now, 
in order that B may be in equilibrium inside the tube, it is 
necessary that the resultant of the forces acting upon it should 
be normal to the tube, i. e., directed towards A. 

CoR. 1. Ji A and B be two particles in equilibrium, con- 
nected by a rigid rod whose weight is neglected, the reactions of 
A and B on the rod are two forces equal in magnitude and 
opposite in direction. 

CoR. 2. If any body be in equilibrium under the action of two 
forces only, these forces must be equal and opposite in the same 
right line. 

CoE. 3. If a particle in equilibrium under the action of any 
forces is constrained to maintain a fixed distance from each of 
a number of other particles or points, the forces corresponding to 
these constraints are directed in the right lines joining the 
particle to each of the other particles or points. 

This is evidently true whether the invariable distances are 
maintained by straight rigid bars or by crooked bars. 

106.] System of Particles rigidly connected. Let there be 
any number of particles, m-y, m^, m^, . . . (Fig. 134), each acted on 
by any forces, and connected with the others in such a way that 
the figure of the system is invariable. 
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Then, by the last Article, the force proceeding from the 
connection of m^ and mg is in the line m^ m^, which we may 
imagine to be a rigid bar. Let this force be denoted by T^^. 
Similarly, let the forces in the bars m^m^ and m^m^ be denoted 
^y ^23 ^^^ ^31 respectively. These internal forces may tend 
either to increase the distances , between the particles or to 
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diminish them. In the figure we have supposed the latter to 
be the case, but the result will be the same if the former sup- 
position is made. 

Imagine that the system is slightly displaced so as to 
occupy the position abc. Now, it has been already proved 
(Art. 70, p. 90) that the equation of virtual work for two 
particles rigidly connected will not involve the force due to the 
connection ; but, for clearness, we reproduce the proof here. 

Let fall the perpendiculars aa^ and aa^ on the lines m-^m^ 
and %««2 ; bb-^ and bb^, on ««2»i3 and m^m^ ; cq and cc^ on m^m,^ 
and %»«3, Let the sum of the virtual works of the external 
forces (not including T^^ and T^g) acting on m^ be denoted by 
2Php, and let ^Q&q and I,Sbr denote similar quantities for w^ 
and m^. Then the equation of virtual work for »«j is evidently 



2P6jD + ^12 . »2i«s+ ^13 . »?i«2 = Oi 

that for »?2 is 

SQ8^— ^12 . m^b^+T^g.m^b^ - ; 


(1) 

(2) 


and that for m^ is 




2-B8r— ^13 . m^c^—T^i . m^c^ = ; 


(3) 


Now (Art 68, p. 89) m^a^ = m^b^ ; m^a^ = m^e^ ; m.^b^ 


= »?3C,. 


VOL. I. M 
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Hence, by addition, the internal forces disappear, and the 
equation of virtual work for the whole system is 

2Pbp + 2Qbq + lRbr= 0, 

or 2 (Pbp + Qbq + B5r) = 0. (4) 

The same result is evidently true, whatever be the number of 
particles forming the system ; and it is well to note that we 
have been enabled to obtain equation (4) connecting the external 
forces acting on the system, by choosing a virtual displacement 
compatible with the geometrical conditions of the system,, that is, 
in the present case, a virtual displacement which allows the 
mutual distances of the particles to remain unaltered ; or, again, 
such a virtual displacement as might he an actual one ; for the 
system could actually occupy the position ahc. 

107.] Elimination of the Internal Forces of a System. By 
the Internal Forces of a system it is already sufficiently clear 
that we mean forces proceeding from the internal connections of 
the parts of the system among themselves. Such forces are 
directed from particle to particle, and will contribute nothing to 
the equation of virtual work of the system, if in the virtual 
displacement the distance between every two particles remains 
the same as before. 

It is evident that if the virtual displacement violates any 
geometrical condition of the system, the corresponding internal 
force will appear in the equation of virtual work. Thus, if in 
Fig. 134 the distance ab is not equal to the distance between m^ 
and »?2> ^® shall have by addition the term 

T^^.{m-^a^-m^b^), 
or —T^2.h{m^m^), 

where 8 {m.im^ denotes the change or variation of the distance 
between m^ and m^. 

And, generally, if any internal force, F, tend to vary any 
internal function, _/, in a system, this force will contribute to the 
equation of virtual work of the system the term 

F.hf, 

so that if in the supposed displacement of the system, the 
function f is actually altered, the force F will appear in the 
equation, but will not appear if/ is unaltered. 
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108.] General Equation of Virtual Work for Forces acting 
in one Plane on a Rigid Body*. If the particles mT_,m^,m^,... 
form a contmuous body, on which forces P^ Pg, P3,... act in 
one plane- at different points A,, A„ A^,... of the system 
(Fig- ^35). 
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the condition necesmry and sufficient for the equiUiriwm of the 
system is that the sum of the virtual works of the given forces is equal 
to zero for any and every virtual displacement which violates none of 
the geometrical conditions of the system. 

For we have seen (Art. 66, p. 85) that the condition necessary 
and sufficient for the equilibrium of any one particle of the 
system is the vanishing of the virtual work of all the forces 
acting upon it, the internal forces proceeding from the connection 
with the other particles of the system being, of course, included, 
as in equations (1), (2), (3) of Art. 106. Expressing thus the 
conditions for the equilibrium of all particles of the system, and 
adding the results, there remains for the condition of equilibrium 
the equation 

^i¥i + P2 8i'2 + ^3 8i'3+ . • . = 0, (1) 

into which no internal force enters. 

Conversely, if the sum of the virtual works of the forces 

* We formally confine the discussion for the present to Bigid Bodies, although 
it is clear from last Article that what follows is applicable to systems such as 
freely articulated bars which, without being rigid systems, satisfy certain geo- 
metrical conditions that are not violated in the virtual displacement ; and it is 
equally clear that these conditions may be violated if we include in our equations 
the work of internal forces. 

M a 



164 THE PRINCIPLE OF VIRTUAL WORK. [109. 

vanishes for every virtual displacement, the system is in equi- 
librium. 

For, if it is not, it will take a determinate motion, each point 
of the system describing a certain line in virtue of its con- 
nections with the other points. Now, this motion will be in no 
way interfered with if we introduce new connections which 
render it the only motion possible for the system. Under the 
new circumstances it is clear that if we prevent the motion of 
any one point, we prevent the motion of the system. Suppose 
the motion of the point A to be stopped by the application of a 
force, F, in the direction A' A, A' being the point to which A 
moves. Now, equilibrium exists under the action of (a) the 
given external forces, (p) the newly-introduced geometrical con- 
nections, and (y)the force V; hence the sum of the virtual works 
of these forces = for every displacement. Choose that dis- 
placement which the system is supposed actually to undergo 
wl^en the force V is not applied at A. Now, by the last Article, 
since none of the geometrical conditions (^) are violated by this 
displacement, the forces proceeding from them will do no work. 
Hence the equation of work is 

l.Php-I.AA: = (i, 

where 2P8j» denotes the virtual work of the given acting forces. 
But, by hypothesis, 2P8/3 = for every displacement, and there- 
fore for this one; hence F.AA' = 0, i.e. either AA' = 0, or 
F = Q, either of which signifies that no motion of the system 
takes place. Hence the system is in equilibrium. 

In Fig. T35, a^, a^, «3, ... are supposed to be virtual positions 
of the points of application of the forces Pj, F^, P^ 

109.] Remarks on the Equation of Virtual Work. Equation 
(1) of last Article, though strictly true in the case of forces 
acting on a particle, is not so when these forces are applied at 
points in a body of finite extension, or to a system of particles 
connected in any manner. In fact, the internal forces of the 
system have been eliminated from equations (1), (2), and (3) of 
Art. 106, by assuming that miag—m^bg = 0. Now, we know 
that this quantity is not strictly equal to zero, but equal to an 
infinitesimal of the second order, if the angular displacement of 
the line m-^m^ is regarded as an infinitesimal of the first order. 
It is more correct, therefore, to say that for the equilibrium of 
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a body the virtual worl cf the applied forces is an infinitesimal of 
the second order, if the greatest displacement in the system is re- 
garded as an infinitesimal of the first order. 

110.] General Uniplanar Displacement of a Rigid Body. 
Since the general condition of equilibrium of a rigid body re- 
quires the vanishing of the virtual work of the acting forces for 
every virtual displacement which could be an actual one, it is 
evidently necessary to investigate all the kinds of displacement 
which such a body could undergo. Now, evidently, the position 
of a right line is known, if the positions of any two of its points 
are known ; and also the position of any body is known, if the 
positions of any three* of its points which are not in directum 
are known. Hence, to investigate the displacements to which 
a rigid body may be subject, it is sufficient to determine the 
general displacements of a system formed of three points. 

In Fig. 134 let such a system be m^m^m^, and let abc be any 
displacement whatever of this system in its own plane. Then 
it is clear that if we moved m^ into the position a, and then got 
m^ into the position b, the remaining point, m^, would take up 
the position c. This follows from Prop. VII of the first book of 
Euclid. Now what is necessary to move the line wz^ m^ into the 
position ah ? Two things — 

(a) The point m^ must be moved up to a, by a simple motion 
of translation ; and 

(^) When this is done, the line m^^ must be rotated about 
a so as to bring m^ into the position I. This second motion is 
called a motion cf rotation. 

If we suppose that in the first motion (a) the line m-^^ is 
moved parallel to itself, while m-^ is moved to a, the subsequent 
motion of rotation which brings m^^ into the position b will be 
a small one, the position abc being only slightly different from 

Hence — If a rigid body receives any displacement parallel to a 
fixed plane, it may be brought from its old into its new position 
by (a) a motion of translation which has the same magnitude and 
direction for all its points, and {0) a motion of rotation which has 
also the same angular magnitude and sense for all its points. 

• * If, aa in the present chapter, the displacement is made parallel to one plane, 
the positions of two points will suffice. We use the term uniplanar to signify 
' confined to one plane.' 
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ThuSj in Fig. 136, by the motion of translation common to 
all the points, m-^ is carried to a, while m^ is carried to b', and 

»?3 to c', the lines m-^m^, 
m^m^, and m-^m^ being car- 
ried parallel to themselves 
to ab', b'c', and ac', respec- 
tively. Then, by the motion 
of rotation ab' is turned round 
to ab, and c' is made to co- 
incide with c. 

111.] Keduction of Dis- 
j-ig ij6. " placement to Rotation. 

^ Every uniplanar displace- 

ment of a rigid body can be produced by rotation simply. For let 
m-^m^nig be one position, and abc any other position, of the body, 
a,b,c being the displaced positions of %, m^, m^, respectively. 
Draw a perpendicular to the line m-^a at its middle point, and a 
perpendicular to m^l at its middle point, and let these two 
perpendiculars intersect in /. Then m-^m.^m^ can be brought into 
the position abo by a pure rotation round I. For, comparing 
the triangles m-^Im.^ and alb, we see that, since the three sides 
of the one are equal to the three sides of the other, the angles m^ la 
and m^Ib are equal. Hence, if the body is rotated round / 
through the angle m^ I a, so as to bring m^ by a circular arc to 
a, this rotation will bring »?2 to b, and therefore every other 
point of the body to its proper displaced position. If the dis- 
placed position is very close to the original position, instead of 
bisecting m^ a and m^ I and erecting perpendiculars, we may 
erect these perpendiculars at m-^ and m^ to the directions, m^ a, m^ b, 
of the displacements of m-^ and m^ . In this case the point I is 
called in Kinematics the Instantaneous Centre of rotation of the 
body. 

A displacement of translation is one such that the centre of 
rotation is at infinity. 

113.] Virtual Work corresponding to a Virtual Motion of 
Translation. Let a rigid body (Fig. 137) be in equilibrium under 
the action of any forces in one plane, Pj, P^, Pg, ..., and let the 
body be imagined to receive a motion of translation parallel 
to an arbitrary line. Ox, whereby the points, A-^, J^, A^,..., of 
application of the different forces' receive virtual displacements. 
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Fig. 13?- 



(1) 
(2) 



^jfli, A^a^^ A^a^^..., all parallel to Ox, and equal to a. Tliea 
(Art. 56, p. 79), the virtual work of the force P^ is a x projeiction 
of Pj along Ox. Let the 
projection of P^ along 
Ox be Xj : then the vir- 
tual work of Pj is aXj. 
Similarly, if Xg, Xgj..., 
be the components of Pg, 
P3,... along Oa?, the vir- 
tual works of these forces 
will be aXg , aXg , . . . Hence 
the equation of virtual 
work is a(Xi + X2 + X3+...) = 

or oSX=0. 

Consequently, since a is arbitrary, we have 

SX=0. 

Hence — For the equilibrium of a rigid hody it is necessary that 
the sum of the components of the acting forces along every arbitrary 
right line shall be zero. 

This condition is not sufficient, since every virtual displace- 
ment of a body is not one of translation alone. 

113.] Virtual Work corresponding to a Motion of Rota- 
tion. Let several forces, P^, Pg, Pg,... (Kg. 138), acton a body 
at points A^, A^, A^,..., and suppose that the body is rotated 
through a small angle = a>, round an axis perpendicular to the 
plane of the forces through an ar- 
bitrary point, 0. Then the points 
A^, A^, A^,... will describe small 
circular arcs, A^ai, A^a^, A^a^,... 
having as their common centre, 
and subtending the same angle a, 
at 0. Let 01 be the angle between 
OA-i and the direction of Pi- Then, 
evidently, the projection of A^a^ on 
the direction of P^ is A-^a^. sin 6^. 
But Aia^= la-OA^; therefore the 
virtual work of P-^ is cbP^.O^i sin Ox- 

If ^1 = the perpendicular, Oq^, from on the line of action of 
Pi, this is evidently mPi-Pi- 




Fig. 138. 
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Similarly, the virtual work of P^ is taP^.p^, and that of Pg is 
— wP^.py Hence the equation of virtual work is , 

or iPp = 0. (2) 

But the product of a force, P, and the perpendicular, p, let 
fall upon it from the point 0, is the moment of the force with 
respect to the point 0, or rather with respect to an axis through 
perpendicular to the plane of the figure. 

Hence, equation (2) asserts that for equilibrium ihe sum {with 
their proper signs) of the moments of the forces with respect to any 
point in their plane is zero. 

As regards the signs to be given to the moments, P\Pi, P^p^,... 
of the forces, we see that — 

Those forces which tend to rotate the body in the same sense 
round the point give virtual ivorh of the same sign, and therefore 
have moment's of the same sign with respect to 0. 

Thus, in Fig. 138, the forces P^ and P^ tend to turn the body 
round 0, in a sense opposite to that of watch-hand rotation, 
while Pj tends to turn it in the opposite sense. Hence, in 
the Equation of Moments, as the equation 

■2Pp = 

is called, P^Pi and P^Pi, have the same sign, and P^p^ has an 
opposite sign. 

Since (Art. Ill) every uniplanar displacement of a rigid body can 
be produced by a rotation, and since a rotation gives an equation 
of virtual work which is simply one of moments round the 
corresponding centre of rotation, it is clear that the necessary and 
sufficient conditions of equilibrium of a system of coplanar forces 
acting on a rigid body are exhausted in the statement — the sum 
of the moments of the forces round every point in their plane 
is zero. 

Also since all possible displacements of a deformable system 
are by no means exhausted in motions of translation and rotation 
common to all its parts, the equation of virtual work for such a 
system does not lead to the above conditions as sufficient. 

114.] Analytical Expression for the Displacement of a 
Rigid Body. We shall now investigate the changes produced 
in the co-ordinates of any point in a rigid body by given small 
motions of translation and rotation. Let the motion of trans- 
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Fig. 139. 



lation first take place. Then draw any two rectangular axes, Oso 
and Oy, through (Kg. 139) the new position of a point 0^. 
Let the motion of translation 0^0, common to all parts of the 
body, be resolved in two compo- 
nents, a and b, parallel to Ox and 
Otf. 

Then, if x and ^ denote the co- 
ordinates of a point Q^ in the body 
with reference to fixed axes drawn 
through Oj parallel to Ox and 0^, 
these quantities will be increased 
by a and l, respectively, by the 
motion of translation. To find how much they will be subse- 
quently altered by an angular rotation = a> round 0, let Q 
describe a small arc of a circle, Qq, round 0. 

Let fall the perpendiculars QM and qm on Ox, and Qp on qm. 
It is evident that OM =it!aniQM=2/. Then the increase oiy pro- 
duced by the rotation = qp, and the increase in a; = — Qp. Now 

Qp = Q^.sin QO£e = a).OQ. sin QOx = (a.QM=a>y, 
and qp= Qq. cos QOas = a>.OQ. cos QOx = a>. 0M=w!b. 

Hence, if bm and Sy denote the changes produced in so and y by 
the two motions combined, 

6a; = a— my, (l) 

Sy =i + atx. (2) 

These are the general analytical expressions for the displace- 
ments of a particle in the body. (They can obviously be obtained 
by differentiating the equations ai = r cos 0,y = rsia 0, on the 
supposition that 6 alone varies by a quantity 80 = co, and then 
adding a and i to the results.) 

115.] Analytical Conditions of Equilibrium. If any forces, 
Fi, P2, -Psv) act on a rigid body in one plane, the condition 
necessary and sufficient for equilibrium is (Art. 108) 

P^bp^+F^bp^ + Psbps+... = 0. (1) 

Let Xi and T^ be components of Pi along two rectangular axes. 
Ox and Oy, and let x^ and y^ be the co-ordinates of the point at 
which Pi acts. Then (Art. 57, p, 80) 

Pi8ft = li8a;i-l-ri6yi. (2) 



'' ^^=n. (6) 
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Making similar substitutions for P^bp^, ^38^,..., equation (1) 

becomes 

Ji8iBi+ Ji 8^1 + X2 8a;2+ Jg 85^2 + ... = 0, (3) 

or 2(X8«+ r8y) = 0. (4) 

Substituting in (4) the values of 8;*; and 8y given in the last 

Article, we have 

2 {X{a—co^)+T(6 + a>!v)} = 0, 

or a.2X+6.2r+co.l{i>iY-t/X) = 0,... (5) 

since a, b, and w are common to all points of the body, and may 

be taken outside the sign of summation. 

Now the displacements a, b, and to are completely independent 

of each other, and therefore equation (5) requires that 

SJ=0, 27= Oj 
2{xY-yX): 

For, choose another virtual displacement in which a and b are 
the same as before and to different. Then we have 

a2X+ 527+ to'2 (mY-^X) = 0. (7) 

Subtracting (7) from (5), 

(to-to')2(a?r-j^Z) = 0. 

But since to — to is not = 0, this equation requires that 

l{xY-i^X) = 0. 

Similarly, by making a alone variable, we prove that 2Z = 0, 
and by making b alone variable, 2J= 0. 

The three equations (6) constitute the analytical conditions of 
equilibrium of the body. 

116.] Varignon's Theorem of Moments. The moment of the 
resultant of two forces with respect to any point in their plane is 
equal to the sum of the moments of the forces with respect to this 

point. The following is the 
proof of this proposition by the 
principle of Virtual Work. 
Let i2 (Fig. 140) be the re- 

K /_^^ ^ sultant of two forces, P and Q, 

f applied at a point A, and let 

'^' ''^°" be any point in their plane. 

Then the virtual work of It for any displacement of ^ = the 

virtual work of P + the virtual work of Q. Let the virtual dis- 
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placement of A be one of rotation round 0, through a small 
angle = to. Then, as in Art. 113, the virtual work ofBisio.B. OA. 
sin OAR ; but this = w .i? x the perpendicular from oni? = o) x 
the moment of R with respect to 0. Similarly, the virtual work 
of P = 0) X moment of P with respect to ; and virtual work 
of Q = CO X moment of Q with respect to 0. Therefore, &c. — 
Q.E.D. 

In precisely the same way, the moment of the resultant of any 
number of forces is proved to be equal to the sum of the moments 
of the forces separately. 

117.] Particular ease in -which the Resultant of Transla- 
tion vanishes. When forces applied to a particle have no 
resultant of translation, their whole effect is null. It is not 
necessarily so, however, if they are applied to a body of finite 
dimensions. For example — 

If -the forces acting upon a rigid body form hy their magnitudes 
and lines of action the sides of a closed polygon taken in order, their 
resultant of translation vanishes, and they have a constant moment 
with respect to all points in their plane. 

Let forces Pi , Pg, Pg,... (Fig. 141) act at points, A-i,A^ 
in a body in one plane, and let 
these forces be represented in mag- 
nitudes and lines of action by the 
sides of the polygon formed by their 
points of application. 

Now since (Art. 55) the sum of 
the projections of the sides of this 
polygon on any arbitrary line = 0, 
the condition of Art. 112 is fulfilled, 
and the forces have no resultant of 
translation. 

Let be any point inside the polygon, and take the sum of 
the moments of the forces round it. If the perpendiculars from 
on the sides A^A^, A^A^,..., he p^, p^,..., the sum of the 
moments will be 

■Pi/i + ^2 ;»2 + -Psi's + ■ • • = ^. suppose. 
And since R^,^^,,... are equal to the sides of the polygon, G is 
evidently = 2 . area of polygon. This is constant for all points 
inside the polygon. 




Fig. 141. 
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Now if we take the sum of the moments round any external 
point, 0', we shall have 

Pi ^1 + P^p^ + PsPi-^i Pi + ^5 ft. 
since P^ turns the body round 0' in a sense opposite to that 
in which the other forces turn it. But this sum is equal to 

and this is again equal to 2 . area of polygon. 

Hence for all points in the plane, the sum of the moments, G, 
is constant. 

118.] Theorem. If a number offerees acting upon a rigid body 
in one plane have a constant moment with respect to all points in the 
plane, they can have no resultant force, and must be reducible to 
a couple. 

For, suppose that they have a resultant = P., then if'/j is the 
perpendicular let fall on R from any point, 0, the sum of the 
moments of the forces = U.p (Art, 116). Hence by varying the 
position of 0, the sum of the moments varies, which is contrary 
to hypothesis. They are reducible to two equal, parallel, and 
opposite forces. For their resultant is zero ; hence, compound- 
ing them in pairs, they must reduce to two parallel, equal, and 
opposite forces forming a couple, or to two such forces directly 
opposite to each other in a right line. But in the latter case the 
sum of their moments about any point would be zero ; therefore 
if this moment is not zero, the forces must reduce to a couple. 

119.] Two Parallel Forces. To find the resultant of two 
parallel forces, P and Q, acting in the same sense. 

Let AB (Fig. 143) be the shortest distance between P and Q, 
and let the forces be supposed to act at A and B. Also let the 

reversed resultant, B, act at 
any point, 0, in AB. Since 
the forces are in equilibrium, 
their virtual work = for every 
virtualdisplacement(Art. 109). 
Choose first a virtual displace- 
ment of translation along AB. 
Fig. 142. For this displacement the vir- 

tual work of the forces P and 
Q = 0, therefore the virtual work of ^ = 0, therefore B is 
parallel to P and Q. Again, choose a virtual displacement of 
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rotation about through an angle = to. The virtual work of P 
is then P.a>OA, and that of Q is -Q. to 05, while that of S is 
zero. Hence 

P.OA-q.OB=0, (1) 

•• OJB~ P' 
Finally, to find the magnitude of B, take a virtual displacement 
of translation parallel to the forces. This evidently gives 

R=P+Q. (2) 

Therefore the resultant of two parallel forces acting in tJie same 
sense is a force parallel to them in the same sense, equal to 
their sum, and dividing the Une joining their points of application 
in the inverse ratio of the forces. 

Equation (l) asserts that the moments of two parallel forces 
with respect to any point on their resultant are equal and 
opposite. 

If P and Q act in opposite senses 
(Pig. 143), the resultant is obtained in 
magnitude and direction by simply chang- 
ing the sign of Q. 

Thus (1) becomes o-^ 



s 



9A-9l, (2\ ^h- 143. 

0B~ P ^ ' 

which shows that is on the production of AB at the side of 
the greater force ; and (2) gives 

B = p-q. (4) 



Examples. 

1. To solve example 12, p. 138, by the principle of Virtual Work. 

Imagine a displacement in which the ends A and B remain in con- 
tact with the planes. Then the virtual works of B and S are zero, 
and if y is the height of G above the horizontal plane, the equation 
of virtual work is 

-Wdy-P.d{AG)=Q. (1) 

Now ^ = a sin 0, AG = (a + 6) cos 0; :. dy=a cos B dd, and 

d{AC)= -{a + b)sin9de; 

Wa 
.•. (1) gives Wacoad = F{a + b)Biad, ortan0 = -p-^ t-. 
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2. To solve example 13, p. 138, by the principle of Virtual "Work. 
Choosing a virtual displacement which keeps A and B in contact 

with the planes, the equation of work is 

-■Wdy-T.d{AG) = ^. (1) 

Nowi'C"'= ^P^ccs'^ + ilP^ sin ''9, and this equation also holds in the 
displaced position. Hence we may differentiate it, and we then obtain 
PC.d{PG)= -{PB^-PA^)sme cos 6 d9 

= -[a + b) (PB-PA) sin 6 cosedO 

,. d{PC)= -{a + h){^-'^)sinecosed9 
^ ' ^ '^cosS sinO' 

= —{a + b)shi(,e—4>}d9. 

Also 2/ = a sin 6, .: dy = a cos 6d9 ; and substituting these values 
of d(PC) and dy in (1), we obtain the value of T. 

3. Four rigid bars, freely jointed together at their extremities, 
form a quadrilateral, ABGD ; the opposite vertices are connected by 

strings, AC and BD, in a state of 
,1 tension ; compare the tensions of 

/ \ these strings. 

/ \ Let the bar AB be considered as 

fixed, and let the quadrilateral 
undergo any slight deformation. 
Then the bars AD and BG will 
turn round the points A and B, 
that is, the points D and G will 
describe small paths, Dd and Gc, 
perpendicular to ^D and JSC. Hence 
(Art. Ill) the point, I, of inter- 
section of AD and BG is the in- 
Fig. 144. stantaneous centre for the bar CD, 

and the angles Did and GIc are 
equal. Denote their common value by 69. Then Z>d = 7Z) .89, and 
Gc = IC.h9. 

Now, since in the displacement of the system none of the geo- 
metrical conditions — namely, the constancy of the lengths of the bars 
— are violated, the reactions of the bars will not enter into the equa- 
tion of virtual work. Hence if T and T' denote the tensions of the 
strings AG and BD, this equation will be (see p. 90), 

T .UG+T'.hBD = Q. (1) 

But bAG =^ projection oi Gc on AG 

= Cc . sin AGB = JC. sin ACB .89; 
and similarly bBD = —ID . sin BD A . 89. Hence (1) becomes 

T.IG. sin AGB= r. ID . sin BDA. (2) 

IG AG sin CAD 




Again, 



ID BD sin CBD 
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Substituting in (2), we obtain 

". ^0 ^^, BD 



OA.OC OB.OD 

Another solution of this problem (quoted from Euler) will be found 
in Walton's Mechanical Problems, p. 101. 

4. Four rigid bars, freely jointed at their extremities, form a 
quadrilateral, ABOD ; the bars AB and AD are connected by a string, 
aa in a state of tension, a being a given point in AB, and a a given 
point in AD; in the same way, BA and BQ are connected by a string 
6/3 ; CB and CD are connected by a string cy; and DC and DA by 
a string db; find the relation between the tensions of these strings. 

If the lengths of the strings aa,hfi,cy and dh are denoted by x, y, z, 
and w, and the tensions in them by X, Y, Z, W, the equation of virtual 
work for a slight deformation will be 

Xba!+78y+Zbz+Wbw = 0. (1) 

Now 0;'= Aa^ + Aa^—2Aa.AacoaA =Aa^ + AaP 

therefore xbx = 2 f"'f° • BD . bBD. 

AB .AD 

Substituting this value of bx, and similar values of by, bx, bw, in 
(1), we have 

/X Aa.Aa , Z Cc.Cy . 

y-^- abTad^^-gbTcd)^^-^^^ 

fY Bh.B^ W Dd.Db. ,^ .,„ „ 

+(j-ba:w+-^-dc7da)^^-^'^^='- 

But from the last Example, we have 

bBD _ BD.OA.OG ^ 

'blG~ AC. OB.OD' 

„ ,, fX Aa.Aa Z Cc.Cys BD^ 
hence, finally, (- • j^-j^ + - • ^^-^^ j q^^^jj 

7 Bb.Bp W Dd.Db X AC^ 
y ■ BA.BO '^^' DG.Da)oA.OC' 
For a difierent solution, see Walton, ibid. 

5. Six equal heavy beams are freely jointed at their extremities ; 
one is fixed on a horizontal plane, and the system lies in a vertical 
plane ; the middle points of the two upper non-horizontal beams are 
connected by a rope in a state of tension. Show that the tension 
of this rope is 6 TTcot 6, 

W being the weight of each beam, and the inclination of the non- 
horizontal beams to the horizon. 



=(i 
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Let X be the length of the rope, y the height of the centre of 
gravity of the system, 2 a the length of each beam, and T the tension 
of the rope. Then the virtual work of the tension is— T 6a; (see p. 90), 
and the virtual work of the weight of the system is — 6 Wby. Hence 

Tbx + 6Wby-0. 

But X =: 2a(l+cosfl), and2/= 2a sin 0, and the deformation imagined 
is one in which the upper horizontal beam moves vertically through 
a small space. Hence the values of y and x will be of the same forms 
as before, and 

bx= —2asmebd, by = 2acoseb0. 

Substituting these values of 6 a; and by, we have 

!r=6Wcote. 

6. A body receives a small general displacement parallel to one 
plane ; find the co-ordinates of the instantaneous centre. 

If the components of the motion of translation parallel to the axes 
of X and y are 8 a and 66, and the rotation is 6a), the equations 
of Art. 114 give for the displacement of any point whose co-ordinates 
are as, y, 

bx = ba—yboi 

by = bb + xbo). 

Now, the displacement of the instantaneous centre is zero ; hence, 
if {x, y) be its co-ordinates, we have 

66 8a 

A particular case may be noticed. If any body in contact with a 
surface.receives any small displacement parallel to one plane, the body 
still remaining in contact with the surface, the instantaneous centre 
lies on the normal to the surface of contact. In the rolling of one 
figure on another the point of contact is the instantaneous centre. 

7. A uniform beam, AB (Fig._i27, p. 148), rests as a tangent at a 
point P against a smooth curve in a vertical plane, one extremity. A, 
resting against a smooth vertical plane; find the position of equi- 
librium, and the nature of the curve so that the beam may rest in 
all positions. 

Let the weight of the beam through G, and the normal reactions 
at A and P meet in the point 0; take the vertical line AD as axis 
of y ; and let 2a = the length of the beam. Then, if x is the abscissa 

of P, we have iO = -^-20' and also A0 = a sin 6. Hence, equating 
these values, a! = asin'^. (1) 

Now, from the equation of the given curve, 6 is known in terms of 
X in the form g =f{x). (2) 

From (1) and (2) the value of x, and therefore the position of equi- 
librium, can be found. 
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For example, if the curve be a circle of radius r whose centre is 
at a distance c from the vertical plane-, we find 

asin'fl + rcqsO— c = 0. 

If r = 0, we get the result in Ex. 6, p. 148. 

If (1) holds in all positions in which the beam is placed, every 

position is one of equilibrium. Now, since tan 9 = — - , (1) gives 

dy = M^a^—x^ . x~idx, 
and since this equation holds in all positions, we may integrate it. 
Hence- y + k= —{a^—x^)i, 

or x^+(j/ + k)' = aJ, 

k being an arbitrary constant. 

"We may, without loss of generality, assume k= 0, and the curve 

will be J , 2 2 

x^ + y^ = a'- 

The equation of virtual work shows that in this case the centre 

of gravity of the beam is at a constant height. For if y denote the 

-ordinate of G, this equation is 

Wdy=0, 

and since this holds in all positions, we have, by integration, y = 
constant. 

8. Four rigid bars freely jointed at their extremities form a quadri- 
lateral ABGD (Fig. 145) ; the middle points of the opposite pairs of 
bars are connected by strings, mm' and nn, in a state of tension. 
Compare the tensions of these strings. 

Let I and t be the lengths of the strings mm and nn, and let the 
tensions in them be Tand P , respectively. 

Then, assuming the quadrilateral to receive any small deformation, 
the equation of work will be 

TU-{-rU'=0. (1) /.}■ 

Now, it may be left to the student /' \ 

as an exercise to prove that 
V'-V= \(AB'+CD^-BCI^-AD% 

that is, I'^—V is constant however 
the quadrilateral may be deformed. 
Hence lU-l'hV=(i; (2) 

and from (1) and (2) we have 

^ + |-' = 0, (3) ^^-45. 

a remarkable result, since it shows that one of the tensions must be 
negative ; i. e. if the bars AB and CD are pulled together, equiUbrium 
will be impossible "unless the bars AD and BC are pulled asunder. 
TOL. I. N 
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It is well to notice an apparent exception to the result (3). The 
student will easily prove that if the sides AB and DC are parallel, 
equilibrium will be maintained by the single string mm in any state 
of tension, i. e. T' =.0,a, result which contradicts (3), 

The difficulty is easily removed, however, by reverting to (1), which 
in the case under consideration is identically satisfied. For, since AB 
and CB are parallel, the line nvm' passes through /, the instantaneous 
centre, and therefore for a slight deformation the point m' moves 
perpendicularly to 7m', that is, to mm. Hence hi -^ 0, and equation 
(1) is satisfied by haying at once T =■ and 6Z = 0. The combina- 
tion of (1) and (2) is therefore irrelevant. 

9. A number of bars are freely jointed together at their extremities 
and form a polygon ; each bar is acted on perpendicularly by a force 
proportional to its length; all the forces emanate from one point 
and all act inwards or all outwards ; prove by the principle of virtual 
work that for equilibrium the polygon must be inscribable in a circle. 

Let the polygon be ADGBEF... (Fig. \i5), of which the vertices 
E, F,... are not represented in the figure, [AB is not one of the 
bars.] 

Choose a virtual displacement in which all the bars except the 
three AD, DC, CB remain fixed, and let the extremities A and B be 
fixed in the displacement. Then I is the instantaneous centre for 
DC. Let be the point from which the forces emanate ; let m, n, p 
be the feet of perpendiculars from on AD, DC, CB, respectively ; 
let Q be the foot of the perpendicular from I on DC; let IQ meet 
mO in L and pO in M ; and let the forces in Om, On, Op be k. AD, 
h..DC,h.CB. 

It AD turns round A through the small angle 6^, the displacement 
of D is AD .btj); and if DC turns round I through 6 a), the displace- 
ment of D is ID . 8 CO. Hence 

AD.8(l) = 7D.b(o. 

Similarly BO.bd = IG.hw, 

if 89 is the angle through which BC turns round B. 
Now the equation of virtual work is 

k. AD. Am. b(l> + h. DC .In. ho). cos InQ—k .BC .Bp.bO = 0; 

or, by the first two equations, 

Am.ID + DC.nQ-Bp.IC=0. (1) 

Now Im.ID = LI.IQ, and Ip.IC = IQ.IM; 

therefore Im.ID- Ip .IG = LM. IQ. (2) 

Adding (2) to (1), we have 

AI.ID-BI. IC = LM. iq-DC . nQ. 

But the right side of this equation is zero, since the triangles DGI 
and LMO are similar (w§ is the altitude of the latter). Hence the 
quadrilateral ADCB is inscribable in a, circle ; and in this circle lie 
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also the quadrilaterals DGBE, GBEF,... and therefore the whole 
polygon. 

10. Six equal heavy bars are freely jointed at their extremities; one 
bar is fixed in a horizontal position, and the system hangs in a vertical 
plane ; the middle points of each pair of adjacent non-horizontal bars 
are connected by two strings in a state of tension. Show by the 
principle of work that, if the hexagon is regular in its position of 
equilibrium, the tension of each string is three times the weight of 
a bar. 

11. Four bars whose weights may be neglected are jointed together 
by smooth pins and form a quadrilateral, ABGD, in a vertical plane. 
The joint A is fixed, while the lateral joints B and D rest each against 
a smooth fixed vertical plane. A given vertical force being applied 
at the point C, find the magnitudes of the reactions of the planes at 
B and D, and the direction and magnitude of the pressure on the 
joint A. 

Ans. Let F be the force applied &t G ; P and Q the reactions at 
B and B ; ^ the force on A ; also let a, y3, y, 6 be the inclinations to 
the horizon of the bars AB, BG, GD, DA, and the angle made by R 
with the horizon. Then we shall have 

P Q F 



1 + cot a tan /3 1 + cot 6 tan y tan y3 + tan y ' 



cot ^ + cot y 
cotacoty— cot ^8 cot S 



tan^ := 



(To get P choose a displacement of the bars in which AB remains 
fixed ; the intersection of AB and GB will then be the instantaneous 
centre of rotation for the bar BG^ 

12. Two heavy uniform beams, AG and GB (Fig. 160, p. 201), are 
connected by a smooth joint at G ; the beam AG is moveable in a 
vertical plane about a smooth joint fixed at A, and the extremity B 
of the beam GB is capable of moving along a smooth horizontal groove 
whose direction passes through A. It is required to keep the system 
in a given position by means of a horizontal force applied at B ; 
determine by the principle of work the requisite magnitude of this 
force. 

Ans. If a and a denote the angles CAB and GBA ; W and W 
the weights of AG and GB ; and F the required force, 

2 (tan a + tan oT) 

13. Four bars, freely articulated at their extremities, form a paral- 
lelogram, ABGB ; two forces, each equal to P, act in opposite directions 

N 2 
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in the diagonal AG, and two forces, each equal to Q, act similarly in 
BD. Find the figure of equilibrium. 

Ans. The adjacent sides of the parallelogram being a and h, the 
angle between them o), we have 

1 4. If the forces in Example 9 are each transferred to the middle 
point of the bar on which it acts, prove by virtual work that the 
polygon must be inscribable for equilibrium. 

15. Four rigid bars jointed together at their extremities form 
a plane quadrilateral ABCD ; forces P, Q, B, S are so applied at the 
vertices A, B, C, D, respectively, as to preserve equilibrium ; show 
that the lines of action of the forces must be such that the diagonals 
of the quadrilateral which they determine pass through the points of 
intersection of the opposite sides {DA, CB), and {BA, CD) of the given 
quadrilateral. 

[This follows at once by the method of Example 3. The result is also 
thus expressed by Schell {Theorie der Bewegung wnd der Krafte, 
vol. ii. p. 74)— Any two adjacent forces and the side at the ends of 
which they act form a triangle which is in perspective with that 
formed by the remaining pair and their corresponding side.] 

16. Seven equal uniform heavy bars, freely jointed together at 
common extremities, form a regular heptagon, ABGDEFG, the system 
being suspended vertically from the point .4, and the vertices G and I) 
being connected by a weightless strut, as also the vertices B and E ; 
find the pressure in each strut. 

Ans. Taking a virtual displacement in which the vertices 
A, B,G,D,E all remian at rest, and G and F alone move, we find the 
pressure to be o_ 

2 1fsin^, 

where W = weight of each bar. 

[The student will see that strings would not do instead of struts.] 

17. Two equal bars, OA and OG, are freely jointed at the fixed point 
; four equal bars forming a lozenge, ABGD, are freely jointed at 
A, B, G, and 1), and the system (called a Peaucdlier's GelV) is held in 
equilibrium by two forces applied at B and D. If the force at D is 
of constant magnitude in all positions of the cell, as it suffers de- 
formation about 0, prove that the force at B will be one varying 
inversely as the square of the distance OB. (Mr. G. H. Darwin, Pro- 
ceedings of the London Math. Soc, April 8, 1875. See the same 
paper for Mr. Darwin's most ingenious mechanical description of the 
Equipotential Lines of any number of magnetic poles by means of 
Peaucellier's Cells). 
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120.] FTinctions of a Machine. A machine may be defined 
either from a statical or from a kinematical point of view. 
Regarded statically, it is any instrument hy means of which we 
may cJutnge the direction, magnitude, and point of application of 
a given force; and regarded kinematieally, it is any itistrument 
hy means of which we may chaTtge the direction and velocity of a 
given mMion. 

In Statics it is usual to eonsider the points or machines to 
which forces equilibrating each other are applied as absolutely 
motionless; nevertheless, it appears from our definition of force 
(Art. 1), that a system of forces acting at a point will be in equi- 
librium when the point has a uniform motion in a right line. 
If a particle describes any curve whatever with uniform velocity, 
a little reflection will show that at no point of its path can there 
be any force in the direction of the tangent — or, in other words, 
the force acting on it must everywhere be normal to the path. 
It follows (see Art, 65), that there is no work done by this 
force in the passage of its point of application from any one 
position to any other. Extending this a little, we shall so far 
anticipate the results of Kinetics as to assume that when the 
parts of any machine are each in a state of uniform motion, the 
forces applied to the machine are in equilibrium among themselves. 

By the extension of the equilibrium of forces to this case, we 
comprise both the statical and kinematical definitions of a 
machine in the following : — a machine is any assemblage of 
different pieces whose displacements, resulting from their mode 
of connection, depend on each other hy geometrical laws, and 
whose object is to transform into mechanical work the result of the 
action of given applied forces. (See Resal, Mecaniqwe Generate, 
vol. iii; p. 3.) 



182 SIMPLE MACHINES. [l2I. 

It has been already pointed out that in applying the equation 
of virtual work to a system of connected bodies, advantage is 
gained by choosing such displacements as do not violate any of 
the geometrical connections of the system. This principle we 
shall use largely in the discussion of machines, and the dis- 
placements which we shall choose will be those which the 
different parts of a machine actually undergo when it is em- 
ployed in doing work. Thus, instead of equations of virtual 
work, we shall have equations of actual work ; and in future we 
shall speak of the principle referred to as the Principle of Work. 

Since In the motion of a machine the work done by a force 
applied to any part of it depends on the magnitude and direction 
of the displacement of the point of application of this force, we 
see at once the importance of the discussion of the motions pro- 
duced in the several parts of a machine by a definite motion 
given to some one part. This discussion, which is a problem of 
pure geometry, constitutes the Kinematics of Machinery, for 
which the student may consult Resal's Mecanique Qenerale, 
Willis's Principles of Mechanism, or the treatise of Reulcaux. 

121.] EflPorts and Resistances. Every machine is designed 
for the purpose of overcoming certain forces which are called 
resistances ; and the forces which are applied to the machine 
to produce this effect are called efforts. The distinction between 
these forces is easily drawn by the Principle of Work. For, 
when the machine is in motion, every effort displaces its point of 
application in its own direction, while the point of application of 
a resistance is displaced in a direction opposite to that of the 
resistance. An effort is, therefore, one whose elementary work 
is positive, and a resistance one whose elementary work is 
negative. 

An effort applied to a machine is often (but very impro- 
perly) called a power. The resistances against which a ma- 
chine works are divided into two classes, viz. ustful resistances 
and wasteful resistances. The former constitute those which the 
machine is specially designed to overcome, while the over- 
coming of the latter is foreign to its purpose. For example, if 
a pulley is employed for the purpose of lifting a weight by 
means of a rope, a part of the effort employed is spent in over- 
coming the friction between the pulley and its spindle, and 
another part is spent in overcoming the rigidity of the' rope. 
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Friction and rigidity in this case are the wasteful resistances, 
and the weight of the body lifted is the useful resistance. 

The distinction between the resistances overcome gives also 
the distinction between useful work and (so-called) lost work 

Useful work is that which is performed in overcoming useful 
resistance, while lost work is that which is spent in overcoming 
wasteful resistances. 

122.] Efficiency of a Machine. The ratio of the useful work 
yielded by a machine to the whole amount of work performed by 
it is called its efficiency. 

Let W be the work done by the applied forces, Wu the useful 
and Wi the lost work, when the machine is moving uniformly. 
Then JF-JF^+W,', 

and if ?j denote the efficiency of the machine, 

"= r* 

Since some of the work expended in moving the machine 
must be expended in overcoming wasteful resistances, the 
efficiency is always less than unity, and the object of all im- 
provements in the machine is to bring its efficiency as near 
unity as possible. 

The counter-efficiency is the reciprocal of the efficiency. If the 
useful work to be performed is g^ven, the amount of work to be 
expended on the machine is obtained by multiplying the former 
by the counter-efficiency. 

Let P be the effijrt applied at any point of a machine to 
perform a given amount, W^, of useful work; let Wi be the 
work lost, and let s be the space through which P drives its 
point of application in its own direction. Then we have 

p«= r„-t-r,. 

Let Pfl be the force which would perform the same amount of 
useful work if the wasteful resistances were removed. Then 

Po«=r„. 
w p 

But 7] = -^ = -^ ; hence the efficiency is the ratio of the 

force which would drive the machine against a given useful 
resistance, if the wasteful resistances were removed, to the force 
which is actually required to do so. In many cases this definition 
is useful in practice. 



184 SIMPLE MACHINES. [133. 

The following consequence regarding efficiency can be at once 
proved from the principle of Work. In any machine for raising 
a weight, if the friction in the machine is of itself sufficient to 
hold the weight suspended, the efficiency is less than J. If an 
elfort P is required to raise the weight, and an eiFort P' to 

P + P' 

sustain it, the efficiency is p- • 

As regards the wasteful resistances in machines, the most 
noticeable are friction, the rigidity (or rather impei-fect flexi- 
bility) of ropes, and the vibrations which are produced in the 
various pieces. Of these the first is that with which alone we 
shall be concerned. The student who desires information on the 
experimental laws of the rigidity of ropes may consult Coxe's 
translation of Weisbach's Mechanics of Engineering^ and of the 
CondrvMion of Machines, vol. i. p. 363 (New York, 1872). 

123.] Simple Machines. By simple machines are meant the 
Lever, the Inclined Plane, the Pulley, the Wheel and Axle, the 
Screw, and the Wedge. Of these, the Lever, the Inclined Plane, 
and the Pulley may be considered as distinct in principle, while 
the others are only combinations of pairs of these three. 

124.J The Lever. A lever is a solid bar, straight or curved, 
which is constrained to turn round a fixed axis. This fixed axis 

is called the fulcrum of the lever. 
It is usual to define three kinds of 
levers. If the fulcrum is between 
the efibrt and the resistance the 
lever is said to be of the first 
hind ; if the resistance acts be- 
tween the effi)rt and the fulcrum 
(as in a wheelbarrow, an oar, or a 
I'^g- H^ pair of nutcrackers), the lever is of 

the second hind \ and if the efibrt 
acts between the fulcrum and the resistance (as in the con- 
struction of the limbs of animals), the lever is of the third hind. 
In the last kind the effort is always greater than the resistance 
to be overcome, and levers of the third kind are therefore seldom 
employed. 

To find the efficiency of a lever, the wasteful resistance being 
friction — 

Let the effort P be applied at the point A (Fig. 146) in the 
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direction OA perpendicular to the axis, and the useful resistance at B 
in the direction 0£, also perpendicular to the axis ; let EDF be a 
section of the axis on which the lever turns, made by the plane of P 
and Q, the contact between the beam and its axis, although it may be 
very close, being still such that they can be considered as touching 
along a single line when the machine works. In this case (see Art. 
103) the reaction of the axis consists of a single force touching the 
circle of radius rsinA. concentric with EDF, k being the angle of 
friction for the lever and its axis ; and since this reaction must also pass 
through 0, its direction is obtained by drawing from this point a 
tangent to the circle. 

Let p and q be the perpendiculars from C, the centre of the axis, on 
OA and OB, respectively, and let to = LAOB. 

Then by moments about C, we have 

Pp = Qg' + iJr sin A. ; 



also J2= >/P2 + 2PCcosa) + e^; 

.-. Pp = QqJrr sin A. v'/'- + 2PQcosa)+6''. (1) 

If P|, is the value of P when friction is removed, 

Substituting - tj for -=- in (1), we have 



^^(l— rj) = rsinX vp^5j'' + 2j9g'cosco.7j + g'^ 
which gives for the efficiency 



q pq + r''cos a sin'X— r sin X Vp'+2pq cos a> + g"— r'sin'tosin'A. 
'^~p' q'-r^m^K 

If the coefficient of friction is smaH, we shall have, approximately, 



7) = 1 — — '/p^+2pq cos 6) + q^. 
pq 

HP and Q are parallel, to = 0, and rj = 1— F''(- + -)" 

If the lever is of the second kind, and P and Q parallel, o> = w, and 

ri = l—ixr(- ); and for a lever of. the third kind, we find easily 

in the same circumstances 

135.] The Inclined Plane. Let an effort, P, whose direction 
makes an angle with a rough inclined plane, be employed 
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to drag a weight Q up the plane. Then if A. is the angle of 
friction and i the inclination of the plane, 

sin (i + a) 



P=Q 



^{e-\) 



] 4- M tan 6 



1 + ju cot ^ 

126.] rixed and Moveable Pulley. Let a flexible string 
pass over a smooth fixed pulley (that is, a pulley whose axis is 
fixed in space), and let a weight W be Suspended from one ex- 
tremity of the string, while a vertical downward force P is 
applied at the other extremity. Then to raise W we must have 
P = W, and in the uniform working of the machine ^is raised 
exactly as much as the point of application of P is lowered. 

Suppose, on the contrary, that. one extremity of the string is 
fixed, that the string passes under a moveable pulley from which 
^is suspended, and that P acts vertically upward at the other 
extremity of the string. Then evidently P = \W; hence in the 
moveable pulley there is a gain in force. But in this case W is 
raised only half as much as the point of application of P ascends. 
There is, therefore, a loss in the expedition with which the work 
of raising the weight is performed. 

127.] Systems of Smooth Pulleys. We shall consider three 
difierent arrangements of pulleys, as exemplifying 
the Principle of Virtual Work. 

I. In the first system there are two blocks, A and B 
(Fig. 147), the upper of which is fixed and the lower 
moveable. 

Each block contains a number of separate pulleys, of 
the same diameter usually, each pulley being moveable 
round the axis of the block in which it is. (The figure 
represents a section of the blocks made by a plane per- 
pendicular to their axes, and the circumferences of the 
pulleys are projected on this plane.) A single rope 
(whose weight is neglected) is attached to the lower 
block and passes alternately round the pulleys in the 
upper and under blocks. The portion of rope proceed- 
ing from one pulley to the next is called a ply. In 
this arrangement the tension of the rope is throughout constant and 
equal to P, the force applied at the free extremity. The portion. 




Fig. 147. 
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of the rope at which the effort P, is applied, is called the tackle- 
fall. 

Let W he the weight to be lifted, and assume all the plies to be 
parallel. 

Then if n is the number of plies at the lower block, we shall 
obviously have, neglecting the weight of the block, 

nP=W. 
This result follows also by the principle of work. For if f denote 
the length of the tackle-fall, and x the common length of the plies, we 
have p + nx =■ constant, 

.■. dp + ndx = 0. 
But Pdp+Wdx=0, 

.: P=- W. 
n 

II. Suppose each pulley to hang from a fixed block by a separate 
rope. 

Let A (Fig. 148) be the fixed pulley, n the number of moveable 
pnUeys, and x^, cc^, ...a;„ the distances of the 
centres of these latter from a horizontal plane 
through the centre of ^. 

Then, p being the length (AP) of the tackle-fall, 
23'i+i' ^ const., 2£B2—ajj= const. 
2a5g— 352 = const. ... 2aj„ — a;,^j = const. 
Hence 2"x„ + 'p = const., therefore 

2''dx^ + dp= 0, 
and Wdx^ + Pdp = 0, 

.-. P=:^- 

2" 

III. Let a separate rope pass over each pulley, and let all the ropes 
be attached to the weight ^ , 

Neglecting the weights of the pulleys and ropes, \ 

we shall have, by resolving vertically for the equili- 
brium of W, 

W=P{\ + 2 + 2'+...+2'^^), 
the whole number of pulleys being n ; or 

2"-l 
The same result follows by the principle of work. 
For if the distance of W from a horizontal plane 
through the centre of the fixed pulley is denoted by 
y, and if the distances of the centres of the pulleys, 



P* 



w 



Kg. 148. 






w 



Fig. 149. 



counting from the fixed one, are x^, x^, ... , x^^, we have evidently 
y + »! = const., 2/ + JBj — 2 i»i = const. . . . , y-\- x„_i — 2 a!„_2 = const., 
2/-|-p—ce„_i= const. 
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Hence, multiplying the second equation by - 1 the third by — ^ i &c., 

and adding, we have 2"~*«/ +p = constant. Now the equation of work 
is Wdy +Pd{p + sb^-^) = 0, 

or {W+P)dy+2Pdp = 0; 

and 2''~^dy + d2)=0, 

.-. P= ^ 



2"-l 




128.] The Wheel and Axle. This consists of a horizontal 

cylinder, b (Pig. 150), moveable round two journals (or small 
cylinders projecting from the centres of its 
faces), one of which is represented in section at 
c; a wheel, a, is rigidly connected with the 
cylinder, and the journals rotate in fixed bear- 
ings. The machine is, in reality, a rigid com- 
bination of two pulleys, a and b, moveable 
about a common axis, c j and its theory is 
Fig. 150. precisely the same as that of the lever. The 

effort, P, is applied at the circumference of 

the wheel, and the useful resistance, Q, at the free extremity 

of a rope coiled round the axle. 

All wasteful resistances being neglected, the relation between 

P and Q is Pa = Q6, 

where a = radius of wheel, and 6 = radius of axle. 

The friction of the journal (whose radius is c) 
against its bearing being taken into account, the 
relation between P and Q is 




Pp= Qq + csin\-yP^ + 2PQeosco+Q^, 
0) being the angle between the directions of P 
and Q, exactly as in Art. 124 ; and the efficiency 
is the same as that investigated in the Article 
on the lever. 

Economy of force is attained in the wheel and 
axle by diminishing 6, the radius of the axle ; 
but in this Way the strength of the machine is 
diminished. To avoid this disadvantage a Differential Wheel and 
Axle is sometimes employed. In this instrument the axle con- 
sists of two cylinders of radii h and V (Fig. 151), and the rope, 
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wound round the former in a sense opposite to that of watch- 
hand rotation (suppose), leaves it (at the point b in Fig. 150), 
and, after passing under a moveable pulley to which the weight 
to be raised is attached, is wound in the opposite sense round 
the remaining portion (that of radius I') of the axle. The effort 
P is applied, as before, tangentially to the wheel. For the 
equilibrium (or uniform motion) of the machine, the tensions of 
the rope in hm and b'n are each equal to |- Q ; and taking moments 
round the centre of the journal, c, for the equilibrium (or uniform 
motion) of the rigid system consisting of the wheel and axle 
alone, we have p^^,^^j^_yy 

Thus, by making the difference b—b' small, the requisite 
effort can be made as small as we please ; but siuee the amount 
of work to be done is constant, this economy of force is accom- 
panied by a loss in the time of performing the work. For it is 
easily seen that if the wheel turns through an angle bd, the 
point of application of P will describe a space abd, and the 
weight will be raised through a space \{b — b')bO, which latter 
will be very small if b—V is very small. 

129.] The Screw. The screw consists of a right circular 
cylinder on the convex circumference 
of which there is a uniform project- 
ing thread, GE (Fig. 153), of a helical 
form. 

The helix is a curve traced on the 
circumference of a cylinder in the 
following manner. Take a sheet of 
paper on which are drawn two in- 
definite right lines, AB and AC, and 
let the paper be wound round the Fig. 152. 
cylinder in such a way that the line 

AB coincides with the circumference of the base ; then the other 
line, 'AC, will appear on the cylinder in the shape of a spiral 
curve which is called the helix. (Fig. 15a represents a projection 
of the helix on a plane through the axis of the cylinder.) 

A screw with a rectangular thread (which is that represented 
in Fig. 153) is obtained by making a small rectangular area, abed, 
move so that one side, ab, always coincides with a generating 
line of the cylinder, the middle point of a 5 describing the helix 
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and the plane of the rectangle always passing through the axis 
of the cylinder. 

If a small triangle is used instead of the rectangle, we should 
have a screw with a triangular thread. 

Let p and q be two points on the indefinite line AC, and draw 
pn perpendicular to AB and qn parallel to it. Then pq becomes 
a portion of the arc of the helix, and qn a portion of a section of 
the cylinder perpendicular to its axis, pn remaining a straight 
line coinciding with a generator of the cylinder. 

Hence the relation holding between the sides of the triangle 
pqn before the paper was wound round the cylinder will hold 
also after the winding. But if the angle between AB and AG 
is i, we have evidently 

fn = qn . tan i, 

pq=. qn . sec i. 

The thread G^ works in a block on the inner surface of which 
is cut a groove which is the exact counterpart of the thread. 
The block in which the groove is cut is often called the nut. 
It is clear, then, that if the screw moves in the nut until the 
pointy of the thread occupies the position q, the axis must move 
in its own direction through a space j»% and the angular rotation 

of the screw about its axis is — » r being the radius of the 
cylinder. 

Hence, if the angle ~ through which the screw turns is 
denoted by to, we have 

•pn = cor tan i, pq = tar sec*. 

If w = 2 IT, or if the screw make a complete revolution, any 
point on the surface of the screw describes a space 2 77rtanj 
parallel to the axis. This is obviously the distance between two 
portions of the thread measured on a generator, and is called the 
pitch of the screw. 

We shall consider the screw as driving a resistance Q applied 
in the direction of the axis, and the efi'ort, P, as applied in 
a plane perpendicular to the axis, at the extremity of an arm 
whose length measured from the centre of the axis is a. 

Suppose that the screw rotates through an angle co. Then 
the work done by P is Pa ai, and the work done against Q is 
^^•cotanj. 
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If no work is lost against wasteful resistance, we must have 

Pa = Qr tan i. 
If there is friction between the thread and the groove, let R be 
the normal pressure at any point p of the thread (acting towards 
the under side of pg in the figure), and ju R the friction at this 
point. Then, in a small angular motion, bca, of the screw the 
work done against the friction is ixR.pq (taking pq as an ele- 
mentary portion of the thread), or iJ,Rr5a>seci. Hence 

Pabo) = Qrb<i>ta,ni + ij.rb(aseei'2R, 
2 iZ denoting the sum of the normal reactions at all points of 
the thread. 

But, for the equilibrium of the cylinder, resolving along its 
axis, we have Q = '2{Rcosi—iJ,Rsmi), 

or Q = (oosi—ij,siai)'SR. (a) 

Hence, substituting this value of 2i2 in the previous equation. 
Pa = (^r tan {i + \), 
\ being the angle of friction. 

This result could have been obtained without the principle of 
work by combining with (a) the equation of moments round the 
axis of the screw. By taking moments round the axis, we have 

Pa = '2{R sin i + ixReosi)r, 
pr, Pa = r (sin i + iicosi)SR. (8) 

Dividing (^) by (o) we obtain the relation between P and Q. 
The efficiency of the screw is evidently 

tan 2 
tan (i + A) 

, . TT A. 

which will be a maximum when * = - — -. 

130.] Prony's Differential Screw. If A denote the pitch 
of a screw, the relation between 
P and Q when friction is neg- 



lected is [~^^ 

2PT!a = QA; 

therefore economy of force in ' 

overcoming a given resistance is 5'ig. 154. 

gained by making /* very small. 

But it is impossible to do this in practice, and to attain the result 

desired a differential method is resorted to. Let the screw work 
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in two blocks, A and B (Pig-. 1 54), the first of which is fixed and 
the second moveable along a fixed groove, n. Let h be the pitch 
of the thread which works in the block A, and // the pitch of 
that which works in the block B. Then one complete revolution 
of the screw impresses two opposite motions on the block B — 
one equal to h in the direction in which the screw advances, and 
the other equal to h' in the opposite direction. If, then, the 
resistance, Q, is driven by this block, we have by the principle 
of work „ _ y, ,1 ir\ 

and the requisite effort will be diminished by diminishing 
h-h'. 

131.] The Wedge. The wedge is a triangular prism, usually 

isosceles, which is used (as represented in the figure), for the 

purpose of separating two bodies, A and B, or parts of the same 

body which are kept together by some 

considerable force, molecular or other. 

The figure represents a section of the 
wedge made through the line of action 
of the effort, P, perpendicular to the 
axis of the wedge. Suppose that the 
line of action of P passes through the 
vertex of the wedge, and that slipping is 
about to take place ; then the total re- 
sistances of the surfaces A and B against 
the wedge will make the angle, A, of friction with the normals 
at the points, m and n, where they act ; but these points are 
indeterminate themselves. 

To find the efficiency of the wedge. Let the wedge be driven 
through a vertical space equal to dj), and let 2 a be its vertical 
angle. Then the useful work performed is the separation of A 
and B in directions normal to the faces of the wedge in contact 
with them ; in other words, the useful work is that done by the 
normal components of the total resistances, B. Now the point 
m moves vertically down through a space dp, and the projection 
of this displacement along the normal at m is evidently 

sma.dp. 

Hence the work done by the normal components is 

2^cosXsin adp, 




I'ig- 165- 



132.J T^p BALANCE, 193 

and the whole work expended is Pdp. Hence 

2i2cos\sina 
V= p 

But by resolving vertically for the equilibrium of the wedge, we 
liave P=2i2sin(a + A}; 

sin a cos \ tan a 
sin (a + A) ~/x + tan a 

Having given the theory of the simplest machines, we proceed 
to discuss a few of their most useful forms. 

132.] The Balance. The common balance is a lever of the 
first kind with two equal arms, from the extremity of each of 
which is suspended a scale pan, the 
fulcrum being vertically above the o\ 

centre of gravity of the beam when the Jti— — ' 

latter is horizontal. Let (Pig. 156) r^ <^ 

be the fulcrum, AB the line joining the 1 _ 

points of attachment of the scale pans Fig. 156. 

to the beam, G the centre of gravity of 

the beam, and let AB be at right angles to OC, the line joining 

the fulcrum to the centre of gravity of the beam. Then, if 

AC= CB= a, OC = A,OG=k,W= weight of the beam, and 

= the inclination of AB to the horizon when two weights, P 

and Q, are placed in the pans, we have for the position of 

equilibrium (by moments about 0), 

{P-q)a 

Now, the most important requisites for a good balance are 
SensiiiUty. 2txid, Stability. The first requires that the beam 
should ,be, sensibly deflected from the horizontal position by 
the smallest difference between the weights P and Q ; hence 
the sensibility may be measured by the angle of deflection from 
the horizontal posilion caused by a given difference, P — Q. 
The stability of the balance is measured by the rapidity of the 
oscillation of the beam when it is slightly disturbed, and will be 
greater the smaller the time of oscillation. Hence the in- 
vestigation of the stability of the balance is a kinetical problem. 

For sensibility, tan 6 must be as great as possible for a given 
value of P-Q,. Hence (1) a must be large, (2) h must be 

VOL. I. 
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small, (3) JF must be small, and (4) k must be small, i. e. the 
distance of the fulcrum from the centre of gravity of the beam 
must be small. The last condition is obtained in balances in 
which great sensibility is desired by making OC an axis along 
which a heavy nut moves with a screw motion ; by moving the 
nut towards 0, the centre of gravity of the machine can be 
made to approach the fulcrum. 

The time of a small oscillation can be shown (see Thomson 
and Tait, p. 423) to be proportional to the square root of 

where K is the radius of gyration of the beam about 0. For 
stability this must be small; it is evident that, with the 
exception of the third condition above, the conditions for sta- 
bility are the very reverse of those for sensibility. 

133.] Boberval's Balance. Roberval's Balance is an excel- 
lent illustration of the principle of work. 

Two equal bars, AB and CD (Fig. 
157), revolve round axes through their 
middle points, H and U, which are 
fixed in a vertical support^ UN; these 
bars are connected by smooth joints to 
two equal bars, AC and £D, and to 
these latter bars are rigidly attached 
two plates or scale pans, P and Q, the 
points of attachment being any what- 
ever, and one or both of the plates may 
lie towards the vertical support, or away from it (as in Fig. 157). 
Suppose P and Q to be the magnitudes of two weights 
placed in the pans P and Q, respectively. Then if for any 
displacement of the bars round the points H and E, the pans 
describe vertical spaces ^ and q, respectively, we shall have for 
equilibrium Pp-Qq=o. 

Now, the bars .^Cand £1), being always parallel to the fixed 
line HE, will be always vertical, and the vertical space through 
which one moves up is obviously equal to that through which 
the other moves down. Hence p = q, and we have for equi- 
librium r> — n 
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whatever he the lengths of the pans {provided their weights are 
neglected), whatever be their points of attachment to BB and AG, 
and whatever the points in the pans at which P and Q are placed. 

If the weights of the pans are taken into account, the same 
results follow if they are of equal weight. 

If the pan P were replaced by the pan P ', and the weight P 
placed at P', the other pan, Q, remaining unchanged, and the 
weights of the pans being either equal or neglected, equilibrium 
would still subsist — a result which seems at first sight very 
strange. 

If the lengths AH and HB, CE and BB are not equal, it is 

« TTTi 
easy to prove that - = =j i and the condition of equilibrium is 

P.EB= Q.HA. 

134.J Balance of Quintenz. This is a compound balance 
formed of a combination of several levers, and is used for 
weighing very heavy loads. This machine also furnishes an 
admirable example of the principle of work. 

AB (Fig. 158) is a lever moveable about its fixed extremity, A; 
MN is another lever moveable 
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about a fulcrum, F, fixed at its jir \ 

middle point ; CB is a moveable ' 

platform, which receives the 

load Q, whose weight is to be 

found; this platform is con- "' ii a 

nected with the lever MN by a Kg. 158. 

rigid vertical bar, BI, articulated 

at i> and /; and the platform further rests against the lever, 

AB, by an edge of contact at a fixed point, E, on the latter ; 

finally, the two levers are connected by a rigid vertical bar, BM, 

articulated to both. 

The weight, P, employed to measure Q is attached to the 
upper lever at N. Let the system receive any slight displace- 
ment, then the lever, AB, will turn round A through an angle 
he, suppose, and the lever MN will turn round F through an 
angle 8^. 

We shall arrange the dimensions of the machine in such a 
manner that the platform, CB, may remain horizontal in the 
displacement. The vertical descent of the point ff is evidently 

% 
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AH. hd, and this is also the vertical descent of the point in the 
platform above H. 

The vertical descent of the point D is the same as that of /, 
and this latter is obviously Fl.btp', hence if the platform 

remains horizontal, 

FI.b(l> = AH.b9. 

Again, the vertical descent of M is the same as that of £; 
or FM.b<l> = AJS.bd. 

Hence from these equations we have 
MF_SA 
Fl ~ ah' 
which is the condition for the horizontality of the platform. 

BA 
Denote -j-jj; by n. The equation of work is obviously 
AH 

P X descent of iV = Q x descent of B, 
.-. P.NFh^= Q.FIb<p, 

■■■ ^ = ^«' 
or the result is the same as if Q were suspended from the point 
I of the upper lever. 

Loads placed on the platform may all be weighed by means of 
a constant weight, P, by merely moving the point of suspension 
of this latter along the arm NF; thus, if P is suspended from 
the point K between N and F, we shall have 

P_ FI 
Q- FK' 

135.] Toothed Wheels. Motion may be transferred from 
one point to another and work done by means of a combination 
of toothed wheels, each one of which drives the next one in the 
series. The discussion of this kind of machinery possesses great 
geometrical elegance; but the space at our disposal renders it 
impossible to do more than give a slight sketch of the simplest 
case — that in which the axes of the wheels are all parallel. 

For the investigation of the proper forms of teeth, the student 
is referred to Willis's Principles of Mechanism, CoUignon's 
Statigue, and Resal's Mecanique Generate. 

Fig. 159 represents a toothed wheel, A^, moveable round a 
horizontal axis, ab; the effort P, is applied by means of a 
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handle, cd, which, when turned, causes the axis ab to rotate in 

its bearings at a and 6 and to turn the wheel A^; this wheel 

causes another, S^ , in contact with 

it, to rotate round a horizontal axis 

which also moves in fixed bearings *-(j3]r> 

at its extremities ; on this latter 

axis is fixed another wheel A^, 

whose rotation in like manner 

turns JBg.on its axis, which in the 

figure is the axis of a cylinder to 

which the resistance, Q, is attached. 

Suppose that there are n, wheels, A^, A^, ... A„, whose radii 
are a^, a^, ... a„, and n wheels, £i, B^, ... B„, whose radii are 
^1, b^, ...h„; and let be =p, and the radius of the cylinder 
(or wheel) to which Q is attached = q. Then, if wi , is the angle 
through which the radius bo revolves, the eflfort being always 
applied tangentially to the circle described by its point of appli- 
cation, the work expended is 

Fjo oDi ; 
and if <a„ is the angle through which, in the same time, the 
cylinder rotates, the weight Q will be raised through a distance 
qco„, and the work done against the resistance is 

Qqu>n. 
Supposing then that no work is lost either by the friction of the 
axes in their bearings, or by the friction of the teeth against 
each other, we must have 

P^coj = Qqw„, 
when the machine is moving uniformly. 

To determine the kinematical relation between to ^ and <»„, let 
the angle through which £^ turns be co^. Then, since the dis- 
tances described by the points of ^^ and B^ which are in contact 
are the same, «i toi , = b^ 6)2. Also if cog is the angle through 
which B2 turns, we have «2'^2 — ^2'*'3- Proceeding in this way, 
we have, by multiplying the corresponding sides of these equa- 
tions together, aj a^ ...«„. Wj = 3^ Jg • • • ^n • "n- 

Hence from (1) and (2), 

Q^P b-^b^.-.b^ ^ 

For the calculation of the work lost by the friction of the teeth 
among themselves see CoUignon's Statique, p. 468. 



CHAPTER IX. 

DETEEMINATION OF MUTUAL EEACTIONS OE PAETS OF A SYSTEM. 

136.] Action and Reaction. If in any system of bodies, 
connected in any manner, A and £ are two bodies in contact 
between which an action of some kind is exercised ; then, what- 
ever be the forces with which the body A acts upon the body B, 
the very same forces, reversed in directions will constitute the 
action of £ on A. Let the whole system of forces acting on A, 
excluding those produced by £, be denoted by (P), and let the 
forces constituting the action of J5 on ^ be denoted by [B) ; 
then we may sever the connexion between A and £, provided 
that we have other means of producing on A the sj^stem of 
forces (E). In the same way, if (Q) denote the whole system of 
forces acting on £, those constituting the action of A on it 
being excluded, the body, £, may be severed from A provided 
that we have the means of producing a system of forces {—R) 
on £, {~ B) denoting a system of forces obtained by reversing 
the direction and preserving the magnitude of every force in (E). 

For example, the beam CD (Fig. 130) may be severed from 
the other beam along any section, CS, provided that there be 
introduced on CD either the single force B acting through A, 
or the complex system of tensile and compressive forces which 
act at the section CB. This equality of magnitude and oppo- 
siteness of direction of the forces existing between two distinct 
bodies in contact, or between ideally severed portions of the 
same body, is sometimes spoken of as the principle of ike 
equality of Action and Reaction ; but it cannot be too strongly 
impressed on the student that it is by no means the whole of 
the Newtonian principle called by this name; for Newton 
specifies several senses in which the terms Action and Reac- 
tion can be taken, and in discussing one of them he has explicitly 
anticipated, in great part, the principle of the Conservation of 
Energy— as has been pointed out by Thomson and Tait. 
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137.] Examples of Internal Action. The eases which we 
shall consider in this chapter are those in which the action 
between two portions of a system ideally severed consists of a 
single force. The simplest example of such action occurs when 
a single point of one body rests against the surface of another, 
the bodies being either rough or smooth. If the bodies are 
smooth, the action between them consists of a single force 
which is normal to the surface of contact (see p. 47); and if 
rough, the action is still a single force which is not necessarily 
normal to this surface. In all cases in which smooth spherical 
joints or hinges are concerned, the action exercised on bodies 
connected by them consists of a single force passing through 
the centre of the joint. When rough joints are used, the action 
will generally consist of a single force acting somewhere outside 
the joint; or of a force and a couple acting at the joint; or, 
possibly, of a couple alone. The tension of a string is also an 
instance of internal action, and its nature has been already 
explained in Chap. II. 

Again, if we ideally separate into two portions by an arbi- 
trary surface a mass of a perfect fluid in equilibrium, the action 
of one portion on the other over a small area of the ideally 
separating surface will consist of a single force acting normally 
on the area. And we may always treat as a separate body any 
portion whatever of a fluid in equilibrium*, provided that we 
produce along the surface of this ideally separated portion all the 
forces which are actually produced on it by the fluid with which it 
was surrounded. It is by such separate consideration of portions 
of a fluid that we arrive at a knowledge of its internal forces or 
pressures. For example, if a heavy fluid, whether compressible 
or incompressible, of uniform or varying density, be contained in 
a vessel, we can prove that the pressure is the same at all points, 
P, Q, in the same horizontal plane. For, isolate in imagination 
a horizontal cylindrical column of the fluid, having small vertical 
and equal areas at P and Q for extremities, from the i"est of 
the fluid. Then, we may treat the cylinder of fluid PQ as a 
separate body, provided that, in addition to the external force 
(gravity) acting on it, we introduce the forces which it actually 

* It is usually said that we may, under the aboTe condition, imagine any por- 
tion of the fluid to become solidified ; but the imagined solidijimtion is not only 
wholly unnecessary but misleading to the student. 
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experienced from the surrounding fluid. Now these forces 
consist of normal pressures, p and q, on the areas at P and Q, 
together with normal pressures all over its curved surface, these 
latter being all at right angles to the axis PQ. If now we 
resolve horizontally all the forces acting on the cylinder, we get 
f—q = 0, or jB = ^. 

This demonstration shows, moreover, that in the case of a 
heavy viscous or imperfect fluid, the pressures are not necessarily 
equal at all points in the same horizontal plane. 

For, in this case, the action of the rest of the fluid on PQ 
does not necessarily consist of forces normal to its surface, but 
of oblique forces. Hence the horizontal component of the 
pressure at P is not equal to the horizontal component at Q ; 
the difference between them is equal to the sum of the hori- 
zontal components of the oblique forces. 

The importance of keeping such considerations in view may 
be illustrated by the following example from Hydrostatics. 

A conical vessel is filled with water through an aperture at 
the vertex. From Hydrostatical principles it follows that the 
pressure on the base of the cone is equal to the weight of a 
cylindrical column of water, standing on the base, and having 
a height equal to that of the cone ; that is, the pressure on the 
base is much greater than the weight of the water contained 
in the cone. Now if we imagine the water to become solidified, 
the curved surface of the cone may be removed, and the pressure 
on the base will be equal to the weight of the ice, that is, the 
weight of the water in the cone. An apparent discrepancy is 
the result. But if we attend to the proviso that in the separate 
consideration of the equilibrium of any portion of a system, solid 
or fluid, we must produce upon the isolated portion all the forces 
which were originally produced upon it by the neighbouring 
portions of the solid or fluid, the difiiculty disappears. In the 
fluid state the liquid in contact with the cm-ved surface of the 
cone was pressed normally by a system of varying forces, and 
the circumstances of the solidified body will not be the same as 
those of the fluid, unless its surface is pressed in precisely the 
same way. These pressures have a total vertical component, 
which must be added to the weight of the block of ice in order 
that we may obtain the true pressure on the base. 

The action between two portions of a perfect fluid ideally 
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separated by a plane surface of any area always consists of a 
single force which is normal to the area ; but the action between 
two portions of an elastic solid along a plane section is by no 
means so simple; the latter is not generally reducible to a 
single force. 

138.] Equilibrium of several Bodies forming a System. 
It will now be clear that when a system is composed of several 
bodies in contact with each other, we can consider the whole set 
as forming a single body in equilibrium under the action of 
given external forces ; or we may consider the separate equi- 
librium of any one body under the action of given external forces, 
and the reactions of the other bodies with which it is in contact. 
A few examples of such systems have already been given ; but it 
is proposed to devote the present chapter more especially to the 
consideration of such questions. 

Examples, 

1. Two uniform beams, connected at a common extremity by a 
smooth joint, are placed in a vertical plane, their other extremities, 
which rest on a smooth horizontal plane, being connected by a light 
rope ; find the tension of the rope and the reaction at the joint. 

Let AG and GB (Pig. 160) be the beams, W and W their weights, 
a and a' their incUiiations to the horizon, R and R' the reactions of 
the horizontal plane at A and B, and 
T the tension of the rope. 

If, then, we consider the two beams 
as forming one system, the mutual 
reaction at G and the tension of the 
rope will be internal forces of the 
system, and will therefore disappear 'j-ig_ ,60. 

.from the equations of equilibrium. 
The forces on this system are simply, W, W, R and R'. 

Kesolving vertically for the equilibrium of the system, 

R + R'=W+W'. (1) 

Again, considering the equiUbrium of the beam AC, the forces 
acting on it are W, R, T, .and the unknown reaction at G. This 
latter will be eliminated by taking moments about G. Thus we get 

2i? cos o = 2 Tsin a+ TTcos a, 
(the length of the beam dividing out), or 

R=Tta.na + iW. (2) 

Similarly, taking moments about G for the equilibrium of BG, 

R'=TUna'+iW'. (3) 
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By adding (2) and (3), and making use of (1), we get 

2 (tan a + tan a) 
Again, let X and T be the horizontal and vertical components of 
the reaction at the joint. Then, for the equilibrium of the beam AC, 

T-X=0, 
W+7-R=0. 
W+W 



Hence 



X = 



Y = 



2 (tan a + tan a') 
W tan a — TFtan a 



2 (tan o + tan a) 

If we wish to determine T by the principle of virtual work, let y be 
the height of the middle point of either beam, and we have 

- ( W+ W) dy -Td{AB) = (5) 

for an imagined displacement in which the beams are drawn out, 
while A and B remain on the ground. If AC = 2 a, BG = 2a, 
y = asm a, AB = 2 a cos a + 2 a' cos a'. Therefore 
dy = a cos ada, d{AB) = — 2a sin ada—2a' sin a' da' 

sin (a + a') 



= —2a 



da 



(since from the equation a sin a = a' sin a' we have a cos ada = a'cos a' da'). 
Substituting these values of dy and d (AB) in (5), we get the same 
value of T as before. 

2. Two equal smooth spheres are placed inside a hollow cylinder, 
open at both ends, which rests on a horizontal plane ; find the least 
weight of the cylinder in order that it may not be upset. 

Let Figure i6i represent a vertical section of the system through 
the centres of the spheres. Let P be the weight of the cylinder, a its 

radius, W and r the weight and radius 
of each sphere, R and R' the reactions 
between the cylinder and the spheres 
whose centres are and 0', respectively. 
Then, the only motion possible for the 
cylinder is one of tilting over its edge at 
the point A, in which the vertical plane 
containing the forces meets it. For, con- 
sider the equilibrium of the lower sphere 
which rests against the ground at D. 
This sphere is in equilibrium under the influence of R' (reversed in 
Fig.), the reaction of the upper sphere, S, acting in the line 00', its 
weight, W, and the reaction of the ground at D. Now, since three of 
these forces pass through 0', the reaction of the ground, whether the 
latter is rough or smooth, must also pass through 0'. Hence, if Q 
be the angle which 00' makes with the horizon, we have for the 
equilibrium of the lower sphere, resolving horizontally, 

B'^SaosB. (1) 




Pig. 161. 
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The upper sphere is in equilibrium under the action of R (reversed 

in Fig.), W, and S. Hence for its equilibrium we have in the same 

^ay. B = Scose. (2) 

.-. B = li'. (3) 

Again, the cylinder is in equilibrium under the action of S, E', P, 
and the reaction of the ground. Resolving horizontally for its equi- 
librium, we have the horizontal component of the reaction of the 
ground ^ R—R'-= 0. Hence, even if the ground is rough, there is 
no tendency to slip, and the only way in which equilibrium can be 
broken is by turning round A. 

Taking moments, then, about A, the point at which the reaction of 
the ground acts, we have for the equilibrium of the cylinder 

Pa + B^r = R{r+2rsin 0), 
or Pa = 2 Rr sine. (4) 

Again, for the equilibrium of the upper sphere, we have 

'^=cota. (5) 



W 

Substituting this value of R in (4), we have 
Pa = 2 Wr cos 9. 



(6) 



But evidently 
therefore, finally, 



cos 5 : 



P=2TF(1-^) 



3. A heavy beam is moveable in a vertical plane round a smooth 
hinge fixed at one extremity; a heavy sphere is attached to the hinge 
by a cord; the two bodies rest in 
contact; find the position of equili- 
brium and the internal reactions, there 
being no friction between the bodies. 

Let (Fig. 162) be the hinge, OA 
the cord by which the sphere is at- 
tached, 6 the inclination of the cord 
to the vertical, Cm, (j) the inclina- 
tion of the beam to the vertical, W 
the weight and r the radius of the 
sphere, I the length of the cord, a 
the distance between and G, the 
centre of gravity of the beam, and P 
its weight. 

Then, considering the sphere and 
beam as one system, this system is 
acted on by the given forces W and P, by the tension of the cord, 
and by the resistance of the hinge. The two latter forces will 
be eliminated by taking moments about 0. We have then 
W.Om = P. On, 




Fig. 162. 
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Om and On being perpendiculars from on the directions of W and 
P. But Om = [l+r) sin 6, and Ow = a sin (/> ; therefore 

W.{l + r)sia9=: P.asmcj). (1) 

This is the statical equation connecting' 9 and (/>; the geometrical 
equation is _ _ f 



sin COB = 



l + r 



or 



sin{fl + 4,) = ^ 



(2) 



(1) and (2) determine 6 and <^, and therefore the position of equili- 
brium. If E is the mutual reaction of the sphere and the beam, we 
have, by considering the equilibrium of the sphere alone, 

E = W Z\. - (3) 

Again, if the cord is attached to the hinge but not to the beam, 
and if X and Y are the horizontal and vertical components of the 
pressure of the beam on the hinge, we have for the equilibrium of the 

"^^^"^ .,^ sin 5 cos (b 

X= jttcos<p= W 77 — r\' 

^ cos(0 + <^) 



Y = P-Esm^ = P-W 



Hence, if S is the resultant of Xand Y, 



S''=P^-2PW 



sin 6 sin <}> 



+ W^ 



sin 8 sin (}> 
cos {6 + 41)' 



sin'd 



(4) 



cos{0 + <t>) ' " cos*(e + ^) 

Evidently S acts in the line OD, which joins the hinge to the point 
of intersection of P and R. 

If the cord is attached to the beam, X and Y are the components 

of the resultant of the tension of 
the cord and the pressure on the 
hinge. 

4. Two heavy uniform rods are 
freely jointed at a common ex- 
tremity, and are connected at 
their other extremities with two 
smooth hinges in the same hori- 
zontal line. Required the mag- 
nitudes and directions of the 
pressures on the hinges, and the 
mutual reaction between the rods. 
Let ^C and CB (Eig. 163) be 
the rods ; W and W their weights, 
acting through their middle points, /and g ; a and o' their inclina- 
tions to the horizon ; R the mutual reaction at C ; /S and aS' the 
pressures on the hinges A and B, G the centre of gravity of the 
system of two rods ; and 6 the inclination of R to the horizon. 



/ 


/ 


\c\ 


t* 

K. 


l^ 


m 


n 


X\s 


A 






B 



Pig. 163- 
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Consider the equilibrium oi AC alone. , It is acted on by three 
forces W, R, and S; and since we have drawn the line 00 to represent 
the direction of R, the direction of S must be Aq, q being the point of 
intersection of IT and R. By taking moments about A for the equili- 
brium of AO, we shall express R in terms of W, a, and ; and by 
taking moments about B for the equilibrium of BO, we shall express 
R in terms of W, a', iand 6; equating the two values of R thus 
obtained, we get a value for tan 6 which is obtained by dividing the 
value of Y by that of X in Example 1. 

Considering the two rods as one system, this system is acted on by 
the three external forceSf ^S", aS', and W+ W, acting vertically through 
G. Hence these must meet in a point, Q. 

It is evident that this problem is the same as that in Example 1 , and 
that if the reactions S and S' are resolved each into a vertical and a 
horizontal component, the horizontal components will be equal and 
opposite (by considering the two rods as one body and resolving 
horizontally). These horizontal components have each the value of 
the tension of the rope in Example 1, and the vertical components are 
the values of R and R'. Thus the problem might be completely solved 
analytically. 

Geometrical Solution*. The direction of the resistance at the joint C 
can be easily determined as follows : — From A and B draw two lines to 
any point, D, on the line QG ; let AD m6et qf in U, and let BD meet 
rg in H. Then the line ^ff will meet AB in 0, the point through 
which the line of resistance at passes. For, the triangles qrQ and 
EHB are such that the lines, Eq, DQ, Hr, joining corresponding 
vertices meet in a point (are parallel), therefore, by the well-known 
property of triangles in perspective (which has been given at p. 124), 
the intersections. A, B, 0, of corresponding sides must lie on a 
right line. Hence is determined, and therefore 00, the line of 
resistance. 

The direction of R can also be found thus geometrically : — 

Since qrO is a transversal cutting the sides of a triangle A QB, we 
have 

AO Aq Qr Am np Am np 

OB ~ qQ rB~ mm pB pB mn 

Am, gG AG cos a W 











pB "^ 


N~ 


^Ccosa' W 


ButiO = 


AC 


sin (a + 6) 
sine ' 


, and' OB ■ 


smfl 




therefore 






sin 


{a + 6) 


cos a 


W 










sin 


(a'-d) 


cos a' 


w' 






from which 


. we 


get the same value of tan 6 


' as before. 





* This elegant solution was suggested to me by Mr. Henry Eeilly. 
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5. A sphere and a cone, each resting on a smooth inclined plane, 
are placed in contact ; find the position of equilibrium of the system, 
and the reactions of the planes. 

Let the sphere rest on the 
plane OA (Fig. 164) whose in- 
clination to the horizon is a, and 
the cone on OB whose inclina- 
tion is a; let Jfand W'be the 
weights of the sphere and cone, 
R the mutual reaction between 
them, /Sthe reaction of the plane 
OA on the sphere, T the re- 
action of OB on the cone, and 
let y be the semivertical angle 
of the cone. 

For the equilibrium of the 
sphere we have 




Fig. 164. 



R=.W 



cos(a + a'— y)' 



and for the equilibrium of the cone 



.B=r'- 



From (1) and (2) we have 



cos y 



W 



W 



sin a 



cos(a-|-a'— y) cosy 



(1) 

(2) 
(3) 



an equation which, instead of giving a position of equilibrum, gives 
a condition to be satisfied in order that equilibrium may be at all 
possible. 

It is evident that (3) is the only statical equation that can be 
obtained without involving the unknown reactions. Hence, if it is 
satisfied, every position in which the bodies ai-e placed is one of equi- 
librium ; and if it is not satisfied, the problem must be radically 
changed, and one or other of the two bodies must rest in contact with 
both planes. Suppose the cone in contact with both planes. 

Here there are only three forces acting on the sphere, and there are 
four forces acting on the cone, viz. W', R, T, and F, the reaction of 
the plane OA, which is perpendicular to OA. R must now be 
detennined from the equilibrium of the sphere. Thus 



R= W 



sin a 



cos {a + a' — y) 

To determine F, consider the equilibrium of the cone, and resolve 
along OB. Then 

rr r TIT' • / Trr ^iu O COS y , , „ 

F=[W Bia a- W -. r-^ 1 oosec (0 + a'). 

cos(a + a— y)-* ^ ' 
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To_ determine the magnitude of T, resolve the forces on the 
cone in the direction OA. Then 

T = (W+W')- 



sin (a + a) 

The point N at which T acts is obtained by taking moments 
about for the equilibrium of the cone. We thus get 

T.ON= W'h (tan y cos a'-i sin a') + Br cot (- - EiLf^JlZ) , 

r being the radius of the sphere, and h the height of the cone. 

ON is obtained by substitut- 
ing in this equation the values 
of T and R given above, and it 
is geometrically evident that 
the point N lies between the 
foot of the perpendicular from 
P on OB and the foot of the 

perpendicular from the inter- « piv 

section of F and W on OB. ^S 

If the sphere is in contact ™ 

with both planes, the discussion '^" ' ^' 

proceeds in a similar manner. R is then determined from the 
equilibrium of the cone, T acts in the perpendicular from P on OB, 
and the reactions of the planes on the sphere are easily calculated. 

If the weight of the sphere be greater than the value 

cos (a-'rd—y) 




F'- 



sm a cosy 



given by (3), it is sufficiently clear that the sphere will descend to 

contact with the plane 

OB; whereas if it is less P 

than this value, the cone 

will descend. 

If the condition (3) is 
satisfied, the reaction T 
of the plane OB on the 
cone is easily found. For, 
let the directions of W 
and R meet in P; then 
T must act in the per- 
pendicular, TQ, from P 
on OB, and 

cos(a'— y) 



T= W 







Fig. 1 66. 



cosy 
Similarly B may be found. 

6. Two blocks, AG and^ BO (Fig. 167), rest against two fixed 
supports at A and B, and against each other at C ; each is acted on by 
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a given force (in addition to its weight) ; find the lines of resistance 
at A, B, C. 

Ana. Let the resultant of the weight of the block AC and the 
force applied to it be the force P ; let the resultant of the weight of 
BO and the force applied to it be Q ; and let the resultant of P and Q 
be R. Draw the line AB ; take any point, h, on R, and draw Ah and 
Bh, meeting P and Q'va.f and g, respectively. Then the line fg will 
intersect AB in 0, the point through which the line of resistance at 
passes. Draw OC", and let it meet P in i?" and C in G^. Then .4 i' and 
BG are the lines of resistance at A and B. (See Example 4.) 

When a system consists of 
a number of rods or bars 
articulated, or connected 
together by smooth joints, 
there will be exerted at 
the extremities of each rod 
certain forces, or reactions, 
which are produced by the 
connecting joints, and the 
calculation of the directions 
and magnitudes of these 
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Fig. 167. 



reactions forms an important part of StaticS as applied to the 
construction of framework. 

The joint connecting any two bars may be either a portion 
of one of the bars or a hinge-pin distinct from both bars, and 
the directions of the reactions at the extremities of a bar will 
depend on the manner in which the external forces are applied. 
Let us suppose that the joints at B and G (Fig. 167), which 
connect the bar BC with the neighbouring bars, are distinct 
from BG itself, and that the forces applied to the system act at 
and on the joints. Then the reactions produced at B and G on 
the bar BG act along this bar. For, the only forces* acting on 
the bar are the reactions of the joints B and C, and when two 
forces keep a body in equilibrium, they must be equal and 
opposite. Hence the reactions must act along BG. Suppose, 
however, that the forces, still applied at the joints, act on the 
extremities of the bar BG itself, and let Fig. 168 represent the 
bar apart from the joints. Let the forces applied to it be P and, 
Q. Now the smooth joints must produce reactions which act 



* The weight of the bar is supposed to be neglected. 
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on the bar through the centres of the joints (see p. 140). Hence 
BC is again kept in equilibrium by forces acting at its extremi- 
ties, and therefore the resultant of the forces at B must be a 
force acting in the direction BC 
or CB, and the resultant of the 
forces at C must be a force act- 
ing in the direction CB or BC. 
Hence the reactions produced 
by the joints cannot act along 
the bar, but must assume some 
such directions as R and S. ^'S- '68. 

Thus, in any system cf a/rticulated bars, when the external forces 
are applied at the joints, the reactions will be in the directions of the 
bars_ only when the external forces act at the joints on pins which 
are distinct from, the bars which they connect. 

140.] Theorem. When a system of articulated bars is in 
equilibrium under the action of external forces applied at given 
points in the bars, the statical condition of the system may be 
determined by resolving the force applied to each bar into any 
two components acting on the joints at its extremities, and then 
representing each joint as in equilibrium under the action of the 
components transferred to it together with reactions acting on 
it along the directions of the bars which it connects. 

Let Fig. 169 represent one of the bars detached from the 




-q" 




Fig. 169. 



Fig. 170. 



joints at its extremities, and let Fig. 170 represent the joint 
which connected the bars AB and BC (Fig. 167). If a force F 
is applied to BC, it is, of course, allowable to break it up into 
any two components, P and Q, acting on the bar. Let P and 
Q act on the bar at its extremities, and let R be the reaction of 
VOL. I. P 
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tlie joint at B on the bar, and S that of the joint at G. The 
bar is then kept in equilibrium by the forces P and B at B, and 
the forces Q and S at C. Hence the resultant of -P and R must 
be a force, T, along the bar ; that is to say, if the forces P and 
R act at any point, they produce a resultant T; or again, if we 
reverse the directions of R and T (as in Fig. 1 70), the forces P 
and T are equivalent to R. Now the joint was kept in equi- 
librium by the equal and opposite reactions^ R and R' (Fig. 170), 
of the bars BC and AB. But we have just shown that R is 
equivalent to the transferred component P of the force F and 
the reactfon T, acting along CB. In the same way, R' may be 
replaced by a component of the force K (Fig. 167) acting on AB 
and a reaction acting along AB. 

We may, then, replace the external forces, K, F,...{Yig. 167), 
which act on the bars by any system of components passing 
through the centres of the joints, and represent two equal and 
opposite reactions as acting at the extremities and in the direction 
of each bar of the system. But it must be remembered that the 
reactions thus calculated (such as T, Fig. 169) are not the total 
reactions at the joints. 

The reaction at the end of each bar, thus calculated, is the re- 
sultant of the total reaction at the joint and the component of the 
force acting on the bar which has been transferred to the joint. 

For example, the reaction along the bar AB is the resultant 
of the total reaction, R, and' the component of K which has been 
transferred to the joint B. 

The external forces, F, K, ... may be each broken up into two 
components passing through the centres of the corresponding 
joints in an infinite number of ways. In the calculation of 
reactions in framework it is usual to break each of them up into 
two parallel forces. 

141. J Triangular Framework, Graphic Calctilation. Let 
ABCi^ig. 1 71) be a system of triangular bars connected by smooth 
joints; and let given forces, P, Q, R, keeping the system in 
equilibrium, be applied at given points to the bars BC, CA, AB, 
respectively. It is required to find the reactions at the joints. 

The reactions on BC at B and C must, for the equilibrium of 
this bar, meet on P. Suppose that they act along aC and aB. 
Similarly the reactions on AB at A and B must meet on R. 
Suppose that they act in cA and cB. And let the reactions on 
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AC act in hA and IC. Then aBo is a right line, since ' action 
and reaction ' at B are equal and opposite. Similarly cA h and 
bCa are right lines. Hence abc is a triangle whose sides pass 
through three given points, A, B, C, and whose vertices lie on 



three concurrent lines, P, Q, R. This triangle is therefore found 
(Art. 97) by taking any point, r,onB; let rA meet Q in q, and 
let rB meet F in ji; let j)q meet AB in z; join z to C; then zC 
meets P and Q in a and b, while bA and aB meet ^ in c. We 
have thus found the triangle abc, along whose sides the reac- 
tions act. 

Let T^, T2, Tg, te the magnitudes of the reactions at A,B, C. 
T^ sin CaO _ Ob. sin aOb ac_ ac .Ob.B 

Then ^ = ^^^ ^^^ - -Q^--^^^a ab~ ab.Oc.q' 

be .Oa ca . Ob ab . Oe 
Hence T^iT^-.T, = -^- = -^ = —^- ■ 

If the perpendiculars of the triangle abc drawn from the ver- 

.^ Oa QB sin bOc 
tices are Pi,J)2,Pz, the actual magnitude ot i^ = — . ^3 1 



20a_ye.s-P.s-Q.^-B^ where *=!(-?+ <2 + ^) 5 



or • p 

Pi ^ 

with similar values of T^ and ^3. 

p a' 
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The triangle ale may be regarded as a funicular polygon of 
the given forces P, Q, Ti. 

142.] Deformable Polygon of Bars. Let a plane polygon 
of n sides be formed by n bars rigidly jointed together at their 
extremities, and let n forces, Pj, P^,...Pn, in the plane of the 
polygon, be applied, one to each bar at a given point in its length. 
Then if the force and funicular polygons of the given forces are 
both closed, the figure is in equilibrium. Now let the rigidity 
be removed from the joints, and let them become perfectly free. 
The system will no longer, in general, remain in equilibrium, 
because of the restriction now imposed on the internal force 
between bar and bar — viz., that it must act through their point 
of junction (see Art. 103). Let us suppose the polygon to remain 
in equilibrium and investigate the condition for this. 




Fig. 172. 



Pig. 173 represents a polygon of five bars acted upon by 
forces Pj, Pg , . . . Pg whose force and funicular polygons are closed. 

Consider the separate equilibrium of the bar Agj^A^^- It is 
acted on by three forces, viz., Pj and the reactions at its ex- 
tremities. These must meet in a point, c^. Similarly the re- 
actions at J^^ and A^^ must meet in a point, Cg, on Pg ; and the 
equilibrium of the joint Ag^_ requires that e^ Ar,^ c^ should be a 
right line, and that the components of Pj and Pg along it (the 
other components of these forces being along Cj A^^ and Cg A^^ , 
respectively) should be equal and opposite. Producing c-y A^^ to 
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meet P^ in Cg, and so on all round, we obtain a polygon 
Ci C2 Cg c^ Cj Cj which is a funicular of the given forces. Hence 
the necessary and sufficient condition of equilibrium of the de- 
formable polygon is that — li is possible to describe a funicular 
polygon of the given forces whose sides all pass, in order, through 
the joints of the deformaile polygon of bars. 

Analytical expression may be given to this condition by finding 
the locus of the pole of a funicular polygon two of whose sides 
pass through A^^ and A^, the locus of the pole of a funicular two 
of whose sides pass through A^^ and A^, and so on ; and express- 
ing that all these loci intersect in a common point, 0, which is 
the pole of the funicular which circumscribes the polygon of bars. 
By Art. 94 it is obvious that the locus of the pole of a funicular 
which passes through Jgj and A-^^ is a right line, OL-^ (Fig. 1 73), 
parallel to the bar A^^ A^^. Denote 
the length of this bar (to which the 
force Pj is applied) by ^W^ and de- 
note the segments, ^1^12 and i-i^^i, 
into which P^ divides it by ^2^^' and 
l^^\ the first being that adjacent to 
the vertex A^^, and the second ad- 
jacent to A^^. Then, in Fig. 173, 
taking the line ajj a^ as axis of y, -^ ^^^ 

and a parallel to the bar A^^A^^^^ 
through the point ag^ as axis of x, the equation of OL^ is 

where p^ is the length of the side agi ^12- '^^^^ ^^^^^ of course, 
divides the line «gi a^ into two segments in the same ratio as 
the segments, ^W and ^(i), of the bar A^^ A^^ made by Pj. 

If, in the same way, we take the line a,2 a,^^ as axis of y, and 
a parallel through «i2 *« the bar A-^^, -d^ as axis of x, the equation 
of OL^ will be 7 (2) 

where jt)2 is the length of a-^^a^, and l^^^^ is the segment, b^A.^, 
of the bar A^^ A^ adjacent to A^s made by Pg. And similarly 
we have the equations of the other lines OL.^, OL^, .... Transform- 
ing these into equations all referred to a common origin and 
axes, and expressing the condition that the co-ordinates of the 
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point of intersection of any two must satisfy tlie equations of all 
the rest, we obtain n — 3 new conditions of equilibrium of a deform- 
able polygon formed of w bars, each acted on by an assigned force. 

The analytical conditions are, however, more rapidly obtained 
by the Principle of Virtual Work. 

Thus, supposing the system to be in equilibrium, choose, a 
virtual displacement in which all the vertices except ^12 and A23 
remain at rest, i.e., let the bars A^^A^2 ^^^ ^34-^23 pivot round 
A^j^ and A^^, respectively. Remembering that the point of in- 
tersection, /, of ^5i-4j2 with A^A^^ (produced) is the instan- 
taneous centre for the bar A^^A^, we find with no difficulty the 
equation 

P P 

^) ^5''' sin 6^ sin A^ + ^ [l^'') sin A,^ sin (^2-^23) 

p 

- 4(2) sm ^23 sin (^2 + A2)] + p ^4'^' sin 0^ sin A^^ = 0, 

the angles of the polygon being denoted by the letters at the 
vertices. 

Now Pj sin flj is the component of Pj normal to the bar A^^ Ay^ 

p 
measured outwards from the polygon, and j^. would be the 

normal force per unit length if the normal component of Pj were 

uniformly distributed along the bar, so that Pj |jr- would be 

the total normal force over the segment b-^ A^y Denote this 

normal force over the segment b^ A^^, measured outwards from 
the polygon. Denote it by iV"^(3). And, moreover, if 4>^ denotes 
the angle Ib^ A^, while v(2) denotes the component of P2 per- 
pendicular to Zg ^2 measured towards the same side of this line 
as that from which 6^ is measured (i.e., the lower side of I^b^ in 
the Figure), this equation becomes 

sin^j2 sin 02 sin ^23 W 

The same type of condition is obtained for the three bars 

■^12 ;^23 ) ^23 ^34 > ^34 ^46 > ^ud for cach of the M — 2 systems of three 

similarly taken in succession. 

Special cases of deformable polygons of bars are treated inde- 



by N^W. In like case, P3 ,^ would be the total amount of 
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pendently in the examples following, and the student may verify 
the general results typified by (a) in these particular cases. 

143.] Polygonal Framework. We shall now consider a, frame- 
work of bars connected with each other by smooth pins at their 
extremities. The framework, moreover, is supposed to contain no 
superfluous bars, i.e., it contains just so many as are necessary to 
render its figure invariable. The principle of calculating the 
reactions of the bars in such a framework in general will be 
sufficiently understood from the discussion of the simple frame- 
work represented in Fig. 174. The graphic method here used 
is that which is usually employed in the calculation of the 
reactions in bridges; but in such structures the bars are so 




Fig. 174. 

numerous that the figures of graphic statics whjch apply to 
them are extremely complicated, without, however, involving 
any more of principle than is involved in a simple framework 
consisting of only a small number of bars. 

Fig. 174 represents a framework consisting of seven bars kept 
in equilibrium by forces applied at the vertices. These forces 
must of course satisfy the two graphic conditions of equilibrium, 
i.e., their force and funicular polygons must both be closed. Any 
three of them— suppose P3,P4,Ps— may be arbitrarily assumed 
both in magnitudes and in directions ; and, in addition, we may 
assume the line of action of P^. Then P^ and P^ are completely 
determinate, because we can construct the resultant of P3, P4, P5 
(Art. 92) ; produce the line of action of P^ to meet this resultant ; 
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join their point of intersection to the vertex 1, and this will be 
the line of action of Pj . Hence Pj and P^ are both known. 
Having thus completely determined the external forces and 

drawn their force polygon, «i5 «i2 ^23 *34 '''45 *i5 (^S- ^75)' ^® 

proceed to represent the equilibrium of each vertex separately. 

Each vertex is in equilibrium under the action of the external 

force at it and the reactions in the bars which meet in this vertex. 

HencCj it is obvious that 
•;./'" the external force is com- 
pletely equivalent to these 
reactions reversed, and 
therefore that it might be 
replaced by them in the 
force polygon of the ex- 
ternal forces. If then we 
J.; ,., choose to replace .any force 

— say P4, which is repre- 
sented by «34«4g — by the reversed reactions of the bars which 
meet in the vertex, 4, it is clear that the lines representing P^ 
and these reactions must, in Fig. 175, form a closed polygon. 
Denote this polygon by (P^, p^). Similarly the lines in Fig. 175, 
which represent Pg and the reactions in the bars which meet in 
vertex 5 must also form a closed polygon, (P5 , pg), say. And 
since one of these reactions — viz., that in the bar 45 which joins 
the vertices of P^ and Pg — belongs also to the previous polygon, 
(P4, P4), these two polygons must have one side in common. 
But in the force polygon of the external forces, the forces P^ 
and Pg have been drawn consecutively, i.e., they have a point, a^g, 
in common ;' hence the side common to tlie two polygons must 
pass through this point ; or, in other words, througla the point 
of intersect] on of any two consecutive forces in diagram 175 must 
be drawn a parallel to the bar which connects their vertices in 
Fig. 1 74 ; and, moreover, no other line can pass through this 
point, because in drawing the polygon (P^ , p^ only two forces 
are represented at each vertex, so that in this polygon we haye 
P4 and the reaction in bar 45 at the point a^^ ; and similarly only 
two forces are represented at this point in the polygon (Pg, p^, 
viz., the force Pg and the reaction just mentioned. 

Hence through each vertex, «i2, «23> • • • j of ^^^ force polygon of 
the external forces pass three and only three lines. 
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But, in addition to the vertices «j2, a^g , . . . in Fig. 175 which 
correspond to two forces in Fig. 174 and the bar joining their 
vertices, there will be other vertices, flja^, a^^, a^^^, through each 
of which pass also three, and only three, lines, viz., lines parallel 
to the bars forming the various triangles into which the frame- 
work (Fig. 174) is divided. That is to say, through asj^g will 
pass three lines parallel to the sides of the triangle 145 of 
Fig. 174. It is easy to see that the line in Fig. 175, which answers 
to the bar 45 in Fig. 174, must pass through the point of inter- 
section, flSj^, of the lines answering to the bars 15 and 54 
(Fig. 174). For we may replace the force P^ by its two com- 
ponents along 51 and 54 ; and, imagining these components to 
act at the vertices 1 and 4, respectively, suppress altogether the 
Ipars 51 and 54. This would give us two external forces at the 
vertex 1, and also tteo external forces at the vertex 4 ; but the 
two external forces must at each vertex be replaced by one. If 
this is done, the external force at the vertex 1 would, in Fig. 175, 
be represented in magnitude and sense by the line Aj^j a^^, and 
the external force at vertex 4 would be represented by the line 
«34 fli45 ; these forces would then be consecutive in the force poly- 
gon of external forces — which would be then ai43 <Zi2 ^23 "^34 *i45 — 
and 14 (Fig. 174) would be the bar joining their vertices in the 
framework. But we have just seen that the line answering to 
the bar 1 4 should be drawn through the point, asj^g, of intersection 
of the two (consecutive) external forces acting at vertices 4 and 1. 

Hence, then — Through each vertex in Fig. 175 pass three, and 
only three, lines, and these lines answer either to two consecutive 
forces and the bar joining their vertices, or to three hars forming a 
triangle in the framework. 

This removes any ambiguity which may arise in the construc- 
tion of the diagram representing the reactions in the framework. 

Thus, considering the equilibrium of the simplest vertices, 
viz., 5 and 3, in Fig. 174, we determine the reactions, «34a234' ^^^ 
a^gflj^g, in the two bars 43 and 45 which belong to the vertex 4. 
Then for the equilibrium of this vertex we draw a^^a^a^a^^, 
reaching the point a^^^, at which it is doubtful for a moment whether 
we are to draw a parallel to the force in the bar 42 or a parallel 
to the force in the bar 41— which are the two remaining forces 
acting on B. The consideration that the three lines to be drawn 
through ^145 answer to three bars forming a triangle, and that 
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since one of these lines, ^45 a^^, already answers to bar 45 which 
belongs to the triangle 451, decides the question in favour of 
the bar 41. Thus the doubt is removed. 

The force polygon of the external forces may be drawn in 
several different ways. Indeed, if our only object is to find the 
resultant of any number of forces acting on a rigid body, the 
sides of the force polygon may be drawn parallel to the forces in 
any order whatever. But in the calculation of the reactions in 
the bars of a framework we must observe the rule that in draw- 
ing the force polygon of the external forces no two forces are to 
he drawn consecutively unless their vertices are connected ly a bar. 
In other words, two consecutive forces in the force polygon cor- 
respond to two forces at the vertices connected by a bar ; but the 
converse does not hold — i.e., it is not true that the forces whicb 
act at every two connected vertices of the framework are con- 
secutive in the force polygon. 

For example, vertices 1 and 4 are connected, but their forces 
are not consecutive in Fig. 175. 

The force polygon might have been constructed by drawing, 
in succession, lines to represent P^, P^, P^, P^, P3. If the 
external forces are applied at given points in the bars, and not at 
the joints, they may all be replaced by components at the joints, as 
explained in Art. 140, and the calculation of the reactions which 
would thence result proceeds graphically as explained in this 
Article. The true reactions exerted at the extremities of each 
bar in the actual case — reactions which are not directed along the 
bars — can then be found as explained in Art. 140. 

The student who is desirous of studying the force diagrams of systems 
of frameworks, such as those which belong to Engineering and Archi- 
tecture, is recommended to study, in the first instance, Levy's Statique 
Graphique. An excellent work, treating very fully of the theory of 
reciprocal figures and their statical applications, is Favaro's Lezioni di 
Statica Grajica (Vadoya, 1877). For great elaboration of the subject 
Culmann's Die Graphische Statik may be consulted. 

144, Method of Separation of the Bars. Another method, 
which is often convenient in practice, consists in representing 
the bars as disjointed from each other, and replacing the reactions 
by rectangular components, parallel to chosen axes, at. their ex- 
tremities. A single example will suffice. Four equal uniform 
bars, AP, PC, CD, and BE (Fig. 176), are connected by smooth 
pins at P, C, D, and the extremities, A M, are fixed in a horizontal, 
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line by smooth joints ; it is required to find the position of equi- 
librium. 

Let a be the common inclination oi AB and EB to the horizon, 
and ^ that of GB and CB. 

Let Fig. 177 represent the bars AB and BC separated ; X^ the 
reaction at C, which is evidently horizontal ; Xj and Jj the com- 





Fig. 176. 

ponents of the reaction at B. These components act on AB in 
directions opposite to those in which they act on BC. Finally, 
let W be the weight of each bar. 

Resolving vertically for the equilibrium of BC, 

7^= W. 

Taking moments about C for the equilibrium of BC, 

2Z1 sin fi + JFcos j8 = 2 7^ cos /3, 

or -Zi = i rcot |3. 

Taking moments about A for the equilibrium of AB, 

{W+2Tj}cosa = 2XiSina, 

or, substituting the values of Zj and F^ from (2) and (l), 

tan a = 3 tan 13. 

With this equation must be combined the geometrical equa- 
tion which expresses that AB is equal to the sum of the hori- 
zontal projections of the bars. If the length of each bar is a, 
and the distaijce A£ = c, we have 

c= 2a(cosa + cos/3). (4) 

Equations (3) and (4) determine o and y3, and therefore the 
position of equilibrium. 

Graphically, a and ^ can be found from the intersection of a 
right line and a magnetic curve. 



(1) 



(2) 



(3) 
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Examples. 

1. A triangular system of bars, AB, BC, and CA, freely jointed at 
their extremities, is kept in equilibrium by three forces acting on the 
joints ; determine the reactions at the ends of each bar. 

Since the forces are applied directly to the joints, the reactions will 
act along the bars. Let P, Q, R denote the forces applied &tA,B, C 
respectively; let the reactions in the sides BO, CA, ABhe denoted by 
T'l, T^, T, ; and let the applied forces meet in a point 0. 
Then for the equilibrium of the joint G, we have 
^1 _ sin ^ CO _ a. OA. sin AOC 
¥^ ~ Bin BOO ~ b.OB. sinBOC' 

a, b, c being the sides of the triangle. 

BuiP:Q:E = Bin BOO : sin COA : sin AOB. Therefore 

1'.. a.OA.Q 

wrhToB-p' '' 

If is the centroid of the triangle, we know (p. 134) that 

P:Q:B^OA:OB:OG; 

therefore T^: T^: T, = a :b :c, 

or the reactions are proportional to the sides. 

If is the orthocentre (or intersection of perpendiculars), 

P:Q:It = a:b: c; 

therefore Tj : T^ : T^ = OA : OB : OC. 

2. A number of bars are jointed together at their extremities and 
form a polygon ; each bar is acted upon perpendicularly by a force 
proportional to its length, and all these forces emanate from a fixed 
point. Find the magnitudes and directions of the reactions at the 
joints. 

[This problem and the following elegant method of solution are due 
to Professor Wblstenholme.] 

Let AB and BG (Fig. 1 78) be any two adjacent bars of the polygon, 
and let P be the point from which emanate the forces, Pp, Pq, ... , 
acting on the bars. Then the reactions at the joints A and B, acting 
on AB, must meet in a point, j), on the line of action of the force Pp. 
Draw AQ and BQ perpendicular to the reactions in the directions A2) 
and Bp. Now since the sides of the triangle AQB are perpendicular 
to three forces which are in equilibrium, and since the side AB is 
proportional to the force to which it is perpendicular, the sides AQ^ 
and BQ are proportional to the forces to which they are perpen- 
dicular, that is, to the reactions at A and B, respectively. 
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Fig. 178. 



Let q be the point in which Bp intersects Pq. Then the forces acting 
on the bar BG must act in the directions qB, Pq, and qC. Draw CQ. 

In the triangle BQG the sides BQ, and BG are perpendicular and 
proportional to two of three forces in equilibrium ; therefore CO is 
perpendicular and propor- 
tional to the third, that is, 
to the reaction at G. In the 
same way it can be shown 
that the reaction at any joint 
is perpendicular and propor- 
tional to the line joining the 
joint to Q. This point Q is, 
therefore, a reaction centre 
for the system. It may be 
shown that the polygon of 
bars must he inscribable in a 
circle. For, since the angles 
at A and B are right, the 
quadrilateral ApBQ is in- 
scribable in a circle whose 
diameter is pQ. If at the 

middle point of AB a perpendicular be drawn to AB, it will pass 
through the centre of the circle, and will, therefore, bisect Qp. But 
this perpendicular is parallel to Pp ; therefore it bisects PQ in 0. 
Also, since the reactions at A and B are proportional to QA and QB, 
the same point Q must be determined by considering BG and the next 
bar, as was determined from the bars AB and BG ; consequently the 
point must be the same ; and since it is evident that OB = OC, ... , 
must be equally distant from all the vertices of the polygon, that 
is, the polygon must be inscribable in a circle. 

The reaction centre is therefore constructed by joining P to the 
centre of the circumscribing 
circle, and producing PO to q^^'S"--:— - -;? , 

Q, so that PO = OQ. \ '"'■--::::\-^s:. c 

3. The preceding construc- 
"iion can be extended to the 
case in which the forces acting 
on the polygon are equally 
inclined, but not perpendicu- 
lar, to the sides. 

Let AB, BG,... be sides of 
the polygon, and let forces 
proportional to the sides act 
in the lines Fb, Pc, ... so 
that /.PbB = IPcG = ... 
It is required to prove that 
for equilibrium the polygon 
must be inscribable in a circle, and to find the reaction centre- 




Fig. 179. 



The 



reactions at A and B must meet in a point on the force in Pb. If, 
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then, we draw at A and S lines, QA and QB, making with the direc- 
tions of the reactions angles equal to /.PbB, we shall have a triangle, 
QAB, the sides of which are each equally inclined to the corresponding 
force ; and, since AB is proportional to the force in Pb, it follows that 
QA and QB are proportional to the reactions at A and B. It is easy 
to prove that if through A and B any two lines, Ap and Bp, be drawn, 
meeting in a point on the right line Pb ; and at A and B lines, A Q 
and BQ, be drawn making with Ap and Bp, respectively, angles equal 
to PbB, the locus of ^ is a right line, ma, making Aa = Bb, and 
AmaB =■ /.mbA . Drawing the line Qd, in like manner, by making 
Cd = Be and LQdB = PoC, we obtain the point Q, which is the reaction 
centre. 

Now, since LPeC = LPbB, it follows that LbPa is the supplement 
of LB ; and since LQaA = LQdB, it also follows that LaQin, = tt — 5. 
Hence the quadrilateral wPnQ is inscribable in a circle, and this 
circle must pass through 0, the point of intersection of the perpen- 
diculars to AB and BG drawn at their middle points, since LmOn is 
also the supplement of B. Hence also 

LQPO = LQnO =^-ncC, and QO = OP. 

Again, the reactions .at A and B being proportional to QA and QB, 
the same point Q must be determined when BG and the next bar are 
considered. Hence the point is the same. But 

OA=OB = OG=...; 

therefore the polygon is inscribable in a circle. 

The point P being given, if the angle which the forces through it 
make with the corresponding bars varies, the locus of the reaction 
centre, Q, is a circle concentric with that round the polygon, its radius 
being OP. To construct the reaction centre, then, we describe a 
circle round as centre, having radius OF, and draw PQ making the 
LOPQ = the complement of the angle which the forces make with 
the bars. 

4. A system of heavy bars, freely articulated, is suspended from 
two fixed points, P and Q (Fig. 180) ; determine the magnitudes 
and directions of the reactions at the joints. 

Let the bars be denoted by the 

numbers 1, 2, 3, . . . , and let their 

weights be ^^^, W^, W^,.... 

Then transfer \ TF, and \ W^ to 

the joint connecting 1 and 2, 

which we shall denote by (1, 2). 

Transfer \ W^ and \ W^ to the 

Fig. 180. joint (2, 3) ; \ W^ and \ W^ to 

(3, 4), &c. Thus all the forces 

act at the joints. Lei T^, T^, T^, ... be the tensions acting along the 

bars 1, 2, 3,... on the joints, and let S^^, S^^, Sj,, ... be the total 

reactions at the joints (1, 2), (2, 3), (3, 4), .... for simplicity supjposQ 
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the bap 2 to be horizontal. Now, construct a force-diagram (Fig. i8i), 
by drawing a vertical line, AD, and measuring off 



AB = 



W,+ W, 



,BC = 



fl+Z».(72)_Zi±Z. 



2 2 

Also take BO parallel to the bar 2 and equal to 
the tension T^, which is the constant horizontal 
component of each of the tensions. The lines OA, 
00, OD,... will then be parallel to the bars 1, 3, 
4, ... and equal to the tensions in them. Hence, 
if a be the inclination of 3 to the horizon, 



tan DOB = 



tan a, 



and in the same way the inclinations of the other 
bars may be expressed in terms of the inclination a. 




Fig. i8i. 



Again, (Art. 140), the reaction S^^ is the resultant of 2\ and -—- 



W, 



5 

2 



Hence, taking j1 a = -~> Oa will be equal and parallel to S^^ 



W W 

Similarly, taking Bb = — ^ j and Oc = -^ 



the lines Oh and Oc will 



be equal and parallel to the reactions S^, and S^ 
the angle made by S^^ with the 



horizon = ^^r = 
-tstf 



The tangent of 
tan o. 



Similarly for the directions of the other reactions. 

If the weights of the bars are all equal, the tangents of the inclina- 
tions of the successive bars are tan a, 2 tan a, 3 tan a, ... and the 
tangents of the inclinations of the reactions are J tan a, f tan a, 
■J tan a, — 

5. Six equal uniform bars, freely articulated at their extremities, 
form a hexagon ABGDEF (Pig. 182). The bar 
ED is fixed in a horizontal position, and its 
middle point is connected by a string with the 
middle point of the lowest bar, AB, in such a 
manner that the bars hang in the form of a 
regular hexagon. Find, by a force-diagram, the 
tension of the string and the magnitudes and 
directions of the reactions at B and G. 

Ans. If W is the weight of each bar, the 
tension of the string = 3 IF" ; the reaction at G is 

W 
horizontal, and = / ; the reaction at .B = Wa / rrk' and makes 

with the horizon an angle whose tangent = 2 V^. 

6. Prove that the reaction centre for the bar EG is the intersection 
of a perpendicular to BG at G with the line joining the middle points 
of AB and BG. 

7. Three bars, freely articulated, form a triangle ABO, the centre 



A B 

Fig. 182. 



= Wl' 
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of whose inscribed circle is <9. Each bar is acted on by a force 

passing through 0, proportional to the sine of half the angle subtended 

by the bar at 0, and bisecting this angle. Prove that the reaction at 

A makes with OA an angle whose tangent is 

. A 
sin- 



B 



-""'^ 



(This is a direct example of the Theorem of Art. 1 40.) 

8. AB (Fig. 183) is a rigid bar whose weight is neglected fixed at 

one extremity, A,hj a smooth joint ; CD is another such bar fixed at G 

by a smooth joint, which is vertically below A, and jointed to AB at Z>. 

From B a given weight, F, is suspended ; find the magnitudes and 

directions of the reactions at the joints. 

Ans. The reactions at C and B are along CD, and each 

AB CD 
= P • -rrr—r-R', the reaction at A is in AG, being the intersection 
AC. AD ° 

of CD produced with the vertical through B, and 



= F. 



'>/ABKAD^ + AC\BD^ 




Fig. 183. 



ACAD 

9. In example 5, if the bars BC and CD, AF and FE, are replaced 
by any bars all equally inclined to the hori- 
zon, show that the reactions at C and ^ will 
still be horizontal. 

[One simple proof of this is obtained by 
taking moments about B for the equilibrium 
of BC, and about D for the equilibrium 
of CD. It follows then that the perpen- 
diculars from B and D on the line of action 
of the reaction at G are equal.] 

10. Two uniform heavy bars are freely jointed at a common ex- 
tremity, and are fixed at their other extremities to two smooth joints 

in a vertical line ; find the reactions at the joints. 
Ans. Let G (Fig. .1 84) be the centre of gravity 
of the bars, m and n their middle points. It follows, 
by taking moments about A and C for the equi- 
librium of the bars separately, that the segments of 
AC made by the line of the reaction at B are pro- 
portional to the weights of the bars. Hence, taking 
ng = mG, the reaction acts in the line gB. The 
reactions at A and C act, therefore, in Ag and Gg. 

If W is the weightof ^5, the reaction at J?= ^ IF— - 




Fig. 184. 



aA B'"' 

and the reaction a,i A = \W^~. Hence the reactions at A, B, and C 

gn ' ' 



are proportional to gA, gB, and gC. 



144-] EXAMPLES. 225 

11. The regular hexagon of bars in example 5 rests in a vertical 
plane, the bar AB being fixed in a horizontal position, and the joints 
i'and C are connected by a string; find the tension of the string, and 
the reactions acting on the bar FE at its extremities. 

Am. The tension = TTv^S (JF being the weight of each bar); 

W /l /5 

the reaction at ^ = — a / - , and it makes with FE sin-^ i A / - ; 

Z V a V 7 

w /sT /~^ 

the reaction at i?" = — - a/ _- , and it makes with FE mr^\ A / — • 

12. Four equal uniform heavy bars, freely jointed together at their 
extremities, form a square, ABGD ; the joint A is fixed, while the 
diagonally opposite joints B and D are connected by a string, and the 
whole system rests in a vertical plane, the string being horizontal ; 
find the tension of the string and the magnitudes and directions of 
the reactions on the bars at 4, 5, and C. 

Ans. The tension =■ 1W; the reaction at G is horizontal and 

■=\W\ the reaction on the bar BG at B makes with the vertical tan"^^, 

V'5 
and = ^—^ j the reaction on AB at B makes with the vertical tan~'f , 

■v^lS 
and = W — - — ; and the reaction on AB at A intersects the line BB at 

a distance \BB from B, and is equal to \ W. 

13. Six equal uniform bars, freely jointed at their extremities, form 
a regular hexagon, ABGDEF; the joint D is connected by strings with 
the joints F, A, and B, and the system hangs in a vertical plane, the 
joint B being fixed ; find the tensions of the strings and the reactions 
at the joints. 

Ans. If W ■= weight of each bar, the tensions in the strings DB 
and DF are each W'/s, and the tension in DA = 2 17. Also, sup- 
posing the strings to be connected with pins distinct from the bars, 
the reactions at C and E are vertical and equal to \ W, the reactions 
at B and F, on the bars AB and AF, are horizontal and equal to \ WVz, 
and the reactions at A, on the bars AB and AF, are each equal to 
J WV7. These latter reactions act in the lines drawn from A to the 
middle points of the two vertical bars, BG and FE, respectively. 

14. Two uniform heavy bars, AB and BO, connected by a smooth 
joint at B, rest each on a smooth vertical prop, the props being of the 
same height ; find the position of equilibrium, ABG being horizontal. 

Ans. If W and 2 a are the weight and length of AB, W and 25 
the weight and length of BG, c the distance between the props ; then 
X, the distance of the middle point of AB from the corresponding 
prop, is given by the equation 
{W+ Tr)a?+[{W+ W'){c-a)- W\a + h)'\x- Vaip-a-h) = 0. 

VOL. I, Q 
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15. ABC IB an isosceles triangular framework of heavy bars jointed , 
together at the vertices, the equal sides are A and BC ; the extremities 
A and CB rest on two smooth vertical pillars of equal height, the 
plane of the triangle being vertical ; a weight P is suspended from 
the joint G; find the reactions at the joints. 

Ans. Let W = weight of ^C = weight oi BC ; a = LCAB; 
then the reaction on AC at C makes with AG an angle 6 such that 

tan 6 = — — =7 — ;— ) the horizontal and vertical components of this 
P+Wcos'a ^ 

reaction being, respectively, ^(P+W) cot a and J P. The reaction 
between the bars AC and AB has for horizontal and vertical com- 
ponents, respectively, ^{P+W) cot a and W+ J P. 

16. Three uniform bars, AB, BC, CD, freely jointed at B and G, 
are attached by smooth hinges to two points A and D in the same 
horizontal line, the lengths of AB and CD being equal ; a fourth 
uniform bar, HF, rests horizontally against AB at H and against CD 
at F ; find the reactions at the joints and hinges. 

Ans. Leto =IDAB; AB = GD = 2a; BC=2b; EF = 2c; 

. P = weight oiAB = weight of CD ; Q = weight of BC ; W = weight 

of FF. Then the horizontal component of reaction at A 

fy , g 5 ^ 

= ^-s-(-5 cos'a)-^(P+e)cota; 

sin2aV2acosa j i\ t-i 

vertical component of reaction at.4 = P + J(§4-TF); horizontal com- 
ponent at jB = J TT tana— (previous horizontal component); vertical 
component at .B = \Q. 



CHAPTER X. 

EQUILIBKIITM OF ROUGH BODIES UNDER THE INFLUENCE OF 
FORCES IN ONE PLANE. 

145.] Criterion of the existence of Prietion. We have 
already learned to regard Friction as a passive resistance ; and 
every passive resistance comes into existence for the purpose of 
stopping some motion. Thus, the normal reaction of a surface 
on a body in contact with it comes into existence for the pur- 
pose of preventing the body from penetrating the surface at the 
point of contact ; and if the circumstances of the case were so 
arranged that there was no tendency to this penetration, the 
magnitude of the force (normal resistance) required to prevent 
this motion would be zero. 

Friction comes into existence for the purpose of preventing a 
certain motion — motion in the tangent plane — of a body resting 
against a rough surface. If the circumstances in any case of 
two rough bodies in contact are such that there is no tendency 
to slip at their point of contact, the force required to prevent 
this motion (friction) will not come into existence. 

(Grenerally, in the case of all passive resistances, if there is no 
tendency to the displacement which a passive resistanee is required 
to prevent, this force will not come into play. 

Hence in many cases of contact between rough bodies the 
conditions and circumstances are exactly the same as if the 
bodies were smooth; and to find wheth.er in the contact of 
two bodies friction acts or not — imagine that the bodies were 
smooth at their point of contact, and if no displacement would result 
from this supposition, friction does not come into play at. that point. 

In illustration of this consider the problem in Example 24, 
p. 155. How would the circumstances be altered if the peg Q 
were rough ? 

The peg being rough, let it be imagined to become smooth, 
and what motion occurs ? Clearly none, supposing the board to 
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be rigid. Hence as there is no tendency of the side AB to sh'p 
over the peg, there is no friction called into play, and the case is 
the same as if the peg were smooth. Eut if the board is not 
rigid, the forces acting can bend its fibres and elongate or 
contract them ; and if we imagine the peg to become smooth, 
it is possible that (even a very slight) slipping might ensue at 
the peg, and as this slipping is prevented by the roughness, the 
force of friction really acts in the case, and the pressure on the 
hinge is modified by the assumption of smoothness at the peg. 

However, even when the board is elastic, it is possible that no 
friction is called into play, as will be explained in Art. 152. 

Rankine's hint that friction is analogous to shearing stress 
has been already pointed out. 

146.] The Cone of Friction. The essential characteristic of 
a smooth surface is that it is capable of 
resisting in a normal direction only. If 
two rough surfaces are in contact, their 
mutual reaction is not constrained to 
assume a direction normal to the sur- 
face of contact. Each surface is capable 
of ofiering resistance to the other in any 
Fig. 185. direction which does not make with the 

normal to the surface of contact an angle 
exceeding a certain magnitude. Thus (Fig. 185), let two rough 
bodies, A and £, be in contact' at any point, P, and let PJSf be 
the normal to the surface of contact. 

Let A denote the greatest angle that the total resistance at P 
can make with PN^, or, in other words, the greatest obliquity of 
the mutual reaction ; then, describing round PW a right cone, 
CQI), whose semivertical angle, NPD, is equal to A, this cone is 
called the cone of friction, and the total resistance at P can act 
in any direction whatever included within this cone. This 
angle A. is what we have called in Chap. Ill the angle of friction, 
and its tangent is the coefficient of friction for the two surfaces 
considered. For, if M^ denote the normal pressure between 
them at P, and P the force of friction (which acts in the 
common tangent plane), it is clear that when the resultant of 
-Sj and V acts along any generator, PL, of the cone, we have 

T 

-5- = tan iVPZ) = tan A, 
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SO that tan \ is the greatest ratio of the force of friction to the 
normal pressure. This quantity we have called jii. 

If a rigid weightless rod, M (p. 47), be pressed against a 
rough surface at 0, the greatest angle that the rod can make 
with the normal is the angle of friction. For, since the rod is 
acted on by only two forces, viz., the applied pressure and the total 
resistance at 0, these must be equal and opposite, or along the rod. 
Hence the greatest obliquity of the rod to the normal is A. 

If the resistance to slipping is not the same in different 
azimuths, i. e., if it is different in different planes through the" 
normal, the value of A will not be the same in all these planes, 
and the cone of friction will not be a right circular cone. 

147. Axiomatic Law of Friction. We have said that the 
total resistance of a rigid surface is a force which can assume 
any magnitude. This force will in any given case be exerted 
by the surface to such an extent as is necessary to preserve equi- 
librium, but to no greater extent. It is in its nature a passive 
resistance, i.e., one which can be exerted to any extent, but 
which will not be exerted beyond the bare requirements' of the 
case. Within certain limits, also, as we have seen, it can 
assume any direction, and in any given case it will, if possible 
assume such a direction as will preserve equilibrium. In fact, 
in virtue of its passive nature, we must regard the resistance of 
a rough surface as an opposition called into existence by the 
action of external forces ; and it seems clear that these forces 
will call into play only that amount of opposing force, exact 
both in magnitude and in direction, which will just counteract 
their own action. 

The amount of assumption contained in this principle is 
enunciated in the following axiom : — 

TAe total resistance which acts at any point of a rough surface 
will, if possible, assume such a magnitude and direction as will 
preserve equilibrium at that point. 

This axiom' is sometimes expressed thus : — If passive resistances 
can give equilibrium, they will. 

148.] Hemarks on this Axiom. Two important observations 
must be made on the principles contained in this axiom. 
Firstly, it is important to understand the circumstances which 
may render it impossible for the resistances of rough surfaces to 
preserve the equilibrium of a system in any given position. 
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' Suppose that a body, acted on by given external forces, is in 
contact with a rough surface at a single point, P. Then, for 
equilibrium, it is necessary that the resultant of the given 
external forces should pass through P, and that the total re- 
sistance at P should be equal and opposite to this resultant. 
But if the direction of the resultant makes with the normal 
to the surface of contact at P an angle > A, it is impossible that 
the total resistance could take the required direction, and equi- 
librium cannot subsist. 

Again, take the case in which a heavy beam, AB (Fig. 1 86), 

rests against a rough horizontal and 
an equally rough vertical plane. 
Describe round the normals to the 
planes at A and B the cones of 
friction, and let the sections of 
these cones by the plane of the 
figure be rAs and pBs. Let G be 
J,, jgg the centre of gravity of the beam, 

and GTthe vertical line through it. 
Then the beam, if in equilibrium, is so under the action of 
three forces, namely, the weight through Q and the total 
resistances at A and B. These three forces must meet in a 
point, and if it be possible to find a point in which they can 
meet, the resistances will assume proper values. Now, in the 
figure it is impossible to find any point on GV, the line of action 
of the weight, the lines drawn from which to A and B could be 
directions of possible resistance at hotli A and B. For the 
portion oi GV which is inside the cone of friction at B is 
outside the cone of friction at A, and vice versa. Hence, for 
equilibrium, there must be some portion of the line GV included in 
the space pqrs, common to loth cones of friction. 

Unless this condition is satisfied, it is not possible for the 
total resistances to give equilibrium, whatever their magnitudes 
may be. A possible position of equilibrium is represented in 
Fig. 187. For, if from any point on the portion, mn, of GV, 
which is included in the space common to both cones of friction, 
lines be drawn to A and B, these lines are possible directions of 
total resistance at A and B ; and in this case the actual magni- 
tudes and directions of the resistances at A and B cannot be 
determined by what is called Rational Statics. 
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If it be proposed to find the position of limiting equilibrium, 
that is, the position in which the beam is bordering on motion, 



^'^^ 





Fig. 1 88. 



we must make the vertical through G pass through r, as in 
Fig. 1 88. 

In this case tbere is only one point on GV which is inside 
both cones of friction, viz., the point r. Hence. the total re- 
sistances act in rA and r£, and each makes the limiting angle 
(A) with the corresponding normal. Moreover, both resistances 
are now determinate. If fl be the angle made by the beam 
with the horizon, we have, from the triangle ArB, 
2 cot rGS = cot Ar G— cot £rG, 



or 



2 tan d = cot A— tan A, 



which defines the position of limiting equilibrium. 

It may, therefore, in certain cases be impossible for the total 
resistance at one or more points to preserve equilibrium; and 
this impossibility is always due to something in the arrangement 
of the figure or the external forces which requires the direction 
of the resistance to make with the normal to the surface of 
contact an angle > the angle of friction. 

Again, in the axiom' is contained the following important 
proposition : — 

^a iody rests against a rough surface at a point, and if the 
eqttilibrium is about to he broken by some change in the acting forces, 
equilibrium at that point will, if possible, be broken by a rolling 
instead of a sliditig motion. 
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For, in this case, the point of the body actually in contact 
with the surface would be kept at rest. This part of the axiom 
is sometimes stated thus — Jf a body can roll, it will roll, in 
preference to slipping. Exactly the same considerations as before 
determine the possibility or impossibility of the rolling motion. 
Such a motion will always take place if it does not require the 
. total resistance to make with the normal to the surface of con- 
tact an angle > A. 

For example, let us discuss the following problem : — 

A heavy cubical block rests on a rough 

horizontal plane, and a string attached to 

the middle of one of the upper edges passes 

over a smooth pulley, and sustains a 

weight which is gradually increased. Find 

the nature of the initial motion cf the 

block, the string and the vertical through 

Fig. 189. the centre of gravity of the block being in 

the same vertical plane. 

Let ABC (Fig. 189) be the vertical plane in which all the 

forces act; CO the line of the string, intersecting the 

vertical through the centre of gravity of the block m 0; P the 

suspended weight, and W the weight of the block. (Since the 

length of the string is immaterial, no linear magnitude can 

enter into the result, therefore the side of the block need not be 

known.) 

Now in all such cases as this, it is necessary to observe the 
following rules : — 

1. Write down the motions of the system which are geo- 
metrically possible. 

2. Exclude those which would obviously violate any of the 
fundamental rules of Statics. 

3. If there remain possible cases of slipping and rolling (or 
turning over), solve the problem on the supposition that equi- 
librium is broken in the latter way, and if this does not require 
too great a value of the angle of friction, equilibrium will be 
broken in this way. 

In the present case, the following motions are geometrically 
possible : — 

(a) The block may be lifted vertically off the plane. 
(^) It may turn round the edge A. 
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(y) It may slide in the direction AB. 
(8) It may turn round the edge S. 

Now (a) is obviously excluded, because if the block is just out 
of contact with the horizontal plane, it is acted on by only two 
forces, namely, its own weight and the tension of the string. 
But since these cannot be equal and opposite, equilibrium cannot 
be broken in this way. 

Suppose (/8) to happen. Then the total resistance of the plane 
passes through A and through 0, But it is impossible that 
three forces acting in the directions of AO, OC, and OJF could 
be in equilibrium. Hence (y3) is excluded. 

The cases (y) and (8) remain. Now in virtue of the principle, 
if (8) is possible, it will happen. Solve, then, on the supposition 
that the block turns round £. It is then kept in equilibrium 
by its weight, the tension, and the total resistance which must 
act in £0. If the Z C£0 is less than X, the angle of friction, 
the block will turn round £ ; but if CJBO > X, this motion is 
impossible, and slipping must take place in the direction A£. 

To express this analytically, let 6 be the angle made with the 
horizon by the string OC, and let fall from a perpendicular on 
£C meeting £C inj). Then 

UnC£0 = S^= ^^ - '— 



Bp £C- Op. t&ne 2 -tan 9 
Hence if ju (or tan \) be > - — 7 — 5, the block can turn round 

A — XSfXl V 

£, and will do so if P is gradually increased. 

The magnitude of P which will just cause the tilting of the 
block is found by taking moments about £. We evidently 
obtain P=^WsGce. 

Suppose that CBO>k, or that jn < ^_^^q - Then the in- 
crease of P will produce a sliding motion, and we can easily find 
the magnitude and point of application of the total resistance of 
the plane. Now since CBO > A, the point, M, of application of 
the total resistance of the plane, is found by drawing from a 
line OM making with the normal to the plane an angle = k. 
The point ilf lies between B and the point in which the vertical 
through cuts AB. P can then be determined either by taking 
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moments about M, or by resolving vertically and horizontally. 
Resolving vertically, we have, 

^cosX= W—Psmd; 
resolving horizontally, 

^ sin A. = P cos ^ ; 

P cos 5 „ IX W 

= }!., or P = 



/I 



■■ r-Psin^ r. " - cose + fxsinfl 
The direction of the string might be so modified as to render 
possible either a sliding in the direction BA or a tilting over A. 
Thus, in Fig. 190, if the line of the string intersect the line 
of action of the weight in a point, 0, below the horizontal plane, 
the two motions possible are evidently one of slipping in the 
direction AB and one of tilting over the edge A. The latter 
will take place if it can. If it does, the total resistance must 
act in the line OA, and for this the angle BAB must be < A. 
But if BAB is > A, the block will slip in 
the direction AB, since the horizontal 
component of the tension acts in this 
sense. The condition for tilting over A is 
now evidently 

1 
'* ^ tan 0-2' 
^ The values of P corresponding to both 

,-^ kinds of motion are calculated as before. 

j>ig jgo 149.] Limiting Positions of Equi- 

librium. When a body rests in contact 
with any number of rough surfaces at several points, the equi- 
librium is said to be limiting if a slight alteration of a definite 
kind in the circumstances of the body would cause the equi- 
librium to be broken. The slight alteration referred to depends 
on the nature of the particular problem of equilibrium. As has 
been explained in Art. 51, p. 67, every statical problem relating 
to the equilibrium of a body is always one or other of the three 
following : — 

(a) What is the least force that will sustain a body in a given 
position on given surfaces, or the greatest force that will allow 
it to rest in such a position ? 

(l) With given forces and given supporting surfaces, what is 
the position of equilibrium such that if this position be slightly 
altered, the body will not rest ? 
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(c) With given forces, what is the least amount of roughness 
of the surface or surfaces which will allow the body to rest in a 
given position ? 

Thus in Fig. 189 of the last Article, supposing that the 
angle CBO<\, the equilibrium of the block will be limiting 
if -P = i ^sec 6 ; for if P is slightly increased above this value, 
the block will turn over B. 

Again, in Fig. 188 of the same Article, supposing the question 
to relate to the position of equilibrium, the beam AB will be 
in limiting equilibrium if its inclination to the horizon be 

1 2 

= tan-^ y— — j , because if it be slightly lowered below this 

position, it will slip. 

Finally, if in the same figure we wish the beam to be sus- 
tained at any inclination a to the horizon between the equally 
rough vertical and horizontal planes, the equilibrium will be 

limiting if the angle of friction = ^ — -^ , because, if it be less 

than this, the beam will slip. 

150.] Comparative Safety of Equilibrium of a System at 
different Points. When in a system in equilibrium the direc- 
tions of the total resistances at the various points of contact 
with rough surfaces are known, we are enabled to say at which 
of the points slipping is most likely to happen in ease some of 
the circumstances should be altered. 

This will be rendered clear by the following examples, taken 
from Jellett's "Theory of Friction," p. 61 :— 

Two uniform beams, AC and BC, connected at (7 by a smooth 
hinge, are placed, in a vertical plane, with their lower ex- 
tremities, A and B, resting on a rough horizontal plane. If 
equilibrium be on the point of being broken, determine how this 
will happen. 

Fig. 163, example 4, p. 204, will represent the beams if the 
hinges at A and B are conceived to be removed and these points 
rest on the ground. Then, exactly as in that example, the 
direction of the mutual resistance at C is determined. Supposing 
AC to be the longer beam, it is clear that the angle which the 
total resistance, AQ, at A makes with the normal to the surface 
of contact- (i. e., to the ground) is greater than the angle 
which the total resistance BQ makes with the normal at B, 
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For 

Now An = At 
AB, we have 



i&nAQn 



An 



+ i 



tan £Qn 

and if 2 a, 2 i, 2 c, are the sides £C, CA, 



'■ = h cos a. 



.=fG = 



ac 



a {I cos a + a cos /3) 



Similarly 



therefore 



a + b 

. , « ( J cos a + « cos fl) 

•. An = o cos a + — ^^ ; ^-^ 

a + b 

_ ( J" + 2 fflS) cos a + a^ cos ;8 

~ ffl + fi 

„ (a^ + 2 aJ) cos S + i'^ cos a 

a + b ' 

An —Jin = r- (cos a — cos B). 

a + b ^ ^' 



But since AC>£C, cos a> cos fi, therefore An>£n. 

Hence the a3ig\e.AQn>£Qn; that is, the total resistance at A 
makes with the normal at A an angle greater than that made by 
the total resistance at £ with the normal at B. Consequently, 
if any circumstance should continually diminish the angle of 
friction (which is supposed to be the same for both beams) the 
total resistance at A would be the first to attain its limiting 
obliquity to the normal, and slipping would then take place at A 
in the direction BA, while the beam BC would turn round B. 

We might inquire which of the beams will first slip if they 
are drawn out so as to increase the angle C, and the same result 
will follow, since for any given position of the beams the direc- 
tions of all the resistances are determinate. In each case the 

angle AQn must be the first to 
reach the value A, and therefore the 
longer beam, AC, must slip first. 

The result may also be expressed 
thus — in any given position of rest, 
equilibrium is more safe at B than 
at A. 

There are also cases in which the 
comparative safety of equilibrium 




Pig. 191. 



can be determined, although the 



directions of total resistance are not 
completely determinate at all the points at contact. For example 
— two unequal cylinders rest on the ground at given points, A 
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and B (Fig-. 191), while a third cylinder rests on them at points 
• p and q. 

Supposing' either that there is a gradual diminution of the 
coefficient of friction (which is the same at all the points of 
contact), or that the lower cylinders are gradually drawn asunder, 
determine the nature of the initial motion of the system. 

Denote the cylinders by the letters at their centres. Then 
the cylinder I) is kept in equilibrium by three forces — ^namely, 
1st, its weight, which acts through A ; 2nd, the total resistance 
of the ground, which also acts through A ; and 3rd, the total 
resistance of the cylinder C at p. Now, since the first two forces 
act through A, the third must also pass through this point. 
Hence the total resistance at jB acts in the line jo^, and therefore 
the total resistance of the ground at A must take some inter- 
mediate (but unknown) direction, AR. In the same way, the 
total resistance at q is proved to act in the line qB, and the total 
resistance of the ground at B must act in some direction, B8, 
intermediate to BE and Bq. The resistances in Ap and Bq at jo 
and q meet in a point, P, on the circumference of the upper 
cylinder. 

Now the comparative safety of equilibrium at the different 
points of contact, A, B, p, q, will depend on the angles made by 
the total resistances at these points with the normals to the 
surfaces of contact ; and it is manifest that since the angle 
BAp > BAR and BpA = BAp, the total resistance at p makes a 
greater angle with the normal, BC, to the surface of contact 
than that which the total resistance at A makes with the normal 
AB. Hence equilibrium is safer at A than at p. For a similar 
reason, equilibrium is safer at B than at q. Consequently the 
final comparison is to be made between the points jo and q. Now 
the line j»§' can be proved by geometry to pass through the point 
in which EB intersects BA; and supposing the radius BE>AB, 
this point will be at the left-hand side of the figure. Let a be 
the acute angle which pq makes with the ground. Then, since in 
the triangle jB(75' the base angles at p and q are equal, it is easy to 
see that lqCW—Z.pCW=2a, or qCW>pCW. But the angle 
which the total resistance at q makes with the normal qCis \qCW, 
and the angle which the total resistance at p makes with the 
normal joC is \pCW; therefore if the friction were gradually and 
uniformly diminished everywhere, or the cylinders drawn out, the 
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resistance at q would reach its litnitiag obliquity before that at p. 
Hence the initial motion will be a slipping of the cylinders C 
and E at the point q, and a motion of rotation at the other points 
of contact. 

151.] Virtual Work of the Total Resistance. Suppose one 
rough body to roll on another through a small angle whose 
magnitude is regarded as an infinitesimal of the first order. 
TheUj neglecting infinitesimals of a higher order, the point of 
the rolling surface in contact with the other surface is at rest 
during the displacement — that is, the virtual displacement of the 
point of application of the tota,l resistance between the two bodies 
is zero. Hence for a virtual displacement which consists of a 
small rolling motion of one rough body on another, the total 
resistance will not enter into the equation of virtual work of 
either body. Of course in no case can the mutual action of two 
rigid bodies in contact enter into an equation of virtual work for 
both bodies. 

It is a principle in Kinetics that in a motion of pure rolling 
of a body on a rough fixed surface no work is done between any 
two positions by the total resistance — a principle which the 
student will have no difiiculty in comprehending, since for each 
small motion the work done by this force is infinitesimal com- 
pared with the work done by other forces acting on the body. 

152.] Friction as dependent on Initial Arrangements. In 
dealing with natural solids, and not with strictly rigid or 
indeformable bodies, the existence or non-existence of friction 
sometimes depends on the way in which a body or system has 
been placed in the position which we are considering. This will 
be made clear by the following example. A heavy trap door (or 
a beam), AB, Fig. 10,6, p. 147, moveable about a fixed' horizontal 
axis at A, has a rope attached at B, and this rope is also attached 
to any fixed point G ; determine the pressure on the axis A. 

The line of action of the pressure must, of course, go through 
0, the point of meeting of the other two forces, but beyond this 
we know nothing about it until we know the nature of the axis. 
If the axis is smooth, or if it is rough but so worn that the 
contact of the door with it takes place along a single line, the 
action between the door and the axis will consist of a force 
passing through the axis, as has been amply explained in Art. 104. 
But if the axis is rough and contact takes place all round it, the 
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line of action of the resultant force is not generally determinate. 
However, even in this case this resultant force may pass through 
the axis. The axis being rough, let us imagine it to become 
smooth, and what motion results? The rope, being slightly 
extensible, would yield a little, and slipping would take place 
over a small surface at the axis ; so that the supposition of 
smoothness alters the circumstances of the case. But suppose 
that (the axis being still rough) the rope has been stretched, 
when the door is placed in position, to such an extent that the 
moment of its tension about the axis is equal to the moment of 
the weight of the door ; then clearly if we imagine the axis to 
become smooth, no motion will result — no slipping at the axis ; 
and since the displacement which friction is required to prevent 
does not take place, friction does not act, and the case is the 
same as if the axis were smooth. The resultant in this case is 
therefore determinate. 

153.] Friction of a Pivot. Let a cylindrical pivot, ABCB 
(Fig. 19 a), on the top of which a given force is applied, revolve 





Fig. 192. 



Fig. 193- 



in a closely fitting bearing, BFGII, and let it be required to 
calculate the moment of the friction on the base, AB, about the 
axis of the pivot. Suppose Fig. 193 to represent the base of the 
pivot, and let P = the whole normal pressure on the base, which 
we shall suppose to be uniformly distributed over the base. Divide 
the area AB into a number of narrow circular strips, of which 
one is represented in the figure. Let Oa = x, Od = a; + dx, 
OB ^ r, fji = coefficient of friction. Then since the whole 
pressure is uniformly distributed, the pressure on the strip whose 



area is = 2 irxdx is 



•nr' 



2-axc 



,or 



2Pxdx 



Hence the sum of 



the forces of friction, acting in the directions of the tangents to the 
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2 iLpsidsB 
strip, is g — • But since the tangents to the strip are all at 






/: 



the same distance from the centre, the moment of friction on the 
strip is equal to the sum of the forces of friction multiplied by 
the radius, x, of the strip. Hence the moment of friction over 
the whole surface is 

2nPx^dx 2 p ^ . 

gM-P'-- (1) 

If the base, instead of being a full circle, is a rmg, or collar, 
whose internal and external radii are r^^ and r^ , the friction per 

unit of surface is —7— a rx , and the moment of friction is 

154.] Wearing away of the Step. The piece which supports 
a pivot, and in which it revolves, is called a step. When 
the pivot revolves, the friction against the step wears away its 
own surface and that of the step. The amount of wear at any 
point of the step depends on the magnitude of the force of 
friction and the relative velocity of the rubbing surfaces at this 
point, Thus, suppose that ABC (Fig. 194) represents a section 
of the step through the axis, BP, of the pivot, and that Q is any 
point of contact of the pivot and step. 
If / is the magnitude of the force of 
friction at Q, the wearing at Q in the 
direction of the normal will be propor- 
tional to / and also to the amount of 
rubbing surface which passes over Q in 
a unit of time. Supposing the pivot 
^ to revolve round its axis with an angu- 

Fjg. 194. lar velocity w, the point of the pivot in 

contact with Q moves in a horizontal 
circle with a velocity = to . QM, or w . j^ ; QM, or y, being the 
perpendicular from Q on the axis of the pivot. 

But the amount of rubbing surface which passes over Q in a 
unit of time is evidently proportional to the velocity at Q. Hence 
the normal wearing of the surface at Q is proportional to 
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If n be the magnitude of the normal pressure per unit of surface 
at Q, and ft the coefficient of friction j we have/= /x». 

Hence the normal wearing of the surface at Q is proportional to 

(a) 



Let ABC (Fig. 195) 





p 
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/c 
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Fig. 195- 



155. J Friction of a Conical Pivot, 
represent a section of a conical step by 
a plane through the axis, BP, of the 
pivot, IPC being the sxirface at which 
the pivot enters the step. 

Supposing that the pressure on the 
top of the pivot is uniformly dis- 
tributed, it will evidently be uniformly 
distributed over the area AFC; that 
is, there will be a constant normal 
pressure, n, per unit of area on APG. 

Now it is impossible to determine by elementary methods the 
law of distribution of the pressure on the step. The following 
investigation proceeds on the assumption that the normal pres- 
sure per unit of area, or as it is properly called, the normal 
inietisUy of pressure, is constant over the surface of contact. 

Let n be the constant pressure per unit of surface of the step. 

\id»\% a small element of the line BG stk Q, the distance of 
which from BP is y, the corresponding elementary strip, of 
conical surface is 2t: y ds, oxlA. the moment round BP of the 
friction on this strip is 

2Ttt^dsxnnxy, 
2ij.irny^ds. 

, and integrating;^ over the surface of the 

step from ^ = to y = PC = ;■, we have the moment of the 
whole friction equal to 

3 sin 5 

P 
If P = the whole pressure on the top of the pivot, n = — ^ > 

hence the moment of friction 



or 



Putting ds = -. „ 
" sm5 



2/x 



■Pr. 



3sind 
Comparing this with the result in Art. 153, we see that the 
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moment of friction in the case of a conical is greater than in the 
ease of a cylindrical pivot of equal radius. 

156.] The Tractory, or Anti-Friction Curve. In the case 
of a conical pivot the wearing away of the step is not uniform at 
all points. Hence after a sufficient time the pivot will not be in 
perfect contact with its step. If, however, the step has such 
a form that the vertical wear is the same at all points, the pivot 
will simply sink into the piece which supports it, and remain 
always in contact throughout its surface with the step. 

We propose to investigate the form of the step in which the 
vertical wear will be the same at 
all points. Let Fig. 196 represent a 
section of the step through the axis 
of the pivot, and let CO' be the 
vertical wear at C, and QQ' the ver- 
tical wear at Q. Then CC = QQ,', 
Q being any point on the curve BC. 
Hence the new curve, BQ' C, is 
simply the old curve BQC moved 
through a vertical distance CC 
■= QQ' = h, suppose. 
Now (Art. 154} the normal wear at Q per unit of surface is 
iii\Lny, Hence, if Qg is normal to the step at Q, 

% = ti^\t.ny, 
n being the normal pressure per unit of surface on APC, which 
we also take to be the normal pressure per unit of surface on 




0.9. _ Qq 



the step. 

ButQQ'= eosQ'Q^-siniJ/rQ' 
the curve at Q, Hence 



QT being the tangent to 



or 



or 



dy wjMi 



= a constant, 



QT = a constant. 

Therefore the curve BC is such that the length of the tangent 
terminated by PB, or the axis of x, is constant at all points. 
This curve is known as the Tractory, If ^ = the constant 
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length of the tangent, and PC is the axis oi^, we have 

ds 



or 



or 






the minus sign being given to the square root, because JfQ 
diminishes as x increases. Integrating this last equation (by- 
assuming j^ = ^ sin <^) we have for the equation of the traetory 

if log _^^^^^ ^^2_^2 ^ o_ 

The curve approaches PB asymptotically, and the step is formed 
by the revolution of the curve round PB. This pivot is known 
as Schiele's Anti-friction Pivot, 

Examples *. 

1. A umform rectangular board, ABCD (Fig. 197), rests in a 
vertical plane against two equally rough pegs, P and Q, in the same 
horizontal line, two adjacent sides 
of the board being each in contact 
with a peg. Find the position of 
limiting equilibrium. 

Let A be the angle of friction, 6 
the inclination of the side AB to 
the horizon in the position of 
limiting equilibrium, G the centre 
of gravity of the board, PQ = a, 
and AG = c. 

Then if the board is on the point 
of slipping down at Q and up at 
P, the total resistances at P and Q 
will act in the directions PO and 
QO, which are inclined at the angle X to the normals at P and Q to 
the sides AB and AD, respectively. If 0' (not represented in Fig.) be 
the point of meeting of the normals at P and Q, it is clear that a 
circle will pass through the points APO'OQ; and therefore 1.0 Aff 
= A. And since AO' ■=■ PQ = a, we have 

AO = a cos A. (1) 

* Many of the following examples are due to Mr. Jellett, and are taken from 
his Theory of Friction, 




Fig. 197. 
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Again, since LO'QP = Q, we have LQpG = - - (\ + 5), and 

evidently, LQOA = 0, therefore lAOG = |-(\ + 2fl). lilGAB = a, 

it is clear that LAGN = - — (5 + a). Now the position of equilibrium 

is found by the equation 

AO.wiAOG = AG.%\u AGN. 
Substituting in this equation the value oi AO from (l), we have 

acosA.. cos (\ + 20) = c . cos(a + 0), 
which defines the position of equilibrium. 

2. A heavy uniform beam rests against a rough horizontal plane 
and against a rough vertical wall, the vertical plane through the beam 
being at right angles to the wall and the ground; determine the 
greatest weight that can be affixed to it at a given point, so that 
equilibrium may be preserved. 

If the beam be inclined to the vertical at an angle less than the 
angle of friction for the beam and the ground, equilibrium cannot be 
broken by attaching a weight, however great, to any point of the 
beam. 

Let AB (Fig. 198) be the beam, its inclination to the horizon, W 
its weight, 2 a its length, P the weight suspended from the point Q in 
the beam, BQ = x, \ and A.' the angles of friction at A and B, re- 
spectively. 

Draw the lines AO and BO, making the angles A. and \' with the 
normals. An and £m, at A and B. 

Then when the resultant of TTandP passes through 0, equilibrium will 

be at its limit. For, if this resultant 
acts in a line to the left of V, the 
vertical through 0, it will be possible 
to find an infinite number of points 
on it such that when joined to A 
and B the joining lines will be 
possible directions of total resistance 
at A and B (see Art. 148). 

If the resultant of W and P acts 

in a line to the right of V, there 

will be no point on it inside both 

cones of friction, and therefore equi- 

Hence for limiting equilibrium, we have 
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librium will be impossible, 
by taking moments about 0, 

W.GV=P.QV, 
G being the centre of gravity of the beam. 

The lengths GV and ^Fare easily obtained from the data. We 
may observe that if the point Q lies between G and V, equilibrium 
can never be broken, however great P may be. For it will then be 
impossible by increasing P to bring the resultant of P and W to the 
right of OF. 
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These results follow also from the usual mode of solution of such a 
problem. 

Let R and ^S' be the normal reactions at A and B, and jn and // the 
coefficients of friction at these points. Then, resolving horizontally, 

S=[jlE; (2) 

resolving vertically, B + f/S = P+W; (3) 

taking moments about £, 

2aB{coa9—nshie) = {Px +Wa) cos d. (4) 

From (2) and (3) we have B = , ^ . , 

' 1 + fMjJ. 

and by substituting this value of B in (4), we get 
1+jbt/— 2(1— jutanfl) 



P= Wa 



2a(l— fxtanfl)— a!;(l +j^jit') 



(5) 



•Now it is easy to see that £0 = 2 a — }r — r-^ j and BV= BO > 
"•sX' ^^ ^ • ^ „ l-jutanfl cos(A-A) 

- ; therefore jUV = 2a ^ ' , > and (5) may be wiitten 



COS0 



l+h-h' 



P=W 



a-PV 



BV-x 

from which it appears that i£ x = B V, the required force is infinite ; 
and U x>BV, it is negative, or equilibrium can never be broken by 
any downward force. 

The second part of the problem follows from (5), because if 
fi tan > 1, or, in other words, if the angle nAB< A., the denominator 
win be negative. That it is impossible to break equilibrium in this 
case is evident from Fig. 199. For the point is now at the right 
of the vertical wall, and at whatever point along AB the resultant of 
P and IF acts, it is possible to find points on it which are within both 
cones of friction. 





o 



Kg. 199. 



Fig. 200. 



3. Two unequal uniform beams, connected by a light rope attached 
to their middle points, rest in a vertical plane, an extremity of each 
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beam resting on a rough horizontal plane. If the coeJBficient of friction 
is gradually diminished, which beam will slip first 1 

Let the beams be AB and A'B' (Fig. 200), and let Cand C be their 
centres, and AB>A'B'. Now the beam AB is in equilibrium under 
the influence of three forces, viz., its weight, the tension of the rope 
C(J, and the total resistance at A ; and since the first two meet in G, 
the third must also pass through this point, that is, the resistance at A 
acts along the beam. In the same way the resistance at A' acts along 
A'^ ; and by considering the equilibrium of the system, we see that 
the vertical through Q-, the common centre of gravity, must pass 
through 0, the point of intersection of the resistances. Now the 
angles which these resistances make with the normals at A and A' 
are equal to miOA waA.mOA', respectively; and the comparative safety 
of the equilibrium at A and A! depends on the magnitudes of these 
angles. Now mOA' >mOA. For, draw Cq horizontal and Cq 
vertical; then, since CG<G'G, qn<nG', and d, fortiori, 2}n,<nG'. 

Therefore Am <m A'; but — t> = ^rv?; therefore, mOA'>mOA, 

mA tanmOA 

and if the friction were gradually diminished, the total resistance at 

A' would reach its limiting inclination before that at A. Hence the 

short beam will sUp first, 

4. A cylinder is supported on a rough inclined plane by a string 
Coiled round it in a direction perpendicular to its axis, the string 
passing over a smooth pulley and sustaining a weight. Find the 
limits to the direction of the string. 

Bound A, the point of contact of the cylinder and plane, describe 
the cone of friction, the section of which by the plane of the figure is 
iiArri, the angles nAG and GAm being each =X. 

Let OB be any direction of the string, intersecting the vertical 
through the centre of the cylinder in 0. Then, so long as is 
between the points m and n, equilibrium is 
possible, because AO is a possible direction 
of total resistance at A, There is, of 
course, a particular magnitude of the sus- 
pended weight, F, corresponding to the 
direction OB of the string, and this magni- 
tude is found by taking moments about A. 
If 9 is the angle made by the string, OB, 
with the inclined plane, we have 

F=W- 




2cos= 



e 



i being the inclination of the inclined plane. 
If, the direction of the string being OB, 
T have a value greater or less than this, 
the cylinder will roll up or roll down the plane. 

Drawing from m two tangents, mt^ and mt^, to the cylinder, we 
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Fig. 202. 



have the extreme directions of the string ; that is, the point at which 
the string leaves the cylinder must lie between the points of contact 
of m*j and mt^ , on the lipper portion of the cylinder ; for it is evident 
that if the string leaves the cylinder at any point outside these limits, 
the point in which its line intersects that of W will be vertically 
above «i, that is, outside the cone of friction. 

5. A heavy sphere is placed on a 
rough inclined plane at a point P 
(Fig. 202), and is kept in position by a 
heavy rough beam, AB, which is move- 
able about a fixed extremity, £, the 
coefficient of friction for the sphere and 
the beam being the same as that for the 
sphere and plane. Supposing that the 
friction is gradually diminished at both 
points of contact, P and Q, or that the 
sphere is pushed further up between the 
plane and beam, determine the nature 
of the initial motion. 

The total resistances at P and Q must meet in some point, 0, on the 
vertical through C, the centre of gravity of the sphere. Beyond this, 
however, their directions cannot be determined. The comparative 
safety of equilibrium at P and Q will depend on the relative magni- 
tudes of the angles, OPO and GQO, which the resistances at these 
points make with the corresponding normals. Now it is easy to show 

ro CO 

that CQO > GPO; for sin CPO = -^ sin COP, and sin CQO = ^ x 

smCOR, therefore ' ." ^^^ = ^!° ^^^ ; but COR>COP, therefore 

sm CQO sm COR 
CQO > CPO, and if from any cause the friction is diminished, or the 
sphere pushed higher up, slipping must take place at Q and rolling at P. 

6. A cylinder is placed on a 
rough inclined plane, and a light 
rope is coiled round it in a plane 
perpendicular to its axis and 
containing its centre of gravity ; 
this rope, after passing round 
the cylinder, is attached to the 
middle point, H (Fig. 203), of an 
edge of a cubical block whose 
height is equal to the diameter 
of the cylinder. Supposing the 
inclination of the plane to be 
gradually increased, determine 
the manner in which equili- 
brium will be broken, the co- 
efficient of friction being the same for the cylinder and. plane as for 
the cube and plane. 




Fig. 203. 
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The motions whicli are here geometrically possible are — 

(1) The cylinder may roll and the cube may turn over the edge C 

(2) The cylinder may roll and the cube may slip. 

(3) The cylinder may slip and the cube may sHp. 

(4) The cylinder may sHp and the cube may turn over. 

Now if is the point of intersection of the vertical through the 
centre of gravity of the cylinder with the rope, it is evident that 
the total resistance at A acts in the line OA. In the same way if 
0' is the point of intersection of the vertical through G, the centre 
of gravity of the cube, with the line of the rope, the total 
resistance of the plane on the cube must pass through 0', and if 
D is the point in which the line of action of the weight of the cube 
intersects its base, the total resistance must evidently pass through 
some point between C and D. 

Now this total resistance, wherever it acts, makes with the normal 
to the plane an angle greater than BAO ; for tan BAO = \ tan i, 
i being the inclination of the plane, and the angle which O'D makes 
with the normal to the plane i= i ; hence the angle made with this 
normal by a line joining 0' to any point between C and 2) is > i, and, 
d, fortiori, >BAO. Consequently the cylinder can never slip before 
the cube, and cases 3 and 4 are to be rejected. The choice then is 
to be made between 1 and 2 ; and (see Art 148) if the cube can turn 
over, it will do so. Hence we solve on the supposition that the 
cube turns over G, and if this does not require too great a value of 
the coefficient of friction, the cube will turn over. 

The problem is to be solved by equating the values of the tension 
of the rope derived from the consideration of the equilibrium of the 
cylinder and that of the cube. 

For the equilibrium of the cylinder take moments about A, and we 
have T=\W6ini, (1) 

T being the tension of the rope and W the weight of the cylinder. 

Again, since by supposition the cube is about to turn round C, the 
total resistance of the plane acts through this point. Taking moments 
about C for the cube, 

T.CH= W'.CGm-y(^~i), 

or T=\W' (cos i - sin i), (2) 

Equating the values of T in (1) and (2), we have 

W 

*-'''■= fTt' <') 

But in order that CO' may be a possible direction of total resistance, 
the angle ^CO' must be<A, or ta,n ff CO' < fi.. Now, it is easy to 

«««that l+tan« 
ta,n HCO = 

_. F+2r ... 
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W+ 2 W 
Hence if ^ , </x, equilibrium will be broken by a rolling of 

the cylinder and turning over of the cube. If fx is less than the 
quantity in (4) the cylinder will roll and the cube will sUp, and there 
is no difl5culty in determining the inclination of the plane when this 
happens. We may either draw from 0' a line making the angle of 
friction, A, with the normal to the plane, and then determine 1' by 
the triangle of forces, or resolve along and perpendicular to the plane 
for the equilibrium of the cube. If R is the normal reaction of the 
plane on the cube, we find in the latter way 
E= W'cosi, 
IJ.E= W'sini+T; 
therefore T = W (jj-cosismi). 

Equating this to the value given by (1), we have 

W+2 W' 
which gives the inclination at which the cube sUps. 

7. Two equal carriage wheels whose centres are connected by a 
smooth bar are placed on a rough inclined plane ; determine whether 
the equilibrium of the system will be best preserved by locking the 
hind or the fore wheel. 

Let C and D (Fig. 204) be the centres of the wheels, and first sup- 
the hind wheel to be locked. Since there is no friction between 



tan i = 



the bar CD and the axle at C, 
the action of the bar on the 
lower wheel consists of a force 
through C (see p. 140). 

The weight of this wheel also 
acts through C, and therefore 
the total resistance at A, which 
is the third force keeping the 
wheel in equilibrium, must also 
act through 0. 

Let G be the centre of gravity 
of the two wheels, and consider 
the equilibrium of the system 
formed by them. There are 
three forces acting on the sys- 
tem, viz., its weight through G, 
the total resistance at A (which 




Fig. 204. 



has been proved to act in a line AC), and the total resistance at B. 
If, then, is the point of intersection of CA and the vertical through 
^, the total resistance at B must act in the line 0£. 

We shall now determine the inclination at which equilibrium is 
broken. 

Since the hind wheel slips, the angle DBn = X ; also let r = the 
radius of each wheel, CD =2 a, and i = the inclination of the plane. 
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Then 



or 



i&nCOG _ca 

tan GOn Cn 
tan i a 



since Dn = r tan DBn := \j.r. The inclination of the plane when equi- 
librium is broken is therefore given by the equation 

tani=-?^^. (1) 

Again, suppose the fore wheel alone to be locked. In this case the 
total resistance at B acts in the line BD, and that at A acts in A&, (Y 
being the intersection of BD with OG. If i' is the new inclination 
at which equilibrium is broken, we have, since LGAO' = A, 

tan i' DG a 

-> 



Dm 2a—iJ.r 



or 



tani'r 



jxa 



2a— fir 

Now it is clear that i' is greater than i, and that, consequently, 
equilibrium will be safer when the fore wheel is locked than when the 
hind wheel is locked. 

8. A cylinder is supported on a rough inclined plane by a light rope 
coiled round it in a plane perpendicular to its axis passing through 
its centre of gravity, the rope being attached to a fixed point. Find 
the direction of the rope in order that the inclination of the plane may 
be the greatest possible. 

Let CB' (Fig. 205) be the line of the rope, and GO' the vertical 
through the centre of gravity of the cylinder. Then evidently the 





Fig. 205. 



Fig. 206. 



total resistance at A, the point of contact with the plane, must act in 
the direction AG', If the rope took the direction OB, which is hori- 
zontal, the direction of the total resistance would be AO, and evidently 
the angle GAO < CAO' ; or, in other words, the equilibrium of the 
cylinder will be farther from its limit when the rope is horizontal 
than when it takes any other direction. For a given inclination, i, 



156-] 



EXAMPLES. 



251 



bf the plane the angle GAO = ^> and it is clear that when GAO 

is equal to the angle, X, of friction, the inclination of the plane 
will be at its greatest. Hence the greatest inclination of the plane 
= 2\. 
If the coefficient of friction be >1, the greatest inclination of the 

plane will be >-> and the figure of limiting equilibrium will be that 

. . . TT 

represented in Fig. 206, in which the angle GAO ( = A.) is >-. But 

whether the cylinder will stay in this position or not depends on the 
initial arrangement. Unless the rope is pulled with such a force as 
to cause the resultant of this force and W to act in the line OA, equi" 
librium cannot be preserved by the resistance of the plane. In fact, 
unless this reqtiisite tension of the rope is produced by pressing and 
scraping the cylinder against the plane, it would be possible for the 
cylinder to take a motion of and round its centre G which would keep 
its surface out of actual contact with the plane ; and in this case the 
plane would not exert any resistance. 

9. If in the preceding problem the rope, instead of being attached 
to a fixed point, is attached to a weight which hangs freely over a 
smooth pulley, find the conditions of equilibrium. 

Let O'B' (Fig. 205) be the direction of the rope, P the suspended 
weight, W the weight of the cylinder, i the inclination of the plane, 
A the angle of friction, 6 the angle which the rope makes with the 
inclined plane. 

Then for equilibrium it is necessary that AO' should be the direction 
of total resistance at A, and that the moments of P and W about A 
should be equal and opposite. Hence we must have 

C^O' = or < A, (1) 



and 



2C0S^;r 



(2) 



the second condition being equivalent to that obtained by the triangle 
of forces for equilibrium at 0'. 

If the angle GAO'<k, and P is slightly 
increased above the value in (2), the initial 
motion wiU evidently be a rolling up, since 
moment of P about il> moment of TT about 
A ; but if P is slightly diminished the roll- 
ing will be down. 

10. Aheavyuniformbeam,jl5(Fig. 207), 
is to be sustained in a horizontal position, 
one end, £, resting on a rough inclined 
plane, while the other end, A, is attached 
to a light rope which passes over a smooth pulley and sustains a 
weight. Find 




Fig. 207. 



252 EQUILIBRIUM OF ROUGH BODIKS. [156. 

(o) The limits to the direction of the rope, and the corresponding 
limiting values of the suspended weight, 

(5) The least weight that will sustain the beam. 

Let W be the weight of the beam, F the suspended weight, and BN 
the normal to the inclined plane at B. Then if ^0 be the line 
of the rope, intersecting the vertical through the centre of gravity 
of the beam in 0, BO must be the direction of the total resistance at 
B ; and in order that this may be a possible direction of total 
resistance, the angle JfBO must be < X, the angle of friction. Hence 
the limiting directions of the rope are obtained by drawing BO and 
BO' making the angle A with BN on opposite sides. If the rope 
takes the direction AO' the beam must be on the point of slipping 
up, since the force of friction acts down the inclined plane ; and if 
the direction of the rope is AO, the beam is on the point of slipping 
down. The corresponding magnitudes of F are easily determined by 
taking moments about B. Let p^ and p^ be the perpendiculars from 
B on AO and AO', respectively, a half the length of the beam, and 
/"i and Pj the corresponding values of F. Then 

F,= W-, 

Pi 

F,= W-. 

P2 

The values of p^ and p^ can, of course, be easily expressed in terms 
of a, X, and i, the inclination of the plane. 

If the rope takes a direction intermediate to AO and AO', and if p 
is the length of the perpendicular from B on its direction, we have 

V 
Hence, if P is a minimum, jpmust be a maximum, since Wa is given. 
Now p will be a maximum when it is equal to AB, that is, when the 
rope is vertical. In this case the total resistance at B should also be 
vertical; but if the inclination of the plane >\, this is impossible. 
Hence when i>K,p is a maximum {consistently wiih thfi conditions 
of the problem) when the direction of the rope \s AO ; and therefore 
in this case F^ is the least value of F. 

If i< A, the vertical at J! is a possible direction of total resistance, 
and therefore AB is an admissible value of p. The corresponding 
value of F is therefore \ W. 

The student will easily see that if the angle of friction is greater 
than the complement of the inclination of the plane, there can be no 
limiting equilibrium in which the beam is about to slip up. 

11. A cylinder is laid on a rough horizontal plane, and is in contact 
with a rough vertical wall ; a string coiled round it at right angles to 
the axis passes over a smooth pulley and sustains a weight which is 
gradually increased till equilibrium is brokeu. Determine the nature 
of the initial motion. (Jellett's Theory of Friction, Example 21, p. 214.) 
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Fig. 208. 



Let W be the weight of the cylinder, P the suspended weight, 
the angle made by the string with the horizon, A. and \' the angles of 
friction at A and B, the points of contact of the cylinder with the 
vertical and horizontal planes, and the point in which the line 
of the string intersects the vertical 
through C, the centre of gravity of the 
cylinder. 

Now, in accordance with Article 148, 
we first consider what motions are geo- 
metrically possible. These are 

(1) Rolling round A up the vertical 
plane. 

(2) Slipping forward at B while con- 
tact ceases at A. 

(3) Slipping at A a,nAB simultaneously. 
If (1) can happen it loill (see Art. 148); 

let us suppose, therefore, that the cylinder 
is on the point of turning round A and 
coming out of contact at B. In this case there are only three forces 
keeping the cylinder in equilibrium, namely, W, P, and a total re-r 
sistance at A. This last force should, for equilibrium, pass through 
and act in the direction OA. Now whether the angle OAC is less 
or greater than A, this is not a possible line of action of total resistance; 
because the plane csmnot pull. Hence (1) is physically impossible. 

Suppose that (2) happens. Then, as before, there are only three 
forces keeping the cylinder in equilibrium, namely, W, P, and the 
resistance at B. This last must pass through 0, and must therefore 
act vertically. But it is obvious that such a force could not equir 
librate W and P ; therefore (2) is impossible. 

There remains the third case, which alone is possible. To deter- 
mine the value of P corresponding to limiting equilibrium, draw the 
lines AO' and BO' making with the normals at A and B the angles, 
A. and A', of friction for the cylinder and planes. Then by taking 
moments about 0' we easily obtain the value of P, which may also be 
obtained by the ordinary equations of resolution of forces. Thus, let 
M and if be the normal pressures, and therefore fiB and jh'jB' the 
forces of firiction, at A and B. 

Taking moments about B, we have 

Ii{l+li) = P{1- COB e). (1) 

Taking moments about A, 

^(1 -fi') -W-P{1+ sin &). (2,) 

Resolving horizontally, 

p.'Ii'-It = P cos 0. (3) 

Substituting in (3) the values of R and ^ given in (1) and (2), we 
obtain the value of P corresponding to limiting equilibrium. 

It will be a useful exercise for the student to vary the position of 
the pulley in such a way as to render possible a case of limiting equi- 
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librium in which the cylinder is about to ascend the vertical plane by 
turning round A. 

12. A heavy right cone is placed with its base on a rough inclined 
plane, the inclination of which is gradually increased ; determine 
whether the initial motion of the cone will be one of sliding or 
tumbling over. 

Let ABC (Fig. 209) be the vertical section of the cone through its 
axis, Cff, and let G be the centre of gravity of the cone. [GH is J 
Off, as will appear in a subsequent Chapter.) 
Then, in accordance with rule 3 of Art. 148, 
if it is possible for the cone to turn over the 
point A, the cone will do so. Solve, there- 
fore, on the supposition that equilibrium is 
broken by turning round A. In this case, 
the two forces acting on the cone are its 
weight and the total resistance of the plane, 
which, of course, passes through A ; and 
p. these forces must be equal and opposite, i.e., 

the total resistance must act in the vertical 
line AG. Now this will be possible only if AG makes with the 
normal to the plane an angle less than the angle of friction, A. Hence 
for a tumbling motion AGH< k. But if a = AGS, 

tan AGS = 4 tan a. 
Therefore if /!* > 4 tan a, the initial motion of the cone will be 
tumbling, and if j[i<4 tan a, the initial motion will be sliding, and 
this sliding will evidently occur when the inclination of the plane 
reaches the value A. 

13. A heavy straight rod rests on a rough horizontal plane, and at 
one end, perpendicularly to its length and in the horizontal plane, a 
force is applied with gradually increasing magnitude. Find the point 
about which the rod begins to turn. 

(Price's Infinitesimal Calculus, vol. iii. p. 162.) 

Let I be its length, and suppose it to turn round a point at a 
distance « from the other extremity. Then we must equate the 
moment of the applied force about this point to the sum of the 
moments of the forces of friction acting on the different elements of 
the rod. Take an elementary portion of length dx at a distance x 
from the point round which the rod turns. The weight of this 

W . . . dx 

portion is — dx, and the force of friction on it is jn IT — ■ This acts 

at right angles to the rod. Hence taking the sum of the moments for 
all points at both sides of the turning point, we have* 

P{l-z) = t^J'^xdx + ^j'xdx = ^ [{l-!,y+g^]. 
* In this simple case integration is evidently not neoessary. 
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But P is evidently equal to the sum of the frictions at the end 
adjacent to it minus the sum of those at the other end ; i. e., 

P = IJ.W — = — • Hence we have 



I 

or the turning point is at a distance -t= from the end at which the 
force is applied, '' ^ 

14. A rectangular block is placed, with one of its edges horizontal, 
on a rough plane, the inclination of which to the horizon is gradually- 
increased ; determine whether the equilibrium of the block will be 
broken by a motion of sliding or one of tumbling. 

Ans. If a and 6 are the lengths of the edges which are not 
horizontal, b being the length of the edge which is perpendicular to 
the inclined plane, the initial motion will be one of tumbling if 

jn > T ) and of sliding if /i< - • 

15. A cylinder, the section of which perpendicular to the axis is any 
given curve, is to be placed, with the axis horizontal, on a rough 
inclined plane ; how must it be placed so that it shall be least likely 
to slip, the cylinder being in contact with the plane along a single 
line? 

16. An elliptic cylinder is placed, with its axis horizontal, on a 
rough plane inclined to the horizon at an angle less than the angle of 
friction ; prove that the cylinder cannot rest if the eccentricity of the 

section perpendicular to the axis is less than A / : — .1 i being 

the inclination of the plane. ^ "^ ®^^ * 

17. A uniform beam rests with its extremities on two rough in- 
clined planes whose line of intersection is horizontal, the vertical plane 
through the beam being perpendicular to this line ; find the limiting 
position of equilibrium. 

Ans. If i, i' be the inclinations of the planes, X, A' the angles of 
friction between the beam and the planes, respectively, and Q the 
limiting inclination of the beam to the horizon, 

2 tan 9 = cot (i + A) — cot (i' — X"). 
Another limiting position will be got by changing the signs of A and A'. 

18. A heavy uniform rod rests with its extremities on the interior 
of a rough vertical circle ; find the limiting position of equilibrium. 

Ans. If 2 a is the angle subtended at the centre by the rod, and A 
the angle of friction, the limiting inclination of the rod to the horizon 
is given by the equation 

sin 2A 
tan = ' 



cos 2A + C0S 2a 
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19. A solid triangular prism is placed, with its axis horizontal, on a 
rough inclined plane, the inclination of which is gradually increased ;' 
determine the nature of the initial motion of the prism. 

Ans. If the triangle ABG is the section perpendicular to the axis, 
and the side AB is in contact with the plane, A being the lower 
vertex, the initial motion will be one of tumbling if 

4A 
the sides of the triangle being a, h, c, and its area A. If j« is less 
than this value, the initial motion will be one of slipping. 

20. A frustum of a solid right cone is placed with its base on a 
rough inclined plane, the inclination of which is gradually increased ; 
determine the nature of the initial motion of the body. 

Atis. If the radii of the larger and smaller sections are R and r, 
and h is the height of the frustum, the initial motion will be one of 
tumbling or slipping according as 

4^ R'^ + Rr + r^ 

'^^^ h 'R^+2Rr+3r^' 

21. An elliptic cylinder rests in limiting equilibrium between a 
rough vertical and an equally rough horizontal plane, the axis of the 
cylinder being horizontal, and the major axis nf the ellipse inclined to 
the horizon at an angle of 45°. Find the coefficient of friction. 

V'l+2e''-e*-l 
Ans. M = ^^, . 

e being the eccentricity of the ellipse. (Employ the Theorem of 
Art. 35.) 

22. The circumstances of the preceding problem remaining the 
same, except that the vertical pjabe is smooth, show that the coefficient 
of friction is \e^ (Waltoji's. Mechanical Prohlems, f. 82). 

If the horizontal plane alone is smooth, is it possible for the cylinder 
to rest in any position ? 

23. A uniform beam, of which one end rests against a rough 
vertical wall, is supported by a light rope attached to the other end, 
and to a given point in the wall; find the limiting positions of equili- 
brium (Walton, p. 81). 

Ans. If the length of the rope be n times the length of the beam, 
the inclination of the latter to the wall is given by: the equation 

(w''-/*^-l)tan»e + 4Mtan0 + «''-4 = 0. 

24. In order that both limiting positions may be real, what must be 
the limits of n% 

Ans. 2 Ji^ must be > /x^ 5 — V'(m''+1)(m^+9),- and 

<M' + 5+V(/a''+1)(/^' + 9). 
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25. If n is 2, show that there is but one limiting position ; and 
prove geometrically that if in this case the angle of friction is 60°, the 
limiting position is horizontal. 

26. A ladder, AB, 15 feet long, rests against the ground at A and 
against an equally rough vertical wall a,t B ; to a point D in the ladder 
at a distance of 10 feet from A is attached a rope which, passiag over 
a pulley at the intersection of the vertical plane and the ground, sus- 
tains a weight equal to half that of the ladder ; the centre of gravity, 
G, of the ladder is 6 feet from A ; the coefficients of friction are each 
equal -to ^ ; find the limiting iaclination of the ladder. 

' Ans. tan~'§,. 

27. A heavy uniform beam rests with one end against a rough 
horizontal and the other end against an equally rough vertical plane j 
find the least coefficient of friction that will allow the beam to rest in 
all positions. ^^j_ Unity. 

28. In the previous question let the centre of gravity of the beam 
divide it into two segments, a and 6, the latter segment being in 
contact with the viSFtical wall; given the coefficient of friction, /x, 
between the beam and the ground, find the least coefficient of friction 
between the beam and the wall which will allow the beam to rest in 
all positions. (j 

Ans. -^. 

29. Two equal beams, AC and CB, are connected by a smooth 
hinge at C, and are placed in a vertical plane with their lower 
extremities, A and B, resting on a rough horizontal plane ; from 
observing the greatest value of the angle ACB for which equilibrium' 
is possible, determine the coefficient of friction for the beams and the 
plane (Walton's Mechanical Problems, p. 96, second ed.). 

Ans. If the greatest value of LACB is /3, 

/x= itan-. 

30. Two uniform beams are placed with their lower ejEtremities 
resting on a rough horizontal plane, their upper extremities resting 
against each other. Show how to cut a plane face from the upper 
extremity of one of the beams, in order that slipping may be about to 
ensue at their point of contact. 

Atis. Determine the line of action of their mutual resistance as in 
p. 205 ; then cut a face inclined to this line at the complement of the 
angle of friction. 

31. A cylinder is placed on a rough horizontal plane, and a uniform 
plank rests with one end on the ground and the other against the 
cylinder (the plank being at right angles to the axis of the cylinder). 
If the plank is gradually lowered until equilibrium is about to be 
broken, show that slipping will take place only at the point of contact 
of the plank and. cylinder, whatever be their dimensions. For any 

VOL. I. S 
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position of the plank find the direction of the reaction of the ground 
on the cylinder. 

Ans. If 9 is the angle made by the plank with the ground, 
P = weight of plank, W = weight of cylinder, r = radius of cylinder, 
2a ■= length of plank, ■y/^ = angle made with the vertical by the 
reaction of the ground on the clyinder, 

Sr, ^ ,, 2W. / asinO 
^ P ^ r ' \ r—asmd 

32. A cylinder placed on a rough plane has a string coiled round it 
in a plane at right angles to its axis ; the string after passing round 
the cylinder is attached to a heavy particle which also rests on the 
plane. If the plane is gradually tilted up, determine the nature of the 
initial motion. 

Ans. The cylinder will roll and the particle slip if both are equally 
rough ; and if i is the inclination of the plane when this happens, 

2fxPcos^a 
^^^ " Wco82a + 2Fcos^a + fiWBin2a' 

where W and P are the weights of the cylinder and the particle, jJ. the 
coefficient of friction, and 2 a the angle between the string and the 
inclined plane. « 

33. A heavy cylinder is laid on a rough inclined plane, its axis being 
horizontal ; a heavy uniform plank rests on the cylinder and against 
the inclined plane, the plank being horizontal at right angles to the 
axis of the cylinder, and touching the cylinder at its highest point. 
Supposing the inclination of the plane to be gradually increased, the 
horizontality of the plank being always preserved, determine the 
nature of the initial motion of the system and the inclination of the 
plane at which equilibrium is broken. 

Ans. The plank will slip at its point of contact with the plane, a 
rolling motion taking place at the other points of contact in the 
system ; and the inclination {i) is given by the equation 

(-cot^-l)[Pcot^tan(\-i)-F] = P+Tr, 

where r = radius of cylinder, 2a = length of plank, W ^ weight of 
cylinder, P = weight of plank, and A. = angle of friction. 

34. Two particles, A and B, whose weights are denoted by A and B, 
are connected by a string fully stretched, and placed on a rough 
horizontal plane, the coefficient of friction for each particle being /x. 
A force P, which is <fJ. (A+B), is applied to A in the direction BA, 
and its direction is gradually turned round through an angle 6 in the 
plane. Find the nature of the initial motion of the system. 

Ans. If PKfJ, \^A'^+B^ a,iid >iJtA, the particle A alone will 
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Blip, and tMs happens when wa. 9 = ^ • If P > iX'^A^+B', hoth 

will slip when cos a = „ -.„ • 

^ 2M-BP 

35. A heavy rod is placed in any manner resting on two points A 
and 5 of a rough horizontal curve, and a string attached to a point G 
of the chord AB is pulled in any direction in the plane of the curve bo 
that the rod is on the point of motion. Prove that the locus of the 
intersection of the lines of action of the frictions at A and 5 is an arc 
of a circle and a part of a straight line ; except when G is the centre 
of gravity of the i;od, in which case the directions of the frictions will 
be always parallel to the string. 

36. A triangular prism, whose section by a vertical plane through its 
centre of gravity perpendicular to its edges is ABG, rests with its base 
AB on a rough horizontal plane ; a rope is attached to the middle 
point, C, of its upper edge, and, passing over a fixed pulley in the 
horizontal line parallel to, and in the sense of, BA, is pulled with a 
gradually increasing force. Find the nature of the initial motion. 

Ans. If AB = e, AG = h, and the height of the prism = h, the 
prism will tilt over the edge through A if 

c+5cos^ 

otherwise it will slide. 

37. A cubical block is placed on a rough inclined plane and sus- 
tained by a rope, parallel to the inclined plane, attached to the middle 
point of the upper edge (which is horizontal); the rope lies in the 
vertical plane which contains the centre of the cube and is perpen- 
dicular to the inclined plane. Shew that the greatest inclination of 
the plane is ^ w f* v 

- + tan-V-^— )■ 

38. Two rough inclined planes slope in the same direction and 
intersect in a horizontal line. A cylinder placed at their intersection 
and touching both all along its length has a rope coiled round it in a 
plane through its centre of gravity perpendicular to its axis ; this 
rope passes over a fixed pulley and is puUed with gradually increasing 
force. Discuss the ways in which equilibrium may be broken by 
varying the tension of the rope, finding (with a given position of the 
rope) — 

(a) The condition that must be satisfied in order that equilibrium 
should be possible at all ; 

(6) The condition that the initial motion should be one of slipping 
on both planes j 

(c) The value of the tension of the rope when this slipping takes 
place. 

S 2 
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39. A heavy uniform circular wheel rests, in a vertical plane, 
against the ground at A and is in contact at £ with an obstacle of given 
height ; the wheel is to be pulled over the obstacle by means of a rope 
(of given direction) attached at a given point to the wheel ; find — 

(a) The condition that the initial motion of the wheel shall be a 
rolling over the obstacle ; 

(6) The condition that the initial motion may be slipping at A 
and B. 

(c) What ultimately happens when the initial motion is slipping at 
A and B. 



CHAPTER XL 

CENTEOIDS [centres 01? GRAVITY]. 

Section I. 
Investigations wMch do not involve Integration, 

157.] Centre of Mass. Imagine a body broken up into an 
indefinitely great number of infinitesimal elements of mass 
(without altering the relative positions of these elements) and 
find the mean centre of all the points at which these elements 
are placed, the multiple associated with each point being pro- 
portional to the element of mass at the point. 

Then if the distances of the elements drn^, dm^, dm^,... from 
any plane are z^, z^, z^,..., the distance of the mean centre from 

the plane is . g^ +z,dm^+... fzdm 

— i = ) or • 

drriy + dm^ + . . . fdm 

The point thus arrived at is called the Centre of Mass of the 

body; it is also often called tbe Centre of Inertia; and the term 

centroid has lately come into use to designate it. 

The distance of the centre of mass from any plane is the mean 

distance of the body from the plane. If each element of mass is 

acted on by a force proportional .to the mass of the element, and 

these forces form a parallel system ; and if w is the magnitude 

of the force per unit of mass, the distance of the centre of this 

parallel system of forces from the plane is 

fwzdm fzdm 

fwdm fdm 

since w is a, constant. Thus the centre of the parallel system 

coincides with the centre of mass. The earth produces such a 

parallel system of forces on the elements of a body, and therefore 

the point thus arrived at has been universally called the Centre of 

Gravity of the body. . [See remarks, p. 112.] It is only when we 

consider the action of such a parallel system of forces on the 

body as the attraction of the earth supplies that the point in 

question should bear the particular epithet of Cent/re of Gravity. 
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In numerous questions relating to the body, in whicli the action 
of gravity is not considered, the centre of mass plays a most 
important part ; and it is a point possessed by the body quite 
independently of any force whatever acting upon it. Hence the 
latter term is the one most strictly appropriate to the point 
determined as above ; and, except when the weight of the body 
is concerned, we shall use the terms centroid and centre of mass 
instead of centre of gravity. 

158.] Theorem of Moments. If any number of masses be 
multiplied each by the distance of its centre of mass from any 
plane, the sum of the products thus obtained is equal to the 
total mass multiplied by the distance of its centre of mass from 
the plane. 

• The centre of mass of any number of finite masses is obtained 
in precisely the same manner as the centre of mass of a number 
of particles. Thus, if % and m^ are the masses of two bodies of 
any magnitudes, their centre of mass is obtained by dividing the 
line joining their respective centres of mass in the ratio mi-.m^, 
just as i{ two j)arUcles of masses «i and m^ were placed at these 
points. 

Hence the distance, x, of the centre of mass of any number of 
finite masses from any plane (that of y») is given by the equation 

X— — f 

or M. X = "^Mx, and the theorem at the head of this Article 
is merely the expression of this equation. 

It is obvious that the formulse which have been given for 
the co-ordinates of the centre of mass hold whether the axes he 
rectangular or oblique. For in Art. 84, p. 109, on which our 
formulee are founded, the distances of the points A^, Ai,... from 
the line (or plane) L may be assumed to be measured in any 
common direction. 

It follows that if any plane be drawn through the centre of 
mass of a system of masses, the sum of the products obtained by 
multiplying each mass by the distance of its centre of mass from 
the plane is zero. If the plane be that of {yz), and if ic' be the 
distance of the centre of mass of the mass m from the plane, this 
result is expressed by the equation 

"Zmx' = 0. 
Given the centres of mass, g-^ and g^, of two masses, m^ and m^, 
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the centre of mass of the two as one system is a point, G, on the 
line Qi g^ dividing it in the ratio -— = -^ • 

Given the centre of mass, G, of a mass M, and also the centre 
of mass, g■^^, of a portion, %, of the mass, the centre of mass, ff^, 
of the remainder is a point on the line gfi produced through G, 

such that ^ = ,=/^. 
Gg^ M—m^ 

159.] Density. When a body is of the same constitution 
throughout, i. e., when its ultimate particles are undistinguish- 
able from each other, and when there is the same number of 
them in a given volume wherever this volume is taken in the 
body, the body is said to be homogeneous or of uniform density, 
and its density is measured by the quantity of matter contained 
in (some selected) unit of volume. But when the particles are 
more or less crowded together in one region of the body than in 
another, instead of speaking of the density of the body, we must 
speak of the density at each particular jioint. To measure this, 
take any very small volumCj dv, round the point, and let dm be 
the quantity of matter contained in it ; then the limiting value 

of the ratio -j-, when dv (and therefore dm) is indefiaitely 

diminished, is the density of the tody at the point considered. 

160.] Centre of Mass of a Triangular Iiamina of Uniform 
Thickness and Density. Let ABC be any triangular lamina of 
uniform thickness and density, and let it be divided by an 
indefinitely great number of lines parallel to the base BC into 
an indefinitely great number of strips. Then the centre of mass 
of each strip is its middle point ; and the middle points of all 
the strips lie on the line joining A to the middle point of BG. 
Hence the centre of mass of the lamina lies on this line. 
Similarly, the centre of mass lies on the line joining B to the 
middle point of CA. It is therefore the intersection of the 
bisectors of the sides dravmfrom the opposite angles. 

Again, the centre of mass of a uniform triangular lamina coin- 
cides with the centre of mass of three equal particles placed at its 
vertices. 

For, the centre of mass of the two equal particles at B and C 
is the middle point of BC, and the centre of mass of the three 
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lies on the line joining this point to A. Similarly, it lies on the 
line joining £ to the middle point of CA. Therefore, &c. 

If the mass of each particle is m, the centre of mass divides 
the line joining A to the middle of £C in the ratio 2m :m, 
or 2:1. Hence i/ie centre of mass of a triangular lamina of 
uniform thickness and density lies on the bisector of any side drawn 
from the ojiposite angle at the point of trisection {nearest to the side) 
of the bisector. 

Cor. If the distances (rectangular or ohlique) of the vertices 
of a triangle from any plane are x-^, x^, and asg, the distance of its 

centre of mass from this plane is — — ^ ~ ■ 

161.] Centre of Mass of a Triangular Pyramid of TJniform 
Density. Let ABGB (Pig. 2ro) be a triangular pyramid. Now 
if any vertex, B, be joined to the centroid, N, of the oppo- 
site face, the joining line passes through the centroids of 
all triangles in which the pyramid is cut by planes parallel to 
this face. For, let abc be a section of the pyramid parallel to 
the base, ABC. Draw the plane CNB containing the lines CB 
and BN ; this plane bisects the base 
AB'mH, since (Art. 160) CiV" bisects 
AB. Let the plane CNB intersect the 
face ABB in the right line HhB, h 
being the point in which this line 
meets ab. Then since in the triangle 
ABB, ab is parallel to AB, and BH 
bisects AB, h is the middle point of 
ab. 

Again, if the line BN meets the 
plane abo in n, the points h, n, and c 
are in a right line. For these are evidently points common to 
the planes CNB and abc, and since two planes intersect in a 
right line, the points h, n, c are in a right line — that is to say, 
« is a point on the bisector of the side ab drawn through c. 
Similarly, n is a point on the bisector of be drawn through a ; 
therefore n is the centroid of the triangle abc (Art. 160). 

To find the centre of mass of the pyramid, let it be divided by 
planes parallel to ABC into an indefinitely great number of 
triangular laminae. Now we have just proved that the centres 
of mass of all these laminiB lie on the line, BN, joining the 
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vertex J5 to the centroid of the opposite base. Similarly, the 
centre of mass of the pyramid lies on the line joining the vertex 
A to the centroid of the face BCD. It is, therefore, the point, 
G, of intersection of lines drawn from any two vertices to the 
centroids of the opposite faces. But this is exactly the con- 
struction for the centre of mass of a system of four equal 
particles placed at the vertices of the pyrainid. Hence — 

The centre of mass of a triangular pyramid coincides with the 
centre of mass of four equal particles placed at its vertices. 

Also — 

The centre of mass of a triangular pyramid is one-fourth of the 
way up the line joining the centroid of any face to the opposite 
vertex. 

For, if at the vertices there be placed four equal particles, each 

of mass m, their centre of mass is found by joining J) \x> N 

GN m 
and taking -^ = -— = J, therefore (?2V"= iGB, or . 

NG = IND. 

Cor. I. The perpendicular distance of the centre of mass of a 
triangular pyramid from the base is equal to j height of 
pyramid. 

Cob,. 2. If the distances (rectangular or oblique) of the 
vertices of a pyramid from any plane are x^, a;^, x^, x^, the dis- 
tance of the centre of mass from the plane is — • 

162.] Centre of Mass of a Cone of Uniform Density 
having any Plane Base. Consider a pyramid whose base is a 
polygon of any number of sides. Then, by dividing the base 
into triangles we can consider the whole pyramid as composed 
of a number of triangular pyramids. Now (Art. 161) the centre 
of mass of each of these pyramids lies in a plane whose distance 
from the base is one-fourth of the height of the pyramid ; there- 
fore the centre of mass of the whole pyramid lies in this plane — 
that iSj \\s perpendicular distance from the base is one-fourth of 
the height of the pyramid. 

Again, dividing the pyramid into an indefinitely great 
number of laminse, as in last Art., the centres of mass of these 
laminae all lie on the right line joining the vertex to the centroid 
of the base. Hence the centre of mass of the whole pyramid 
lies on this line ; and by what we have just proved, it must be 
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one-fourth of the way up this line. There is no limit to the 
number of sides of the polygon ; hence they may form a con- 
tinuous curve. 

Therefore — 

The centre of mass of a cone whose base is any plane curve what- 
ever is found hy joining the centroid of the base to the vertex^ and 
talcing a point one-fourth of the way up this line. 

163.] Theorem. If the mass of each of a -system of bodies be 
multiplied by the square of the distance of its centre of mass from a 
given point, the sum of the products thus obtained is least when the 
given point is the centre of mass of the system of bodies. 

This theorem, which is well known in elementary geometry, 
admits of a very simple analytical proof. 

Let {x, y, z) be the co-ordinates of the centre of mass, G, of 
the system with reference to rectangular axes through any point, 
0, and let [se-^, y-^, %), (a^g, y^, ii^,--., be the co-ordinates of the 
centres of mass, A-^, A^,..., of the bodies whose masses are 

m^,m2 Then 

GA,^ = {x-x,f + {S-y^f + {z-z,f. (1) 

Similarly, GA} = {^-xj^ + {y-y^f + (^-^2)'. (2) 



Multiplying these equations by %,OT2,..., and adding, we 
have 

'2{m.GA^) = {x^ +f + ^) .'2.m—2x .'S.mjB — iy .'S.my 

— 2e.2mg + 2m{a!^-ty^+z^). (3) 
Now (Art. 154), 

2ma! = x.2m, ^my = y.lm, '2mz = z .'2m. 
Hence (3) becomes 

2 {m . GA^) = 2m {x^ +y^ + :f)-(x^ +f + S^) . 2m, 
or 2{m. GA^) = 2{m. OA^) - OG^ . 2m, (4) 

from which equation it appears that 2 (m . GA^) is always less 
than 2 {m . OA^) by the quantity OG^ . 2m. 

It can be shown that, if rjg denote the distance between the 
centres of mass of the masses % and m^, and M the sum of all 
the masses, M.2{m. GA^) = 2 (m^ m^ ir^/). 

For, let the centre of mass, G, be taken as origin. THqu, 
denoting the co-ordinates of the points Ai, A^,... with reference 
to G by «, j^i', z{), «, y^', z^),..., 
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+ «^2K + »«2+ •••)«' +/2'' + <')+-. (5) 
Also (Art. 158) 

= m-^x-[ + OTgiPg' + . . . 
= %yi' + »«2j'/+... 

6 = Wi«i'+»«2V+"-' 

Squaring each of these last three equations, adding the results 
together, and subtracting their sum from (5), we have 

M.l.{m. GA^) = m^ m, (S^^^ +i^i +^=^2') + • • • 
Henee, from (4), 

OG- A /IKMT^K^^!^ 

under which form Lagrange expresses the distance of the centre 
of mass of a system of bodies from a given point (see Mecanique 
Analytique, p. 61). 

Equation (4) can be employed to prove the well-known ex- 
pression for the distance between the centres of the inscribed 
and circumscribed circles of a plane triangle, viz. : 

i)2 = W-2-Rr, 
D being the distance between the centres, and r and R being 
their radii, respectively. 

(Suppose a system of particles at the vertices, the mass of 
each being proportional to the opposite side. Their centre of 
iQass is the centre of the inscribed circle. The remainder is left 
to the student as an exercise.) 

Examples. 

1. To find the position of the centre of mass of the frustum of a 
pyramid. 

Let the frustum be formed by the removal of the pyramid ahcD 
(Fig. z I o) from the whole pyramid ABGD ; let h and H be the per- 
pendicular heights of these pyramids, respectively ; and let m and M 
denote their masses. 

Now if the perpendicular distances of the centres of mass of the 
pyramid ABGD, the pyramid abcD, and the frustum, from the base 
ABG be denoted by «,,«2> a^^d 2, respectively, we have (Art. 158) 

Mz^ = mz^ + {M~m)z. (1) 
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But », = — > z„ :=- + !{ — h=z H—ih. Also the masses of the 
4 4 * 

pyramids are to each other as the cuhes of their heights ; therefore 
(1) gives m 

or i{H^-hrjz = II*-4Eh^+3h* 

= {H-h)\W+2Hh+U^) 

_ (H-h) E' + 2Hh+3h^) 
•■• *- 4 • H^ + Bh + h^ ' ^' 

Instead of the heights we can use the square roots of the areas of 
the bases, to which the heights are proportional. If these areas are 
denoted by A and a, we have 

E—h A + 2\/Aa + 3a ,„. 

« = -— ; 7= (3) 

4 A+VAa + a 

The centre of mass, G', of the frustum obviously lies on the line Nn 
(Fig. 2 10) between iV and G ; and (3) evidently gives 

j^g,^NnA + 2^/I^+3a^ , 

4 A+ y/Aa + a 

It is clear that the position of the centre of mass of the frustum of 
a cone standing on any plane base is also given by these equations. 

2. To find the centre of mass of a board of uniform thickness and 
density whose figure is that of a quadrilateral. 

Let ABCD be the quadrilateral ; draw the lime AC, which divides 
the quadrilateral into two triangles ; let L and M be the centroids of 
the triangles ABG and ADO, respectively ; and let the line LM meet 
ACmN. 

Then the centroid of the quadrilateral is a point, G, on LM such 

, MG _ area ABC _ area ALG _ perp. from LaaAG LN 

LG ~ &rea.ABG ~ Sivea^AMG ~~ perp. from if on 1(7 ~ MN ' 

therefore — — = -— - , or MG = LN. 

LM LM 

The centre of mass is therefore found by taking a point, G, on LM, 
such that MG — LN. 

Another construction. The student will find little diflSculty in 
proving the following construction. Draw the diagonals AG and 
BD, meeting in the point 0. On AG take a point C", such that 
AC' = CO, and on BI) take a point B', such that DB' = BO. 
Then the centroid of the quadrilateral is the centroid of the triangle 
B'OC. 

3.. From a triangular board of uniform thickness and density the 
portion constituting the area of the inscribed circle is removed ; prove 
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that tie distance of the centra of mass of the remainder from any- 
side (a) is 

A 2 s'— 3waA 

3as s^—ttA 
A being the area, and s half the sum of the sides, of the board. 

4. If a tetrahedron be formed by the centres of mass of any four 
masses, prove that each mass is porportional to the tetrahedron 
standing on the opposite face and having for vertex the common 
centre of mass of the' masses. 

5. If at the vertices of a triangle there be placed three masses each 
of which is proportional to the opposite side of the triangle, prove 
that their centre of mass is the centre of the circle inscribed in 
the triangle. 

6. Prove that the centre of mass of a system of uniform bars 
forming a triangle is the centre of the circle inscribed in the triangle 
formed by the middle points of the bars. 

7. A figure is formed by a right-angled triangle whose sides are 
a, b, and c, and the squares constructed on these sides ; find the 
distance of the centroid of this figure from the greatest side (c). 

ab 3(^—Sab 
A>is. — ; =-• 

8. Prove that the centroid of a trapezium divides the line joining 

the middle points of the two parallel sides in the ratio 7 1 the 

lengths of these sides being a and i. * o + 

Prove also the following construction for the centroid : — 
The vertices, in order, being A, B, C, D, and the parallel sides AB 
and CD, produce BA to A', and ABioB', so that AA' = BB' = CD ; 
also produce DC to C", and CD to D', so that CO' = BD' = AB ; then 
the point of intersection of A'C and B'D' is the required centroid. 

9. A right line passing through a fixed point intersects two fixed 
right lines ; find the locus of the centroid of the triangle formed by 
the variable line and the two fixed lines. 

Ans. If the co-ordinates of the fixed point with reference to the 
two fixed lines as axes are a and 6, the locus is the hyperbola 
(3jj;— a) (3y— 6) = ah. 

10. If the right line in the last example, instead of passing through 
a fixed point, cut off a triangle of constant area, find the locus of the 
centroid of the triangle. 

Ans. If oj is the angle between the fixed lines, and W the constant 
area, the locus is the hyperbola 

9a;y sino) = IW'. 

11. From a sphere of radius B, is removed a sphere of radius r, the 
distance between their centres being c ; find the centre of mass of 
the remainder. 
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Ans. It is on the line joining their centres, and at a distance 



C9^ 

: from the centre. 



12. Every body has one and only one centre of mass. Hence show 
that the lines joining the middle points of the opposite sides of a 
quadrilateral bisect each other. 

(Consider four equal particles at the vertices.) 

13. From the- vertices of a given triangle let perpendiculars be 
drawn to the opposite sides. Find the distances of the centroid of 
the triangle formed by the feet of these perpendiculars from the sides 
of the given triangle. 

Ans. The distance from the side a is |^ a sin ^i cos {B—G). 

14. A thin uniform wire is bent into the form of a triangle ABO, 
and particles of weights, P, Q, R, are placed at the angular points 
A, B, C, respectively; prove that if the centre of mass of the particles 
coincides with that of the wire, 

P:Q:R—b + c:c + a:a + h. 
(Wolstenholme's Book of Mathematical Problems) 

15. Find the centroid of the triangle formed by the points in which 
the bisectors of the angles of a given triangle meet the opposite sides. 

Ans. If A denote the area of the given triangle, whose sides 
are a, b, c, the distance of the centroid from the side a is 
,^ 2a+b+c 
^ {a + b){a + c) 

16. A uniform wire of given length is formed into a triangle of 
which one angle is given ; find the locus of the centre of mass of the 
wire referred to the sides containing the given angle as axes. 

Ans. If C is the given angle, and 41 the length of the wire, the 

locus is the ellipse 

C 

{l—x-yY + 2{l-x—y){2l—x—y)sm^-T+ Itet/sin* ;r = 0. 

^ 2 

17. If particles be placed at the angular points of a tetrahedron, 
proportional respectively to the areas of the opposite faces, their 
centre of mass will be the centre of the sphere inscribed in the tetra- 
hedron. 

(Wolstenholme's Book of Mathematical Problems.) 

18. Prove that the centroid of the surface of a tetrahedron is the 
centre of the sphere inscribed in the tetrahedron formed by joining 
the centroids of the faces. 

19. If »i, ^2, ^3, z^, are the distances (rectangular or oblique) of the 
vertices of any quadrilateral area from a plane, and f the distance of 
the point of intersection of its diagonals from the plane, the distance 
of its centroid from the plane is 

i(«i + «2 + «3 + «4-C)- 
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Section II. 
Investigations requiring Integration. 

164.] Rule. The general formulse, such as that in Art. 157, 
for the co-ordinates of the centre of mass of a quantity of matter 
arranged in any manner assume particular forms according as 
the matter is arranged in the form of a wire of any shape, an 
area or thin lamina of any shape, or a solid." Then, again, 
they assume particular forms in each of these cases according 
to the manner in which the matter is supposed to be divided 
into elementary portions. 

Many students are in the habit of remembering a special 
formula for each of these numerous cases ; such a habit, how- 
ever, is not only useless but injurious. It is much better to 
consider the formula of Art. 157, or the method of p. 109, as 
furnishing the following Rule which covers all possible cases : 

Divide the given quantity of matter, in any way, into elementary 
portions ; find the position of the centre of mass of each of these 
portions ; then multiply the mass of each portion ly the co-ordinate* 
of its centre cf mass, and take the integral of this product ; and 
finally divide this integral by the whole quantity of matter. The 
result is the co-ordinate of the centre of mass required. 

165.] Centre of Mass of the Are of a Cxirve. If the 
matter whose centre of mass we desire to find is arranged in 
the shape of the arc of any curve, the co-ordinates of its centre 
of mass are obtained from the formula of Art. 157, in which 
dm now denotes the mass of an elementary length of the curve. 

Let ds denote the length of an elementary portion of the curve 

contained between two points, P ^--;====s^ 

and Q, (Fig. an); let k denote c^^^^^^ -g**^ 

the mean area of a section of the n;s, 

curve between P and Q, ; and let p \ 

denote the density of the matter \ 

in the neighbourhood of P and Q. I 

Then, since the quantity of matter 

• 1 . ; 1 1 i Kg. 211. 

m. any space is equal to the product 

of the volume and the density, the quantity of matter between 

P and Q is kp ds. 

* The co-ordinates are supposed to be such as are measured parallel to a given 
line. The rule would not hold if by co-ordinate were understood polar co-ordinate 
for instance. 
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Again, the centre of mass of this element is evidently the 
middle point ot PQ. 

And since to obtain G, the centre of mass of the whole mass, 
the co-ordinates of this middle point must be multiplied by the 
infinitesimal ipds, the co-ordinates of the centre of mass of PQ 
may be taken to be the same as those of P. 

Replacing' dm in the general formulae by the linear element 
kpds, we obtain for the position of the centre of mass of matter 
arranged in the form of any curve the equations 

fh poods 
~~ fkpds ' 
fhpyds ^ 
^ Jkpds 
fhprzds 
~ Jlspds 
The quantities h and p must be given as functions of the 
position of the, point P before the integrations can be per- 
formed. 

Examples. 

1. To find the position of the centroid of a oircular arc of uniform 
thickness and density. 

Let AB be the arc, M its middle point, and the centre of the 
circle. Then it is manifest from symmetry that the centroid must lie 
on the line OM, Take OM as axis of x. Then, since k and p are 
constant, we have _ fxds 

as being the co-ordinate of any point, P, in the arc. Let 6 be the 
angle POM and a the radius of the circle. Then 
a; = acos0, and ds := add. 



Hence 



/cos ede 
'' = "'/dr' 



the integration to be extended over the whole arc. Now if the angle 
BOA = 2 a, the integration must be taken from 5 = — a to 6 =■ a. 

Therefore _ sin a 

a; = a • 

o 

Hence the distance of the ceHtroid of the arc of a circle from the 
centre is the product of the radius and the chord of the are divided by 

tile length of the arc. 

o - 
The distance of the centroid of a semicircle from the centre is — • 
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2. Find the centre of mass of a circular arc of uniform section, the 
density varying as the length of the arc measured from one extremity. 

Let AB be the arc ; let the density at any point F = jj.. AP, and let 
OA be taken as axis of x. Then if AAOB = a, and AP = s, we have 



fsxds 



= 2a 



fecosdde 



r 



Odd 
osina + cosa — 1 



Similarly, y = . , = a 



fesmede 

Jo 



y^"' " rede 

Jo 



sm a- 
= 2a 



3. One extremity, A, of the arc, AB, of a curve being fixed, while 
the other extremity, B, varies, it is required to construct at any point 
the tangent to the locus of the centroid of the variable arc AB. 

Let AB be a portion of the arc of any curve, and let G be the 
centroid of AB. Then if J5' be a point on the given curve very close 
to B, the centroid of the whole arc AB' is obtained by joining the 
centroid, G, of AB to the centyoid of BB\ and dividing the joining 
line inversely as the lengths of AB and BB'. But the centroid of 
BB' is its middle point. Hence the centroid of AB' lies on the line 
joining G to the middle point BB'. In the limit, therefore, the 
line joining G to its next consecutive position is the line GB, which 
is, then, the tangent at G to the locus of G. 

4. Find the position of the centroid of the arc of a semi-cardioid. 
Ans. The equation of the curve being r = a{l + coa6), the co- 
ordinates of its centroid referred to the axis of the curve and a per- 
pendicular line through the cusp as axes of x and y are 

4 
x = y = -a. 

5. Find the equation of the line joining the centroid of the arc of 
haK a loop of a lemniscate to- the double point. 

Ans. The axes of x and y being the axis of the curve and a 
perpendicular line, the equation of the required line is 
y= {^/2—l).x. 

6. Find the centroid of the arc of a semi-cycloid. 

Ans. The axis of x being a tangent at the vertex, and a the 
radius of the generating circle, 

4> .2 



CB = (Tr--)a, y=3«- 



VOL. I. 



274 



CENTEOIDS [centres OF GRAVITY]. 



[l66. 



7. Find the distance of the centroid of the catenary 

from the axis of x, the curve being divided into two equal portions by 
the axis of y. 

Ans. If 2 Z is the length of the curve and k the ordinate of its 

extremity, the centroid lies on the axis of 2/ at a distance — ;-; — from 
the axis of a;. 



21 



8. Find a law of density of a wire of uniform section bent into the 
shape of a cycloid so that its centre of mass shall be half way up 
its axis. 

Ans. If the density varies as the length of the arc measured 
from the vertex, the result will follow 

9. If the density of a cycloidal arc varies as the n"i power of the 
arc measured from the vertex, find the position of the centre of mass 
of the curve. 

Ans. On the axis at a distance 2 a from the vertex, a 

n+ 3 

being the radius of the generating circle. 

10. One extremity of a circular arc is fixed while the other varies 
along the circle ; trace the locus of the oentroids of the varying arcs, 
and prove that the algebraic sum of the intercepts of the locus on the 
diameter perpendicular to that passing through the fixed extremity of 
the arcs is equal to half the radius. 

166.] Centroid of a Plane Area. Let APQB (Fig. 212) be 
any curve whose equation is given, and let it be required to find 
the centroid of the area, CABD, of a lamina included between 

a given portion, AB, of the 
curve, two extreme ordi- 
nates, AC and BB, and 
the axis of x, the lamina 
being supposed of uniform 
thickness and density. In 
accordance with the rule 
of Art 164, we break up 
the area into elementary portions. Suppose that this is done by 
taking rectangular strips, such as BQNM, included between two 
very close ordinates, PM and QN, and let ff be the centre of 
mass of this strip. 

Let the co-ordinates of P be (x, y) and those of Q (x + div, 
y + f^y) ) Ist P l^e the density and k the thickness of the lamina. 
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Then the mass, dm, of the rectangular strip is 

kpydx. 

Also the co-ordinates of ^ are (» + e, ^+e')» e and e' being 

extremely small quantities of the same order of magnitude as 
dx and d^. 

Following the rule of Art. 164, to obtain the abscissa of G, 
the centroid of the area, we shall have to take the integral of 
the product kpy{x + e) dx. 

Now idx is an infinitesimal of the second order, and is there- 
fore to be neglected in the integral. Hence if x and y are the 
co-ordinates of G, we have evidently, since k and p are 
constants, _ _ f^y dx _ _ ^ ff dx 



fydx "-^ fydi 



'X 



the integrations extending over the whole area GABB. 



Examples. 

1. Find the centroid of the area of a semi-cycloid. 
Taking the line joining the extremities of the arc of the whoie 
curve as axis of x, and a perpendicular through the vertex as axis of 
y, the curve is given by the equations 

tB = a (9 + sin ff), 
y = a (1 + cos ff). 

a 

Hence ydx^= 4a^cos*-(£5, and we have 



/ (0 + sine) cos* -rf9 / 

-Jo ^ . Jo 

x = a— r- T . y — <^-T. 



cos" -dd 



C" 6 
To find / e cos* -dd, write it 
Jo ^ 

-f'e{i+coseydd, or I T e(^+2coad+-coB2e)de. 

n6 sin nd + COS n 6 _, ii • x i • 

Hiow / 9 cos nede= f Hence the integral m 

question = — r^ 

Again,/ sia0 cob* -dO = 2, J sm -cos^ -d6 = -- 



T 2 
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„ _ 97r=-16 

Hence x = — • a. 

ISjr 

5 
And evidently y= -a. 

2. If the ordinates of a given curve, U, be all diminished or in- 
creased in a given ratio and a new curve, V, thus formed, prove 
that the centroid of any portion of U' cut off by a right line is 
obtained by diminishing or increasing in the same ratio the ordinate 
of the centroid of the corresponding portion of U. 

Let one line parallel to the axis of y meet U and U' in P and 
F' respectively, and let another such line meet them in Q and Q'. 
Draw the right lines PQ and P'Q' ; then these lines cut oif cor- 
responding portions of the two curves. From any point, M, on U 
draw a line parallel to the axis of y meeting the right line PQ in N, 
and U' and P'Q' in M' and N', respectively.- Denote the ordinates 
of M and Nhy y and z ; then it is clear that if k is the number by 
which the ordinates of U are multiplied to obtain those of U', the 
ordinates of M' and N' are ky and kz, respectively. All these points 
have a common abscissa, x. An ordinate drawn with the abscissa 
x + dx includes with the ordinate MNM'N', the curve TJ, and the 
line PQ a strip of area equal to {y—z)dx, while the corresponding 
strip of the area of U' cut off by P'Q' is k{y—z)dx. Again, the 

ordinate of the middle point of the first strip is — -— > and that of 

the middle point of the second strip is k^-^r— • 

Hence if ,y and y' denote the ordinates of the centroids of the 
portions of U and U' cut off by PQ and P'Q', respectively, 

^ fk\f-z^)dx 
^ ~^ /k{y-z)dx 

Let PQ cut off in all positions a constant area from U; then it is 
evident that P'Q' cuts off a constant area from U'. 'Suppose, more- 
over, that in this case the locus of the centroid of the portion of Uh 
a curve whose equation is fix y) =z Q- 

then clearly the locus of the centroid of the corresponding portion of 
: V oi constant area cut off by a right line is the curve 

/(«,f) = ,0. 

If the lines PQ and P'Q' are replaced by two curves, the second of 
which is deduced from the first as U' was from U, the same results 
evidently follow. 

3. Find the centroid of a quadrant of an ellipse. 

_ 4fl 46 

Ans. X = -—) M = -— . 
Sw ^ Stj: 
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4. A right line cuts off a constant area from an ellipse ; find the 
locus of the centroid of the portion cut off. 

Ans. An ellipse concentric and coaxal with the given one. 

5. Find the centroid of a quadrant of the curve ( -) + (f) =1. 

a 

Ans. 



3.5.7.9 IT ' ^ 3.5.7.9 w 
(Assume x = acoa^<j), y ■=h Bin'<^.) 

6. Find the centroid of any segment of a parabola cut off by a 
right line. 

Ans. On the diameter conjugate to the given line at a distance 
from the curve equal to f of the portion of the diameter intercepted 
by the given line. 

7. Through a given point, 0, is drawn a fixed right line meeting 
a curve in A ; through is also drawn another right line meeting 
the curve in P. It is required to construct at any point the tangent 
to the locus described by the centroid of the area AOP as the line 
OP varies. 

Ans. Let G be the centroid of AOP, and take a point Q on OP 
such that OQ =■ ^ OP. Then GQ is the tangent to the locus at G. 
(See Example 3, p. 273.) 

8. Find the centroid of a semi-ellipse cut off by any diameter. 
Ans. It is on the diameter conjugate to the given one and at a 

4a' 
distance - — from the centre, 2 a' being the length of this conjugate 
Sir 

diameter. 

9. Find the centroid of the area included by a parabola and two 
tangents. 

Ans. If a and 6 are the lengths of the tangents (which are taken 

as axes of x and y), k = — i « = - • 

5 5 1 1 

(The equation of the parabola is(-) +(?) =1- Assume 
05 = a cos* <l>, y=b sin* (f>.) 

The particular manner in which 
it is advisable to break up the 
area whose centroid is required 
varies with the nature of the 
area itself. Thus, let the area be 
that included between the axis of 
x and two curves, AC and £C 
(Fig. 313), whose equations are Fig. 213. 

given. In this case the area 
may be broken up into thin strips, such as PQF'Q', parallel 
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to the axis of x. Let {x, y) be the co-ordinates of P and (x', y) 
those of T'. Then the area of the strip is [x'—x)dy, and 
the co-ordinates of its centroid are \ [x + x) and y. Hence if 
no portion of the area considered is above a parallel to Ox drawn 
through C, the co-ordinates of its centroid are given by the 
equations 

''-^ f{x'-x)di> y- /{x'-x)dy ' 

in which the limits of _j' are and the ordinate of C. The values 
of x' and x are of course given in terms of y from the equations 
of the two curves. 

For example, let it be required to find the centroid of the area 
included between a parabola and a circle described with the vertex 
of the parabola as centre and a radius equal to f of its latus rectum. 
The centroid is on the axis of the parabola. Let the equation of the 
parabola be 2/° = 4 mx ; then the equation of the circle isx^ + y^ =: ^m? ; 
and the ordiijate of C, their point of intersection, is iw/i. 



Hence 



io W 



4 ^ 4m. 
36m 



T-yy 

4 m/ 



16 + 27sin-'(^) 



as the student will find without much difficulty. 



Examples. 

1. Find the centroid of the area included between the arc of a 
semi-cycloid, the circumference of the generating circle, and the line 
joining the extremities of the cycloid. 

Ans. The common tangent to the circle and cycloid at the vertex 

of the latter being taken as axis of as, the vertex being origin, and a 

the radius of the generating circle 

_ Sti^'-S . 5 

a3 = — a; y=-:a. 

4w 4 

2. Find the locus of the centroid of the area of a parabola cut off 
by a variable right line drawn through the vertex. 

Ans. If i.m is the latus rectum of the parabola, the locus is 

g 
another parabola whose equation is «/" = o "'*'• 
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(The student may verify the construction of Example 7, p. 277, for 
the tangent to this locus.) 

3. Find the centroid of the portion of an ellipse cut off by a line 
joining the extremities of the major and minor axes. 



Ans. 



y^rv- 



IGT".] Graphic Construction of the Centroid of a Plane 
Area. The following method of determining the centroid of any 
plane area is taken from CoUigDon's Statique, p. 315. 

Let APBQ, be any plane area, and let Ox be any line in its 
plane. Then, if the distances of the 
centroid from Ox and any other line 
in the plane are known^ the position 
of the point is known. 

Draw any line, O'x', parallel to Ox 
(axis of x) in the plane of the curve, 
and let the perpendicular distance 
between Ox and (/of be a. Let the 
area be broken up into narrow rect- 
angular strips, such as PFQ'Q, by 
lines parallel to the axis of x. Then 
if PQ, = z, the area of the strip 
= zdy, the distance of PQ from Ox 
being y. 

Hence the distance, y, of the centroid of the area from Ox 
is given by the equation 

Ai being the area of the figure, and the values of ^ running from 
the ordinate of A to that of B, at which points the tangents are 
parallel to Ox. Now take any point, O, on Ox ; draw OQ,, and 
draw PO' parallel to OQ. Let the line Off meet PQ, in E. 
Then by similar triangles 

QB _qB_ . QR_2^ 

BP~B&' •'■ Pq~ Off' 

or, z' denoting the length QB, 

az'=yz. (2) 

Let the locus oiB corresponding to all strips of the given area 
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be constructed. It will be a curve, ARB, passing through the 
points A and B. 

Substituting the value oit/z from (2) in (l), we have 

afz'dy 

in which-the limits of y are the same as before. 'Bxxi/z'dy is 
the area, A^, between the curves ABB and AQB. Hence 

The distance of the eentroid from Ox is therefore known. 
Similarly its distance from any other line can be found, and 
therefore the position of the point is determined. 

If a point S is deduced from B in the same way as that in 
which B was deduced from P, and if QS = /', we shall have as 
before 

" a 

If therefore the locus of S is constructed, the area included 
between it and AQB multiplied by a^ will be the value of the 
integral fy^zdy extended over the original area. 

By the construction of successive curves such as ARB we 
represent the values oi fy^zdy, fy'^zdy, &c., graphically. 

An ingenious instrument founded on these principles — the 
Integrometer of M. Deprez — is described by Collignon in the 
Annales des Fonts et Chaussees for March, 1872. 



Example. 

In finding by this method the eentroid of a portion of a parabola 
cut off by a double ordinate at a distance h from the vertex, prove 
that if the tangent at the vertex and the given double ordinate are 
taken as the lines Ox and O'x', the equation of the curve ARB will be 

hY = '^m.x{Ji-2xY. 

This curve (both branches being drawn) has a loop between the 
values aj = and x=-\h, and passes through the extremities of the 
double ordinate. 

168.] Polar Elements of a Plane Area. Let it be required 
to find the eentroid of a portion of a plane area bounded by a 
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portion of any curve, AB (Fig. 315), and by two extreme radii 
veetores, OA and 0£, drawn through a given point, 0. It is 
obvious that in this ease it is advisable 
in applying the rule of Art. 164 to 
decompose the area into triangular 
strips, such as POQ, included be- 
tween two very close radii veetores. 
If OP = r, and APOx = e, the ele- 
ment of area, POQ, is equal to 

and if the thickness and density of the 
lamina are uniform, the centre of mass 
of this element is a point ff which 
may be considered as on OP at a distance | r from 0. 

Hence if Ox is the axis of x, the co-ordinates of g are ultimately 
I r cos 6, and § r sin 0. 

Applying the rule of Art. 164, we then have 




Kg. IIS. 



fr^ cos 6 de 



^fr^ sin edO 

y = \ 



* fr'^dQ ' " ^ fr'-de 

For example, to find the centroid of a loop of Bernoulli's Lemnis- 
cate whose equation is r^ ^ a" cos 2 d. 

The axis of the loop being taken as axis of as, the abscissa of the 
centroid of the whole loop is evidently the same as that of the half 
loop above the axis ; 



2a 



Jo" 



cos5 29cos0(Zfl 






cos 2edd 



= ^ (l-2sin2e)t.ci!sina 
3 Jo 



Putting sin 6 = ,_ ) this integral becomes 
V2 



—^ I cos* <j>d^, 
J 2 Jo 



which := 



ia 1.3 w 



3^2 2.4 2 



3./2 
Therefore 



ira 
'4/2 



282 CENTEOIDS [centres OF GEAVITy]. [169. 



Examples. 

1. To find the centroid of a given sector of a circle. 

Ans. It is on the diameter bisecting the arc, at a distance from 
the centre equal to f of the product of the radius and the chord of the 
arc divided by the length of the arc. 

2. Find the centroid of a portion of an equiangular spiral included 
by the initial line and a given radius vector. 

Ans. The initial line being taken as axis of x, the equation of the 
spiral being r = ae''^, and a being the angle of the given radius vector, , 

4ka e^^''sma+Ske^'"'cosa—3k 



y = 



3(1 + 9^2) e2*«-l 

4Aa 1 — e5*''cosa + 



3(1 + 9*") e2*«-l 



3. When a = in the preceding question, find the values of x 
and y, and explain the result. 

4. Find the centroid of the portion of a parabolic area included 
between the axis and a radius vector drawn through the focus. 

Ana. If 4 m is the latus rectum, and t the tangent of half the 
angle between the given radius vector and the axis, 



__2to 1— ^<\ ._2ot «+_|f 

'^ ~ ~3~ ■ r+|T^ ' ^~~Z" \^\f 

169.] Double Integration. When the density of the lamina 
varies from point to point it may be necessary to divide it into 
infinitesimal portions of the second order instead of strips 
(triangular or rectangular) whose areas are infinitesimals of the 
first order. 

Thus, suppose that the lamina AOB (Fig. 315) is not of uniform 
density. Then if we break it up into triangular strips, such as 
POQ, the element of mass will be no longer proportional to the 
area POQ or \i^d6\ and, moreover, the centre of mass of the 
strip will not be | r distant from 0. 

Let a series of circles be described round as centre, the 
distance between two successive circles of the series being d/. 
These circles will divide the strip POQ into an indefinitely great 
number of rectangular elements ; and if one of these is included 
between the circles of radii / and / + dr', its area will be 

r'd/de. 
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If p is the density and k the thickness of the lamina at this 
element, the element of mass will be 

ipr'd/d0. 
Also the rectangular co-ordinates of the centre of mass of the 
element are ultimately /cos and /sin 6. 

Now to find the abscissa of the centre of mass we must 
perform the summations fxdm axidifdm over the whole area 
considered. 

The contribution to the first of these summations given by the 
strip POQ is evidently 

cos e def fyr'^dr'; 
Jo 
and the contribution to the second is 

def kpr'dr'. 

In each of these latter integrals the values k and p in terms 
of / and 6 must be substituted, and the integrations are to be 
performed on the supposition that & is constant while / runs 
from to r. 

The quantity cos dd6 hpr'^dr' will then assume the shape 

^(/,fl).cos QdQ. But since the curve AB is given, r is given 
as a function of 6. Hence this quantity assumes the form 
f(6).cos6dd. This is the final shape of the contribution of 
the strip FOQ. If we wish to find how much is contributed 
by all the strips of the area, we must integrate / {6) . cos OdO 
from d = AOx to 5 = £0x. 

This double process of integration — first with regard to /, and 
then with regard to — is expressed by the symbols of double 
integration thus : — 

fxdm = l f Apr'^cos0d/d0, 



> 



o and /3 denoting the angles AOx and £0x. 
Hence we obtain 



r f kpr'^ cos 0dr'd0 (^ [' kpr'^ sin Od/de 



/ / kp/d/de / / kp/dr'd9 

Ja Jo J<^ -^0 

Let it be required, for example, to find the centroid of the area of 
a cardioid in which the density at a point varies as the n^'^ power of 
the distance of the point from the cusp. 
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Here p = fJ./", and k is constant; therefore, the abscissa being the 
same for the whole curve as for the half above the axis, 

I I r'«+2 cos edr'dd 



'i^'^+tdr'dO 
Integrating first with regard to /, we have 



Jo Jo 



r"+Scos9c^fl 
'^"''^ ' r»+^de 



a. 



1 + 2 Jo_ 

r 

.tin§ 

I cos^«+^<t>{2cos'<l)~l)d(l) 
Jo 



a 

But r = 2a cos'-- Substituting this value and putting ^ =(|), 
we have 

2(w+2) 



n + 3 r% 



1 COs2»+4<^cZ(^ 



These definite integrals are well known. Dividing the numerator 
1.3 

2{n+2) 



J J . , , 1.3. 5. ..2*1 + 3 IT , 

and denominator by - — : — - — • - j we have 

•' 2.4.6...2W + 4 2 



f {2n+5){2n + 7) 2w + 5 j[ 
\ ■(2w + 6)(2w + 8) 2n+&y 



_ (w + 2)(2w + 5) 
— (m+3)(w + 4) '"" 
The centroid evidently lies on the axis of symmetry, or ^ = 0. 



Examples. 

1 . Find the centre of mass of a circular sector in which the density 
varies as the m* power of the distance from the centre. 

Ans. =- J where a is the radius of the circle, I the length 

M+3 I 

of the arc, and c the" length of the chord, of the sector. 

2. Find the position of the centre of mass of a circular lamina in 
which the density at any point varies as the «*'» power of the distance 
from a given point on the circumference. 

Ans. It is on the diameter passing through the given point at 

a distance from this point equal to -^ ~ a, a being the radius. 

■^ « + 4 
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Methods of double integration are also often employed when 
the elements of area are expressed in Cartesian co-ordinates. 
In this case, let the element of area at a point P, whose co- 
ordinates are {of,y), be a small rectangle included between two 
very close lines parallel to the axis of x and two very close lines 
parallel to the axis of y. Then the element of area will be 
dxd/; and if p and k are the density and thickness of the 
lamina at the element, the element of mass, 

dm = hpdafdy . 
Also the co-ordinates of the centre of mass of this element are 
ultimately x' and y' . Hence 

f/kpsB'dx'dy _ _ f/kpy'dx'dy' 
'^^ ffkpdafdy' ' ^ ^ ffkpdx'd/ ' 
A single example will suffice to illustrate this ipethod. 

Let it be required to find the centre of mass of a quadrant of an 
elhpse included by the semi-axes, the density at any point being pro- 
portional to the product of the co-ordinates of this point. 
Here p = M ■ '"'j/'j ^^^ since k is supposed constant, 

_ _ f/xYdxdy' . _ ffx'y'Hx'dy' 

'" ~ f/x'y'dx'dy' ' ^ - ' ffx'y'dx'dy' ' 

Let the integrations be performed first over a strip parallel to the 

axis of y. Then we integrate with respect to /, regarding cc' as 

constant, from y' = to y'= y, the ordinate of a point on the ellipse. 

fx'^fdx' 

Hence a; = - ,. , .., / • 

Jx y dx 

Here we must substitute the value of y in terms of x', and thus 

we get _ _ /x'^{d?-x'^dx' 

^~ fx{d—x^)dx'' 

in which summations the abscissa x' is to receive all values from 
to a. 

We easily obtain— a a^id— 6 for the co-ordinates of the centre of 
mass. 

Examples may occur in which, although the density of the 
lamina varies from point to point, the process of double integra- 
tion can be avoided by the judicious selection of an element of 

area. 

Let it be required to find the centre of mass of a quadrant 
of an ellipse in which the density at any point varies as the 
distance of the point from the axis major. 
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Here, by dividing the area into rectangular strips parallel to 
the axis major, we obtain infinitesimal elements oi^e first order 
throughout each of which the density is constant. Hence our 
equations are _ ^ JVydi . _ _ faifdy 

^~ fooydy' y~fxydy' 
Making the usual eccentric angle substitutions for x and y, we 

fi^^^ _ 3 Sir, 

X =■ -a, y = — 0, 
B ' ^ 16 

170.] Centroid of a Surface of Revolution. Let a plane 

curve AB (Fig. a 12) revolve round a line Ox (taken as axis of «) 

and generate a surface. Then the revolution of the elementary 

arc PQ, (=ds) generates a portion of surface whose area is 

2 IT yds; and if p is the density of the matter in this zone and 

& its thickness, the element of mass is 2 -nlcpyds. Also the centre 

of mass of the zone is ultimately the point M, whose abscissa is 

X. Hence the centroid of the surface generated (which obviously 

lies on the axis of revolution) is at a distance from given by 

the equation _ _fkpxyds 

~ fhpyds ' 

the integrations being extended over the whole length of the 
generating curve. 

For example, to find the centroid of the surface of a semi-ellipsoid 
of revolution round the minor axis, the density of any zone being 
proportional to its distance from the equatoreal plane, and the thick- 
ness being constant : — 

The area of a zone at a distance y from the equatoreal plane being 
li^xdLs, the position of the centroid is given by the equation 

fx'ifds 

~ fxyds ' 
the integration extending over the arc of a quadrant of the generating 
ellipse. Using the eccentric angle, we have 

K = a cos (j), y = b sin (j), ds = •>/«" sin''<^ + 6^ oos'(j> . d(j), 
a and 6 being the semi-axes of the ellipse. 

/ cos^ &vol^<\) ■v^a^'sin^e^ + b''cos^(f> . d(f> 

- _ T, Jo ■ 

^ ri . . -, - 

/ cos (^ sine/) va''sin''(^-t-6^cos''<^. <i^ 


To find the integral in the numerator, put t for sin <f), and it 
becomes 
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X 



Jo 
where a^—V= c'. This, again, is equal to 



Jo 
which = -ly ' (6» + o'«^)t <i« _ ^r (62 + c"" t')id6 ■ 

and this, by making the first integral depend on the second, is easily 
proved to be 

, The integral in this expression is one of the elementary forma 
in the Integral Calculus. Hence the numerator is 

gi^(2a'c-a6=c-6nog^). 

The integral in the denominator is evidently 



/•5 , 

r / V 6^ + o' sin'' (/> . d sin' 0, 

JO 



which is equal to — g (a'— 6^). 

gj 2a'c-a6''c-6*log^'' 

Therefore v = — • ^ „. • 

^ 8 c(o»-65) 

For a sphere of radius a the value of y is easily proved by direct 
calculation to be | a ; and the student may exercise himself in the 
evaluation of indeterminate forms by deducing this from the value 
of y given above. (For this purpose it will be advisable to put 

log — T — into the form J log > and expand.) 

171.] Ceutroid of any Portion of a Spherical Surface. 
Let dS denote any portion of a spherical surface, and let d2 
denote its projection on any plane passing through the centre of 
the sphere. Then, if this plane be taken as that of xy, and if z 
denote the distance of the centroid of the element dS from the 
plane, the distance of the centroid of any portion of the spherical 
surface from the plane is given by the equation 

the integration being extended over the whole portion of the 
spherical surface considered. 
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Now if r is the radius of the sphere, the cosine of the angle 
between the tangent plane to the sphere at the element AS and 

the plane of xy'\&-; therefore 

^S = - AS. (2) 

Hence y^^^/iS = ?y<^S=/!S, S denoting the projection of the 
whole spherical area considered; and making this substitution 
in (1), we have 2 

l=r-^, (3) 

where S is the area of that portion of the sphere whose centroid 
is required. 

Equation (l) gives, of course, the distance of the centroid of 
any surface whose element is dS from the plane of xy ; and it is 
clear that if the surface is generated by the motion of a sphere 
of constant radius whose centre moves along any curve in the 
plane of xy, the cosine of the angle between the tangent plane 

at the element dS and the plane of xy will still be - , since the 

given surface and the generating sphere have the same tangent 
plane. Hence equation (2) holds in this case and therefore also 
equation (3). 

173.] Centroid of any Surface. Let dS denote an element 
of any surfaecj <^2 the projection of this element on the plane of 
xy, and y the angle between the plane of ocy and the tangent 
plane to the surface at the element dS. Then, if ^ is the distance 
of the centroid of dS from the plane of xy, we have 
. _ fzdS 
^ ~ JdS ' 
_/eseoy.d2 
~ yseey.d2 

It is not unusual to suppose the element dS cut off from the 
surface in the following manner. 

Let m (Fig. 316) be a point in the plane xy whose co-ordinates 
are x',/; let mn be drawn parallel to the axis of x and equal to 
dx' ; let mq be parallel to the axis of y and equal to d/; and 
complete the rectangle mnpq. On the base mnpq describe a 
prism whose edges. Mm, Nn, Pp, Qq, are parallel to the axis of ^. 
This prism will intercept on the given surface an element, 
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MNPQ, which is dS. The rectangular projection, <^S, is then 
mnpq. whose area is daf dy' . Substituting this value in the above 

equation, we have ^^ /AsecyfeV/ 

J J sec y dx' dy ' 

the integrations being extended over the whole projection of 
the given surface on the plane xy. 

It easily follows that the centroid 
of the projection [orthogonal or ob- 
lique) of any plane area on any plane 
is the projection of the centroid of 
the area. 

Take the plane on which the 
given area is projected as the plane 
of xy ; let (B be the angle between 
this plane and the plane of the 
area, and let x, y be co-ordinates 
of the centroid of the given area. Then 




Fig. 216. 



X = 



fxdS fxsecui.d'2 
fsecio.d'^ 
fxd2 



fdS 



~ fdr 

since to is the same for all elements. But the co-ordinate of the 
centroid of the projection is evidently given by this equation. 
Therefore, &c. ; and a similar proof obviously holds for an 
oblique projection, because at all points of the given area the 
ratio of dS to <?2 is constant. 



Examples. 

1. A section of a sphere is made by any two parallel planes ; prove 
that the centroid of the spherical surface included is midway between 
them. 

This is very easily proved either by direct calculation or by the 
application of the result of last Article. Collignon (Statique, p. 295) 
gives an elegant geometrical demonstration which depends on the fact 
that if a cylinder is circumscribed to a sphere along any one of its 
great circles, the portion of the area of the cylinder included between 
any two planes at right angles to its axis is equal to the portion of 
the area of the sphere included by these planes. By taking in- 
definitely close planes it follows that the spherical area may be 
transferred to the cylinder, and the centroid of any portion of a 
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cylindrical area cut off by planes perpendicular to the axis is evidently 
midway between these planes. 

CoE. The centroid of the surface of a hemisphere is at a distance 
equal to half the radius from the centre. 

The author is indebted to Mr. J. Rendel Harris, of Clare Hall, for 
the following application of this result to find the centre of mass of a 
solid hemisphere. Suppose AB to be the diameter of the solid hemi- 
sphere, its centre, OJS the perpendicular to the plane base at 
meeting the surface of the hemisphere at H ; draw the tangent plane, 
CB, at E, the points C and D being on the perpendiculars at B and A 
to the base AB. 

Divide the solid hemisphere into an infinite number of their con- 
centric hemispherical shells, and replace each shell by a cylinder of the 
same thickness, having the plane base of this shell for its base, and the 
radius of this shell for its length. In this way the solid hemisphere 
will be replaced by the solid which is obtained by cutting out of the 
cylinder ABCD, which surrounds the surface of the given hemisphere, 
the cone COD. Hence, if r is the radius of the hemisphere, and z 
the distance of the centre of mass of the given solid hemisphere from 0, 



Trr 



i^-^-iTrr^.^r 



z = 



= fr. 




2. To find the centroid of a spherical triangle. 
Let ABC be any spherical triangle, and the centre of the sphere. 
Produce the sides AC and AB until they 
become quadrants, AH and AD, and draw 
the arc DH of a great circle. 

We shall find the distance of the centroid 
from the plane EOD, which is perpendicular 
to the line OA. 

The projection of the area ABC on this 
plane is evidently the same as the projection 
of the sector, COB. Now if p^ is the per- 
pendicular arc from A on the side BC, the 
angle between the planes COB and EOD is 
90°— ^>i ; also the area of the sector COB is \ar, a being the length 
of the side BC and r the radius of the sphere. Hence if 2 denote 
the projection of the area of the triangle on the plane EOD, 

2 = Jar sin ^1; 
and ii A, B, G denote the circular measures of the angles of the 
triangle, and S its area, S = r" (A + B + C —-n). 

Hence, by (3) of last Article, if 00 denote the distance of the centroid 



Fig. 217. 



from the plane. 



x=\- 



asinpj 
A+B+C-% 
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It is evident that x is the distance from of the projection of the 
centroid on the line OA. Its projections on the lines OB and 00 are 
obtained by writing b and p^, c and p„ instead' of a and j)j, in this 
equation. 

3. To find the centroid of the surface of a nearly spherical semi- 
elUpsoid cut off by the plane of the two greater axes. 
Let the axes in order of magnitude be a, h, c, and let 

_ p " — yi 

/C , _„ ft - 



Now if dx' dy' is the projection on the plane xy (which is the base 
of the semi-ellipsoid) of an element of surface, dS, we have 

^^^ c^dx'dy' , 
pz 
p being perpendicular from the centre on the tangent plane at 
the element, and z the distance of the element from the plane of xy. 
Hence, iS denoting the surface of the semi-ellipsoid, we have 

Therefore, rejecting all powers of k and k' beyond the second, 
S.z = cJJ{l--^—^)dxdy. 

Integrating from x'= —x to x' = x, the co-ordinates of a point on 
the circumference of the base being x, y, we have 

S.z = 2cJ{x--^-^^)dy. 

Expressing x and y in terms of the eccentric angle, and integrating 
over the entire circumference, we have 

k^ + k'^ 
S.z = Trdbch. ) 

o 

Now (Williamson's Integral Calcidus), 

/•f ainOdO 

S = Tia^Pc^ [J^ (6^ sin« -I- c» cos^ 6)% {a' sin' 6 + c' cos' 0)4 

Jr^ . sinOdd -■ 

„ (a' sin' + c' cos' 0)* (6^ sin'' d + c^ cos' 0)* ' 
which is easily proved to be 2776' 1 1 -t-|(AH A'')}. 



Hence finally, « = 1 1 ^ " ^ (*' + *")} ' 



V a 
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4. A parabola revolves round its axis; find the centroid of a 
portion of the surface between the vertex and a plane perpendicular 
to the axis at a distance from the vertex equal to f of the latus 
rectum. 2 9 

Ans. Its distance from the vertex = — (latus rectum). 

5. Find the centroid of the surface generated by the revolution of 
a cycloid round its axis. 2 (ISir— 8^ 

Ans. It is on the axis at a distance , ^ ,„ r\ • <* from the 

15 (3w— 4) 

vertex, a being the radius of the generating circle. 

6. Prove that the centroid of the lateral surface of the frustum of a 
right cone or pyramid lies in a plane whose distance from the base is 

_i_ 9 ' 
5^ -^ . h, where p and ^/ are the perimeters of the base and upper 

section, and h the height of the frustum. 

173.] Centre of Mass of a Solid of Revolution. If the 

curve AB (Fig. 212) revolve round Ox, the rectangular area 
PQNMviiW. generate a cylindrical volume equal to ir . PM'^ . MN, 
or Tsy^'dx. Hence if the density of the solid is uniform, we have 
for the position of its centre of mass (which obviously lies on Ox) 

fxy^ Ax 
~ ffdx 
the integrations being extended over the whole of the area 
CABD, of the revolving curve. 

If the dehsity varies, the element of mass may require to be 
taken differently. If the density is a function of x alone, i.e. 
if it is the same all over the rectangular strip PQWM, the 
volume may be broken up as above, and the element of mass 
= T!py^clx. Hence we shall have, in this case, 

fpxy^ dx 

Suppose the density to vary as y alone. Then if we take a 
small rectangular area, dx' d/, at a point whose co-ordinates are 
x', y', this area will generate an element of volume equal to 
2-a^dxf d^ ; therefore the element of mass = lupy' dx' dy' and 
we have _ ^ ffpx'ydafd/ 

'•"- ffp^dx'dy ' 

The integrations are to be performed first from y'= toy' = y, 
the ordinate of a point P on the bounding curve ; and then from 

x'= 0€ to x'= on. 
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As an example, let the curve AB be a quadrant of a circle of which 
OA and OB are diameters, and let it be required to find the centre 
of mass of the solid hemisphere generated by the revolution of this 
quadrant round OB (taken as axis of as) ; firstly, when the density is 
uniform ; secondly, when it is constant over a section perpendicular to 
OB and proportional to the distance of this section from the centre ; 
and thirdly, when it is the same at the same distance from OB, and 
proportional to this distance. 

Firstly, we have x = /^j ' Putting x = rcosd, y = rsin G, 

where r is the radius of the circle, and integrating between = and 

, IT , _ 3 

e= -J we have a; = -r. (1) 

Secondly, since p = \i.x, we have x= "^ ^ i which easily gives 

J xi/ ax 

_8_ 

~ 15 

Thirdly, p =ijiy', therefore 

ffy"^dxdy' fr^dx ' 
and the previous substitutions for x and y give 

16 
ISir 

In this case the double integration might Have been avoided 
by breaking the area up into rectangles parallel to the axis of x. 

The student will do well in such examples as this to check his 
results as much as possible by a common-sense view of the 
question. Thus, having proved that the distance of the centre 
of mass of a homogeneous hemisphere from the centre is f r, it is 
clear that when the density of a section is directly proportional 
to its distance from the centre, the centre of mass of the 
hemisphere must be at a distance from the centre > f r, since the 
matter is most dense in the space remote from the centre ; while 
in the third ease above, since the ordinates of the portion of the 
curve near A are greater than those of the portion near B, and 
since the density increases with the ordinate, it is evident that 
the centre of, mass must be nearer to the centre than in the 
homogeneous hemisphere. 

The most advantageous method of breaking up a mass of 
varying density into elements depends entirely on the law of 
variation of the density, and while all these methods are em- 



(3) 
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braced in the rule of Art. 164, it would be impossible to give 
formulae suited to all cases. 

Laplace, by assuming the change of the pressure from stratum to 
stratum of the earth to be proportional to the change in the square of 
the density, proves that if the strata of uniform density are spherical, 
the density of a stratum of radius x is given by the equation 

. Ma; 
sm — 

a being the radius of the earth, jQ„ the density at the centre, and /x a 
constant number. 

Let it be required to find the centre of mass of a hemisphere whose 
density follows this law. 

Here the element of mass of uniform density is the stratum in- 
cluded between the hemispheres of radii x and x + dx. Hence 

dm = 2 77/3 x^dx 

X . (1.x 
■=■ 2irapn-sin — dx. 
IX a 

Also the distance of the centre of mass of this stratum from the 
centre is - (Example 1, p. 289). Hence, the axis of x being the 

diameter perpendicular to the base of the hemisphere, the distance of 
the centre of mass from the centre is given by the equation 



_ 1 ilL 



x sm — dx 



a 



i: 



X sm — dx 
a 



(2 — fi^)cos/x + 2/isinfx— 2 

2iJ,{sm jj,— jj, cos IJ.) 
as will be easily found. When jii=0 the hemisphere is of uniform 
density, and the student will see that this value of x becomes fa, in 
accordance with our previous result. 



Examples. 

1 . Find the centre of mass of a hemisphere in which the density is 
proportional to the n^'^ power of the distance from the centre. 

Ans. It is at a distance = , • ^ from the centre, a being the 

m+4 2 ' ^ 

radius of the hemisphere. 

2. Find the centre of mass of a portion of a paraboloid of revolu- 
tion cut off by a plane perpendicular to its axis. 
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Ans. If h is the distance of the plane of section from the vertex, 
X = |/i. 

3. Find the centre of mass of a semi-ellipsoid of revolution round 
the minor axis, the density at any point being proportional to its 
distance from the base which is the plane perpendicular to the axis of 
revolution. 

g 

Ans. y = ---b, where b is the semi-minor axis, 
lo 

4. An ellipsoid of revolution round the minor axis is cut by a plane 
passing through this axis; find the centre of mass of the portion 
included between one semi-ellipsoid thus cut oif and the concentric 
hemisphere whose diameter is the minor axis. 

Ans. If a and b are the axes major and minor of the generating 
ellipse, the required centre of mass is oh the major axia at a distance 

, ^ 3 a' + ab + b^ ' , 

equal to — from the centre. 

o a + b 

Verify this result in two obvious cases. 

174.] Centre of Mass of any Solid. la the solid take any 
point, P, whose co-ordinates are x, y, z, and also a close point, Q, 
whose co-ordinates are x + dio, y-\-dy, z + dz. Then evidently 
the volume of the parallelopiped whose diagonal is PQ and 
whose edges are parallel to the axes of co-ordinates is dx dy dz ; 
and if p is the density of the body at P the element of mass at 
P is pdxdydz. 

Hence the co-ordinates of the centre of mass of the solid are 
given by the equations 

- ff/pnodxdydz _ _fff py dx dy dz _ fffpzdxdydz 
~ ff/pdiBdydz ' ^~ ///pdxdydz ' ///pdxdydz 

the integrations being extended over the whole solid. 

It may not be necessary to take infinitesimal elements of 
volume of the third order. From what has preceded, the 
student will have learned that the best mode of breaking up the 
given mass into elements depends entirely on the law of density 
which prevails. 

In many cases the symmetry of the solid enables us to simplify 
the problem by choosing elements of volume which are in- 
finitesimals oi^e first order only. 

The various elements of volume which it may be necessary to 
take are exemplified in the following problems. 

Find the centre of mass of the eighth part of an ellipsoid, ABC 
(Fig. 31 8), included between its three principal planes — 
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(1) When the density at any point is simply a function of its 
distance from the principal plane BC (plane oi yz). 

(2) When the density at any point is a function of its 
distances from the two principal planes AC and BC (planes of xz 
and_y«). 

(3) When the density at any point is a function of its 

distances from the three prin- 
cipal planes. 

In the first case, the den- 
sity will be constant over a 
section BH perpendicular to 
OA. Hence, taking two such 
sections, BE and EF, at a 
distance dx from each other, 
th^ density of the solid between 
them may be considered uni- 
form, and this portion of the 
solid may be taken as the ele- 
ment of mass. 
In the second case, the density will be constant throughout a 
portion of the body in which x and y are constant ; that is, along 
a perpendicular to the plane AB ; and the element of mass may 
be taken as the prism NQnq, the area of whose base is dxd^, and 
which intersects the hounding surface in the area NMQP. 

In the third case, the density is not the same at any two 
points, and the element of mass must be taken at a small rect- 
angular prism, sir, whose volume is dxdydz. 




Fig. 218. 



Examples. 



1. In the problem just discussed, find the centre of mass when 
the density at any point is proportional to its distance from the 
plane BC 

Here p =. \y.x\ also, the equation of the ellipsoid being 
^ y' ^ 

the ellipse BH satisfies the equation 

2/' «' 



r + 






^^(^-5) 



=1, 
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which shows that the axes GS and GD are 



respectively. Hence, IG being = c^x, the element of mass is 

T!libcx{\ i)dx; 

and since the centre of mass of this element is ultimately a point 
whose co-ordinates are 



46 



(see Ex. 3, p. 276), we have 



X 



a 8 



15 

cfa; 



^'^^ y = -Tz 



J fa ™2 



46 Jo a" _166. 

Stt" r« ,, a!\, ~15Tr' 
ax 



the value of i being, of course, 



16c 
15it" 



2. If the density at any point of the ellipsoid is jj-xy, find the centre 
of mass. 

Taking a prismatic element of volume NQnq, the element of mass is 

)xxyz dx dy, 

z being the height. Mm, of the prism. 

The co-ordinates of M being x, y, e, those of the centre of mass of 

z 
this prism are evidently x, y, —• Hence 

_ _ /fx^yzdxdy . _ ffxn^zdx dy _ _ ^ ffxyi^dxdy 
~ f/^y^ dxdy' ff^y^ d^dy' ~^ f/xyzdxdy 

The integrations may be performed, first with regard to y, from 
y=Oioy = GH ; and then with regard to x, from a; = to a; = OA. 

Now, //xyzdxdy = cffxy{\--^-:j^) dxdy; 

and, integrating first with regard to y, we have 
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since from the equation of the ellipse .45, the value GH of y makes 
1 ^ — T5- vanish. Hence 

ffxyzdxdy = —J x{\--^) dx = -^ • 

In the same way, 

We C" y? ^ 

/fx^yz dxdy=~ x\l r-) dx, 

^ Jo <^ 

which, by putting a; = a cos ^, is easily seen to he „„ • Hence 

5 TT 5 TT 5 

» = -5}^ • a, and y= -—.b; and it is easily found that z = -c. 

3. If the density at any point in the solid is proportional to the 
product of the co-ordinates of the point, find the centre of mass. 

Here, at any point, we have p = jj,. xym, and the element of mass 
being jxxyzdxdydz, we have 

yjyx''yzdxdydz 

fjfxyz dxdydz 
with similar values of y and 5. If we first integrate from a = to 
z = mM (Fig. 218), we shall have the contribution of the prism NQnq 
to the summation. Integrating, then, with respect to z, considering 
X and y constant, we have 

fjfo^yz dx dydz = \ff^y {m,MY ■ dx dy 



= 'i!h^'-i-i^'^'y' 



since M is a point on the bounding surface of the ellipsoid, Let this 
latter integration be first performed with respect to y, considering x 
constant, from y = to y = GH, and we shall then have the con- 
tribution of the mass contained between the sections DH and EF, 



roH ™2 ,,2 7,2 ™a 

Now / ,(l-|.-fr)% = ^(l-^^ 

52<.2 ra Q/S 

Hence ///x^yzdxdydz=. —r- I a? {I j)^ <:?«; = 

8 Jo a 



a^W<? 



48 



105 
as easily appears by putting a; = a cos <^. 

It will be found without difficulty that f/fxyzdxdydz = 

„ _ 16 16 , , _ 16 

Hence as = — a, y = — 6, and « = — c. 

4. Find the centre of mass of the portion of the elliptic paraboloid 

jc ifi z 

-2" + -p- = 2- included between the planes xz and yz and a plane 

perpendicular to the axis of « at a distance h from the vertex. 
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. _ 16as /2A 166 /2A _ 2, 

Ans. 03=-— -A/ — ) y = -—-/</ — , 2 = -A. 
15w V c ^ 15w'^V c 3 

5. At eaph point, M, in the semi-axis major of an ellipse, is drawn 
a line perpendicular to the plane of the ellipse, its length heing 
proportional to the distance of M from the centre ; the extremity of 
this perpendicular is joined to the point P on one quadrant of the 
ellipse such that PM is perpendicular to the axis major. Find the 
centroid of the volume thus generated. 

Ans. If at any distance, x, from the centre the perpendicular to 
the plane of the ellipse is he, and if the axes of as, y, and z are the axes 
of the ellipse and a perpendicular to them, we have 



3Tra 



y- 



■tha 



b 

16 ' ' 4' '"" 16 ■ 

6. Through a diameter of the base of a right cone are drawn two 
planes cutting the cone in parabolas ; find the centroid of the volume 
of the cone included between these planes and the vertex. 

Ans. It is on the axis at a distance from the vertex equal to f of 
height of cone. 

7. A plane cuts off a constant volume from an ellipsoid ; find the 
locus of the centroid of the portion cut off. 

Ans. An ellipsoid similar to the given one, and similarly placed 
(see Example 2, p. 276, the theorem of which is equally applicable to 
surfaces). 

175.] Polar Elements of Mass. Let Fig. 319 represent the 
portion of the volume of a solid included between its bounding 
surface and three rectan- 
gular co-ordinate planes. 
Then the solid may be 
broken up into elements in 
the following manner : — 

(1) Through the axis of 
z draw two close planes 
cutting the bounding sur- 
face in curves zB and zS 
(called meridians) ; and let 
the angles BOic and SOx be 
denoted by cj) and (t> + d<p, 
respectively. 

(2) Round the axis of z describe two right cones with the 
semi- vertical angles zOP and zOQ, equal to 6 and 9 + dd, 
respectively. 




Fig. 219. 
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(3) With as centre, describe two close spheres whose radii, 
Os and Ot, are equal to r and r + dr, respectively. 

These planes, cones, and spheres will then determine the small 
rectangular parallelopiped matq, whose volume = msxsqxd. 

Now, perpendiculars from m and s on Oz will each be equal to 
Os . sin zOs, or r sin 6, and they will include an angle equal to 
EOS, or d^ ; therefore ms == r sin ddif). Also, 

sq = Os. sin sOq = rdO ; and st = dr. 

Therefore the volume of the elementary parallelopiped 
= r^ sin 6 dr dd d(j) ; and if p is the density of the solid at s, the 
element of mass is ^ ^2 gi^ g ^^ gg ^^_ 

Again, the co-ordinates of the centre of mass of this element are 
ultimately the same as those of s ; therefore they are 
r sin cos <(>, r sin 6 sin (p, and rcosd ; 
and for" the centre of mass of any finite portion of the solid we 
have _ ^ j-jy-p yS gi^sg cos 4> dr d9 dcj) 

*~ ///pr^ sine drded^ ' 

jy/pr^ sin^ d sin <f> dr dd d<f> 
^^ ff/pr^ sine drded(l> ' 
ff/pr^ sin e COS edrde d(l> 
f/fpr^siuedrdedcti ' 
the limits of integration being determined by the figure of 
portion of the solid considered. 

The angles 6 and (j> are sometimes called the colatitude and 
longitude, respectively. 



Examples. 

1 . Find the centre of mass of a portion of a solid sphere contained 
in a right cone whose vertex is the centre of the sphere, the density 
of the solid varying as the n^^ power of the distance from the centre. 

Take the axis of the cone as that of z, and any plane through it as 
that from which longitude is measured. Then it is clear that 
S = ^ = 0, and we have 

- _ //A""^^ sin^ "Qs 6drd6d4> 
^ ~ fff^'^'' sin e dr dd d^, 
Performing the integration first with respect to r, considering 6 and (/) 
constant, from r = to r = a, the radius of the sphere, we have 



z =■ 



__ w+3 // einO cos eded(j) 
*~^H^'' //sin'edddct) 
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Performing the integration now with respect to (ft, the longitude, 
which runs from to 217, we have 



_ _ n+3 /sing cos Odd 



n+3 a 
z = — —. • - (1 + cos a). 



If a ^ the semi- vertical angle of the cone, the limits of d are and a. 

Therefore 

71 + 4 2 

2. Find the centre of mass of a prism whose base is a given spherical 
triangle and whose vertex is the centre of the sphere on which the 
triangle is described. 

Let (Fig. 217) be the centre of the sphere, and take 00 as axis of 
X. From C draw the perpendicular p^ to the base AB, and let R be 
the radius of the sphere. . 

The value of i given as a triple integral may be modified in the 
present case. 

Let dS denote any small element of area at any point on GP ; then 
the volume of a cone whose base is this element and vertex the centre 
of the sphere is J RdS, and the distance of its centre of mass from the 
plane of xy is (Art. 162) f R cos 0. Hence 

_ 3„/cos0rf5 

Now cos 6 .dS is the projection of the element dS on the plane of 
xy ; therefore the numerator is the projection of the whole area ABC 
on this plane, which, as in Example 2, p. 290, is \cR sin pj. Hence, 

_ 3 csin^jj 

''~2. A+B+G-t:' 

3. A cardioid revolves round its axis ; find the centre of mass of the 
solid generated. 

Ans. It is at a distance from the cusp equal to f (axis). 

176.] Theorems of Pappus. 1^ a plane area revolve through 
any angle round a line in its plane, p 

the volume generated is equal to the 
area of the revolving figure multiplied 
ly the length of the path described by 



lietAJB (Pig. 220) be the revolving 
figure^ and Ose the line about which 
it revolves. Let the area be broken 
up into an indefinitely great number 
of rectangular strips, such as I'Qqj), 
by lines perpendicular to Ox. Then the volume generated by 
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this strip in revolving through an angle u> is evidently equal to 



2tt' 



or ia){y2^—^-^^)dx, 

denoting PM, pM, and MN by ^2, y^, and dx. Hence- if f 
denote the whole volume generated, 

Now the distance of the eentroid of the strip from Ox is ^ ^ ; 

and the area of the strip is [y^—y-^dx. Hence, denoting these 
quantities by y and dA respectively, 
y = (o/ydA 
= (0 A.y, 

A denoting the whole revolving area and y the ordinate of its 
eentroid. Now in revolving through the angle o), the eentroid 
of the area describes a circular arc whose length is (oy. Hence" 
the theorem is proved. 

If the axis Ox intersects the revolving figure, the theorem 
still applies with the convention that the volumes generated by 
the portions of the figure at opposite sides of Ox are afiected 
with opposite signs. 

Again, if the arc of any plane curve revolve through any angle 
round a line in its plane, the area of the surface generated is equal 
to the length of the revolving arc multiplied hy the length of the 
path described by its eentroid. 

For, the surface generated is 

a /yds, or o) L .y, 

L being the whole length of the revolving arc and y the ordinate 
of its eentroid. As before, <b_^ is the length of the circular arc 
described by the eentroid of the revolving arc, and the theorem 
is evidently proved. 

If the revolving arc intersects the line Ox, the theorem is true, 
with the previous convention of signs. 

177.] Extension of the Theorems of Pappus. The previous 
theorems can be easily extended to the case in which the plane 
of the revolving figure, instead of revolving round a fixed line, 
rolls without sliding on any developable surface^ and the first 
theorem will then become — 
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If the plane cf any plane area rolls without sliding on a develop- 
able surface, the volume generated hy the area in moving from one 
position to another will he equal to the area of the revolving figure 
multiplied by the length of the path described by its centroid. 

A similar enunciation gives the second theorem. 

These propositions are evidently true, because in an indefinitely- 
small motion the figure is revolving round a generating line of 
the developable, and for such a small motion the theorem of 
Pappus gives the volume generated equal to the area x small 
space described by its centroid. Taking the sum of all such 
elernents of volume from one position of the figure to another, 
we have the theorem of this Article. 

It is clear also that the theorems hold in the case of a plane 
area which moves in such a manner as to be always normal to 
the path described by its centroid. For the area may at any 
instant be considered as revolving round the line of intersection 
of two consecutive normal planes of the curve which the centroid 
describes, and the theorems are then directly applicable. 

178.] Volume of a Truncated Cylinder or Prism. Let A 
and £ denote the sections of a cylinder or prism made by any 
two planes. Through any line Z passing through the centroid, 
G, of J3 draw any plane, B', inclined at any angle to £. Then 
G is the centroid of the section £', since this section is the 
projection of JB made by lines parallel to the generators of the 
cylinder or edges of the prism, and since (Art. 172) the cen- 
troid of the projection of any plane surface is the projection of its 
centroid. Also, the volume between the sections B and £' on one 
side of the line Z = the volume between them on the other side, 
as we see by breaking up the area B into an infinite number of 
infinitely small elements of area, and constructing slender prisms 
on each one, dS, of these elements, the prisms being terminated 
by B'. liy is the perpendicular on Z from the middle of dS, and 
y = angle between the planes B, B', the volume of the correspond- 
ing prism = tan y .ydS\ therefore the total volume between the 
plane B, B' is tan yfydS, which = 0, because Z passes through 
the centroid of the area B. In other words, the volume of the 
prism or cylinder contained between the sections A and B is 
equal to that contained between the sections A and B'. Allowing 
F to revolve again about Z through any angle, the same reason- 
ing applies, and we see, finally, that for the sections A and B 
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may be substituted any two passing through their respective cen- 
troids, and the included volume will be unaltered. Let two 
parallel sections, each perpendiculai* to the axis of the prism or 
cylinder, be substituted, and the included volume will be Q^.h, 
where i2 is the area of either normal section and h the distance 
between them. 

179.] Equilibrium of a Heavy Body on a Horizontal Plane. 
When an indeformable body rests on a horizontal plane, the 
contact taking place at several points, either continuous or not, 
it is kept in equilibrium by two forces — namely, its own weight 
and the reaction of the plane. The condition necessary and 
sufficient for the equilibrium of such a body is that these two 
forces must be equal and opposite. Now this will be impossible 
unless the points of contact of the body with the plane can be so 
connected by right lines as to form a polygon within the area of 
which the vertical through the centre of gravity of the body 
intersects the plane. For, whether the plane be rough or smooth, 
resolve all the reactions at the points of contact vertically. Then 
it is evident that the resultant of the system of parallel vertical 
forces at the points of contact must necessarily fall within some 
polygon whose vertices are these points ; therefore, &e. 

The student must be careful to observe that this condition, 
though necessary in the case of a deformable system, is hot 
sufficient (see Article 88, p. 117). Thus, in Example 14, p. 225, 
it is not true that the deformable system of two bars, AB and 
BG, will rest in any position in which their common centre of 
gravity falls between the props. 

Examples. 

1. To find the volume and surface of a tore. 

(A tore is a surface generated by the revolution of a circle round a 
line in its plane.) 

Let r be the radius of the circle, and c the distance of its centre 
from the axis of revolution. Then the volume of the tore is evidently 
■jrr^x2Trc, or 2Tt^cr'; and the surface is 2Trrx2'7rc, or 4ir'cr. 

2. A triangle revolves round a line in its plane ; find the volume 
generated. 

Ans. If the distances of the vertices from the lines are x^,x^,x^, 

Ott A 
and A the area of the triangle, the volume = — -^ — (aSj + ajj + x^. 
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3. From the Theorema of Pappus deduce the volume and surface of 
a frustum of a right cone. 

(Consider a trapezium one side of which is perpendicular to the 
two parallel sides.) 

4. A pack of cards is laid on a table ; each projects in the direc- 
tion of the length of the pack beyond the one below it ; if each 
projects as far as possible, prove that the distances between the 
extremities of the successive cards will form a harmonic progression. 
(Walton, p. 183.) 

5. A rectangular column is formed by placing a number of smooth 
cubical blocks one above another, the base of the column resting on a 
horizontal plane ; all the blocks above the lowest are then turned in 
the same direction about an edge of the column, first the highest, then 
the two highest, and so on, in each case as far as is consistent with 
equilibrium. Prove that the sum of the sines of the inclinations 
of a diagonal of the base of any block to the Uke diagonals of the 
bases of all the blocks above it is equal to the sum of the cosines. 
(Walton, ibid.) 
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CHAPTER XII. 

BQTJILIBKIUM OF FLEXIBLE STRINGS. 

180.] Perfectly riexitale String. A string is said to be 
perfectly flexible when at every point in its length, it can be bent 
round all lines passing through the point perpendicularly to 
the tangent line without the expenditure of work. 

From this definition it follows that the internal force, or 
mutual action between the particles at each side of any normal 
section of such a string, has no component in the plane of the 
section ; this force must, therefore, be entirely normal to the 
section ; oi', in other words, ihe internal force in a perfectli/ 
flexible string is at every point directed along the tangent lime to 
the string. 

This internal force we have called the tension of the string, 
and, like all internal forces in a system, it is a mutual action 
between parts of the system. This has been sufficiently ex- 
plained already (p. 27). In the sequel we shall use the term 
fleooihle string as equivalent to perfectly flexible string. 

181.J Imperfectly Flexible String. No effort is required 
to bend a perfectly flexible string at any point; but if we 
attempt to bend an imperfectly flexible string, or a wire, we 
encounter a certain amount of resistance according to the degree 
of inflexibility or rigidity of a string or wire. If we consider 
the nature of the mutual forces existing between the particles 
on each side of a normal section of such a body, we shall find 
that these forces are not necessarily reducible to a single re- 
sultant at all. In the general ease of a wire bent and twisted 
by the action of any external forces, these internal actions on 
the particles at one side of a section may, of course, be reduced 
to a single resultant force and a single couple; and the re- 
sultant force may be applied a.t any point, in the section, the 
couple varying according to the point chosen. All this will be 
evident from the general reduction of a system of forces in 
Chapter XIV. 



TANGENTIAL AN% NORMAL RESOLUTIONS. 307 

182.] Three Methods of Investigation. There are three 
methods by which the equilibrium of a string or wire may be 
treated — nam ely , 

1°. We may isolate an infinitesimal element of the body, 
supplying to it at each extremity the action exercised by the 
neighbouring portions which are imagined to be removed 
(see p. 199). 

2°. We may apply the general condition that for any system 
of imagined small displacements — involving, of course, in general, 
slight extensions of the elements of the string — the whole work 
of the system of forces, internal as well as external, is zero (see 

P-118). 

3°. We may consider the equilibrium of any finite portion of 
the body, treating it, when the figure of equilibrium has been 
assumed (see p. 1 4), as a rigid body. 

(See Thomson and Tait, Nat. Phil.) 

We begin by considering the equilibrium of a perfectly 
flexible string which suflters no elongation under the action of 
the forces which will keep it in equilibrium. Such a body is 
called a flexible inextensible string, and it is scarcely necessary 
to add that it exists only in the abstractions of Rational Statics. 



Section I. 
Flexible Inextensible Strings, 



183.] Tangential and Normal Resolutions. Let AB (Fig. 
23 1 ) represent a flexible inextensible string in equilibrium under 
the action of any system of coplanar forces applied continuously, 
throughout the string. Then the force acting on a unit mass 
of matter placed at any point of the string will, in the general 
case, be expressed as a function of the co-ordinates of this point 
and their differential coefficients with respect to the are. Thus, 
if the co-ordinates of P are {x,y), the plane of the string and 
forces being taken as that of xy, the external force exerted per 
unit mass at P will be of the form <l)(x,y}, and therefore the 
force exerted on dm units of mass at P will be 

^(x,y)dm, or F.dm, 
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b^ 



'T+dT 



Suppose then that we consider the equilibrium of the element 
PQ of the string apart from the rest of the string: — Let the 
mean density of the element be A, let o- be the area of its mean 
section, and ds its length. Then the mass of the element is ka-ds, 
and the external force acting on it is 

/ccrF.ds; 

and, in addition, it is acted upon by two tensions, T and T+ dT, 

along the tangents at its extrem- 
is ities P and Q. These three forces 
must, of course, meet in a point. 

Let Ft and Pn be the tangent 
and normal at P; let dQ be the 
. (very small) angle between the 
tangent and P and that at Q ; 
and let <f) be the angle between 
Fdm and Ft. Then, resolving 
forces along the tangent for the 
equilibrium of P Q,, 

{T+dT)cosd6 + X:(rFoos(t>ds-T=0; 

but cosdd — 1, neglecting {doy-, therefore this equation gives 

dT 

-j- + k(TFcos(l)= 0, (1) 

as 

which means that the rate of variation of the tension per unit 
length at any point is numerically equal to the tangential 
component of the external force per unit length. 
Again, resolving along the normal, 

{T+dT)smde—k(rFBiii(f>ds= ; 

or eince p, the radius of curvature at F, is equal to — , 




Fig. 221. 



T 

^aFsind) = 0, 

P 



(2) 

which means that the curvature of the string at any point is 
equal to the normal external force per unit length divided by 
the tension at the point. 

184.] Equations of Equilibrium. Let the external force, F, 
per unit mass at F be resolved into two components, X and 7, 
parallel to any pair of fixed rectangular axes. Then the com- 
ponents of force acting on the element PQ parallel to the axes 
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are itrXds and ka-Tds. Also the components of the tension 
acting at the end P are 

as as 

each measured in the positive sense of the corresponding axis. 
The components of tension at P are affected with negative signs, 
sinccj when the element PQ is considered apart from the rest 
of the string, the tensions at P and Q will manifestly give 
components along the axis of a; in opposite senses ; and similarly 
along the axis of y. 

These components of tension at any point will be functions 
of the position of the point on the string, i. e. functions of the 
length of the string measured up to the point considered from 
any origin-point, A, on the string. If the length of the string 
AP = s, we shall therefore have 

ds "^ ^ '' 
and the component of the tension at Q is therefore/(s + ^«), or 

or, again, ^^ +^ (^^)- '^*+ ^ {^1^)'U + •- 

Hence for the equilibrium of the element PQ, resolving forces 
parallel to the axis of «, 

ds ds ^ ds' ds 

or, rejecting the two terms which cancel, dividing out by ds, and 
then diminishing ds indefinitely, 

These are the general equations of equilibrium of the string. 

The value of T may be deduced in various ways from these 
equations. Thus, performing the differentiations, 



310 EQUILIBEIUM OF FLEXIBLE STRINGS. [184. 

Multiply (3) and (4) by -^ and-^. respectively, and add; 



ds 
<ds' 



then, remembering that, since (-£) + [■£) = 1, we have by 

. . dx d^x dy d^y 

differentiation, ^ ^ + ,fo ^ = »' 

it follows that g + /ia (Z ^ + r|) = ; (5) 

.-. T= C-fk<r{Xdx + Ydy), (6) 

which is precisely the same as (1) of last Article. 

Another expression for T can be deduced from (l) and (2). 
They give by integration 

T^^=A-/kaXds, (7) 

T%=B-rh<TYds. (8) 

ds 

Squaring and adding, we have 

T"^ = {A-fh<TXdsf ^{B-fhiYdsf, (9) 

A and B being the constants of integration, which must be 
determined by a knowledge of the tension at some particular 
points. 

Again, by multiplying (3) and (4) by -^ and -^ ' i^espect- 

ively, and adding, we obtain 

which is the same as (2) of Art. 183, since the direction-cosines 

of the radius of curvature are — p -j-g- > — p -y| • 

The curve formed by the string is found by eliminating T from 
(7) and (8) ; hence its equation is 

{A-/k<rXds) J -{B-fkaTds) J = 0. 

If the external force at every point of the string is normal to 
its direction, the tension is constant throughout, as at once 

appears from (5) ; iov X -^ -{• Y ■— h the tangential component of 
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the external force. This is the case when, for example, the 
string is stretched over any smooth curve, and acted on by no 
force except the reaction of the curve and two terminal tensions 
(which must be equal). Thus we have proved the truth of our 
assumption in Art. 32. 

185.] String under Action of Gravity. Let gravity be the 
only force acting on the string, except the terminal forces, or 
forces applied at the extremities. Then, taking the axis of y 
vertically upwards, and denoting the weight of the unit mass by 
g, we have X= 0, J = — y, and the equations (l) and (2) of last 
Article become j /?»., 

The first equation shows that the horizontal component cf the 
tension is the same at all points of the string (see p. 36). 
Denoting this component by r, we have 

ds ' " ^un 

Hence, from (2), ^ C'' ^)= ^"ff' 



7- /y.'7!2 



or 



k,T=-^. (3) 

g ds_ 

die 

It is to be observed that ka is the mass per unit length of 

the string at the point so, y. This last equation, therefore, 

determines the mass per unit of length at any point when the 

form of the curve in which the string hangs is given ; and, 

conversely, it determines the curve in which any string will 

hang when the laws of variation of its section and density are 

given. 

If ^ be denoted by », and the independent variable changed 
dx 
from X to y, equation (3) becomes 

dp 

T dy 



9 'J 1 +iJ2 
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186.] The Common Cate^api^y. When the mass of a unit 
length of the ' string is ever^Mere constant, the form of the 

string is that of a curve called 
the Catenary. The name Cate- 
nary is sometimes employed to 
denote the form of a string in 
general, whatever be the law of 
variation of it« density. 

In the present case^^ a is con- 
stant — equal to m, suppose,^ Let 
T = 'mgc, where c is a constant 
length. Since at the lowest 
point, A (Fig. 233), the tension 
is horizontal, t is the tension at A, and eis the length of a portion 
of the stnng whose weight is the tension at the lowest point. 
From (3) of last Article we have 

dx"^ 1 








dx 

c 



Integrating, log [ | + ^^ 1 -^ (|)'] = ^ + .', 

where e' is an arbitrary constant. Now, taking the axis of y 
passing through A, we have a; = 0, and -p = 0, simultaneously. 
Hence c — 0, and the last equation becomes 



dx^ \/ ^\dx> 



where e is the Napierian base. Solving this equation for-p » 



we obtain 

and by integration 
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where c" is an arbitrary constant. Now, taking the origin, 0, 
at a distance equal to c below A, we have y ■= c when x = 0. 
This gives c"= 0, and the equation of the catenary referred to 
axes chosen as above is 

a? X 

y ■= c cosh - • ( 1 ) 

The point of intersection of these particular axes we shall in 
the sequel call the origin of the catenary. 

We shall next find the length of the arc, AP, measured from 
A to any point, P, on the curve. If ds is the element of arc, 

ds = Vdas^ + dy^ 



= A/l4-i(e« — e <=^ . dx, from (1), 

X X 

— \{f + e"^')dx; 

X _x_ 

••• s = -^{f — e "), or 

«=esinh-> (2) 

c ^ ' 

no constant being added because « = when a; = 0. 

From (1) and (2) we have 

/ = «2+c2, •(3) 

and from (3) * = y "^ • 

Let PM and TT be the ordinate and tangent at P, and let 
fall a perpendicular MT on FT. Then 

TT = yco'sMFT = y^^; (4) 

hence s = FT; (5) 

and since/ = PT^ + MT^, we have from (3) and (5) 

c = MT. (6) 

Hence, given the catenary to construct its origin and hori- 
zontal axis — 

On. the tangent at any point, P, measure off a length, PT, equal 
to the arc AP ; at T erect a perpendicular TM to the tangent 
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meeting the ordinate of P in M ; then the horizontal line through 
M is the axis of the curve. 

In making a proper figure this rule will be found of great use. 

The involute of the catenary which starts from the lowest point is 
the Tractory. 

To get a point on this involute we measure on the tangent, 
PjT, at any point, P, a length equal to the arc AP. From (5) 
we see, therefore, that y is a point on the involute ; and since 
FT is a normal to the involute, its tangent at T must be TM. 
But from (6) TK\^ constant; hence the involute is a curve such 
that the length of the tangent between its point of contact and 
a fixed right line, Ox, is constant. The involute is, therefore, 
a tractory (see p. 242). 

The tension at any point of the catenary is equal to the weight 
of a portion of the string whose length is equal to the ordinate of 
the point. 

Consider the equilibrium of the portion AP of the string 
apart from the rest. This portion is kept in equilibrium by 
three forces — namely, the tension at P in the direction TP, the 
horizontal tension at A in the direction QA, and its weight 
acting through its centre of gravity, G. Hence the vertical 
through must pass through Q. Resolving vertically, we have 

T<iosIPM=zmgs; 

.-. T = mq ^„,.. 

•^ cos TPM 

— mgy, from (5). (7) 

Coil. ■ It follows from this that if a uniform inextensible string 

haDgs freely over any two smooth pegs, the vertical portions 

which hang over the pegs must each terminate on the horizontal 

axis of the catenary. 

In the catenary the length of the radius of curvature at any 

point is equal to the length of the normal between that point and 

the horizontal axis. 

By equation (2) of Art. 183, we have 

T 

- = mg sin TPM, 

P 

which by means of (7) gives p = — : — i, ; but this is evidently 
the length of the normal between P and the axis of x. 
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It will be readily seen that the differential equation of the 

catenary can be written in the form <? -r^ = y, and that the area 

OAPM = twice the area of the triangle PTM. 

It is well to observe that if a weight is suspended from a 
given point of a catenary, the continuity of the curve ceases 
at that point, and the portions of the string at opposite sides 
of the point must be treated as branches of two distinct cate- 
naries. 

187.] The Catenary of Uniform Strength. If the area of 
the normal section of the string at any point is made propor- 
tional to the tension at that point, the tendency to break will 
be the same at all points, and the curve is therefore called the 
Catenary of Uniform Strength. 

To find its equationj we have a- = XT, \ being a constant ; 

and since T = t ^- > we have 
dos 

. ds 
cr ^ AT ^- • 
ax 

Hence (3) of Art. 185 becomes 

^ , , ds-.^ d^y 

or, denoting ^ A ^ by - , we have 



dx^ 1 

■dy^ 



Integratmg, ^^"^ \ie)^a'^ ' 

where b is an arbitrary constant. Let the axis of ^^ pass through 
the lowest point of curve, i.e. the point at which the tangent 
is horizontal. Then b=0, and we have 



dy , X 
-f- = tan - • 
dx a 



Integrating this again. 



^ = —log cos - + 0. 
a ^ a 
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Let the lowest point be taken as origin. Then V= 0, and we 
have, finally, y = o> log see - 

for the equation of the catenary of uniform strength. 

It is easily seen that the curve has two vertical asymptotes, 

each at a distance — from the lowest point. 

The equation of this curve can be put into a remarkable form*. 
If p is the radius of curvature at any point, and * the length of 
the arc between this and the lowest point, 

an equation which can be deduced with no difficulty. 

Given the whole weight (W") of the chain ^^ and the span (2 b), 
determine the section, at any point so that there shall le a constant 
tension {p) per unit of sectional area at all points. 

If A and B are the two points of support (supposed in a hori- 
zontal line), h is their common distance from the vertical axis 
of the curve. We have, then, 

W=. Ifhagds 



r 
= 1\hgT\ 

./o 



sec^ - dx 



b 
= 2 T tan - • 
a 

Now, evidently,- is the tension per unit of sectional area, —p; 

A 

and since g is the weight per unit volume of the standard sub- 
stance, leg is the weight per unit volume of the chain. Denote 
this last by w. Then j p 

~ hg\ ~ w 

T W J ds W J SB 
Also (T = — = — cot-'-^ = — cot-sec-- 

p p a dx 2p a a 

' »v 

OS / — ' 1 

But it is easy to prove that sec - = i fe" + e "J. 



Hence ^/T ~?\ .^^ 

<r = — [e + e )cot — 

4J0 V P 



* First noticed, I believe, in the first edition of this work. 
■|" A string hanging from two fized points under the action of gravity is 
frequently called a chain. 
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which is the expression for the area of a section at a distance 
s along the chain from the middle point. 

The student may verify the homogeneity of this equation. 

188.] Catenary of Uniform Strength in General. The force 
per unit mass at any point of a string having any components X, 
Y, if the section, a; at this point is proportional to T, the tension 
at the point, the catenary will be of uniform strength. If then 

we put o- = ixT, where jli is a constant Tof the nature ^ ) , into 

(3) and (4) of Art. 184, we have 

-.^d^as , ^K dT dx 

^fd^y , „^ dT dy 

for the catenary of uniform strength, whose equation is found 

by eliminating T from these equations. This is done by simple 

division, and we have 

d^CB dy d'^y dx _ , /ydx x^y\ 
'd^ds~'d^Ts~^^ ds~ ds^' 

Remembering that, if </> is the angle made by the tangent with 

the axis of x, we have 

dx , dy . , ds 

^ = cosct,, ^ = sm</., p = ^, 

1 
this equation is = AixN, 

P 
where JV is the normal force per unit mass measured along the 
normal in the sense of p ; and this equation could have been 
at once obtained from (2) of Art. 1 83. 

Consider the particular case in which the applied force has 
a constant direction at all points in the string ; and take this 
direction as that of the axis of _5'. Hence 

where T' is the force per unit mass at the point (x, y). Com- 
paring these with the equations for a string of constant section 
acted on by parallel forces whose intensity is Y at the point 
(x, y), we see that the two curves will be the same provided that 

Y' = iY—- 
fji, ds 
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Fig. 323. 



Thus, if 7' = ff — . for which law (see next Article) a uniform 
cU 
catenary would hang in a parabola, the catenary of uniform 
strength is the common catenary. 

189.] The Parabola of Suspension Bridges. Suppose a 
string to be attached to two fixed points^ and let each element 
of its length be acted on by a force in a constant direction, the 

magnitude of the force 
being proportional to the 
projection of the element 
on a line perpendicular to 
the direction of the force. 
Then it can be shown 
geometrically that the 
figure of the string is 
that of a parabola. 
Let Oy (Fig. 333) be the direction opposite to that of the force 
on each element ; Ose a tangent to the curve, perpendicular to 
this direction ; P and Q any two points on the string, the 
tangents at them being Py and QT; PJf and Q^ perpendiculars 
on Ox. Consider the separate equilibrium of the portion PQ. 
The forces acting on it are the tensions in the directions TP and 
TQ, and the resultant of the parallel forces on the elements of 
PQ. This resultant must pass through T, and it also passes 
through the middle point of ilfiV, since its constituent forces are 
all proportional to the elements of the line MN. Hence, drawing 
TV parallel to Oy, and meeting PQ in V, the point V must 
bisect the right line PQ. 

The curve of equilibrium of the string is therefore such that 
a right line drawn from the point of intersection of any two tangents 
parallel to a fixed direction bisects the chord joining thei/r points of 



This well-known property identifies the curve with a parabola. 
If we make use of the equations of equilibrium in Art. 184, 



we shall have X= 0, F=ju-r-> ji* being a constant. 



There is 



no difficulty in arriving at the result just found. 

It is to be observed that the acting forces in this case are not 
a conservative system. Hence the function V (see sequel) does 
not exist. 
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The connexion of this parabola with Suspension Bridges has 
been already explained in Chap. II. 

190.] String acted on by a Central Force, When the 
lines of action of the forces applied to the various elements of the 
string pass all through the same point, the force acting on the 
string is said to be central, and this point is called the centre of 
force. It is easy to prove that in this case the string must lie in 
a plane passing through the centre offeree. For (Art. 183) the 
plane of the tangents at P and Q must contain the centre of force ; 
and since two consecutive osculating planes have a tangent line 
to the string common, these two planes, having in addition a 
point (the centre of force) common, must be identical. Hence 
the osculating plane is the same at all points ; or the string 
must lie wholly in one plane. 

To find the form assumed hy a string 
acted, on iy a given central force. 

Let (Fig. 324) be the centre 
of force (supposed repulsive), PQ 
an element of the string whose 
equilibrium is considered apart, r 
the radius vector OP, Q the angle 
TO A between OP and a fixed Fig. 224. 

initial line, s the length of the arc 

AP, and p the perpendicular from on the tangent at P. 
Then, for the equilibrium of the element PQ, taking moments 
about 0, we have 

moment of tension at P = moment of tension at Q ; 
or Tp = Tp + d{Tp), 

.'. Tp = h, (1) 

where ^ is a constant *. 

Denote the tensions at P and Q by Tand r+ <?r respectively. 

Resolve the forces acting on PQ along the tangent at P, 
denote ka-hy m, and let the central force be mFds. Then this 
force passes through the point of intersection of tangents at P 
and Q, and the cosine of the angle between its direction and the 

tangent at P is — ^ + e, where e is indefinitely small. In the 




* Of course this proof holds whether the portion PQ is an element of length or 
a portion of any length, however great. 
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equation of resolution the component of mFds is 

mFds (— ^ + e) . 

so that e may be neglected, and we have 

dT= -mFdr. (2) 

Equations (1) and (2) determine the form of the curve. 

If the central force is attractive, the sign of F must be 
changed in (2), and the curve of equilibrium vrill be convex 
towards 0. 

It is usual in problems concerning central forces to denote r 

by - • Making this substitution, and eliminating T from the 

u 

above equations, we have 

"^du^hdC-)- (3) 

But (Williamson's Differential Calculus, Chap. XII), 



1 2W^^^' 



WjF 
Hence, denoting — ^ by ^ («), and f^ (y) du by 0^ («), an 

arbitrary constant being implied in ^-^ («), we have from (3) 

It is often more convenient to retain a differential equation of 
the second order for w* . Differentiating (4) we have, dividing 

out by -J- > and remembering that ^^ («) = <^ (w), 
do 

^ + «* = ;p- '/'I W •</>(«)• (5) 

Now, since the integration of (4) gives u in terms of Q, and 
introduces an arbitrary constant in addition to that already 
involved in ^^ {u), we see that the solution of the problem 
involves only two arbitrary constants. But (5) will require 
two integrations to express w, and each integration will intro- 
duce an arbitrary constant. Hence it appears that in this way 

* This method of treating the equilibrium of a string acted on by a central 
force is taken from a paper by Professor Townsend in the. Qwarte'Jy Journal 
of Fure and Applied Mathematics, 1874. 
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we get three arbitrary constants, instead of two. These three 

are, however, easily connected, since the values of u and (-?t) 

given by the complete integral of (5) must satisfy (4) for all 
values of u. 

As an example, let it be required to discuss the form of a string 
of uniform section and density when the central repulsive force varies 
inversely as the square of the distance. In this case m is constant, 
and F ■= [if u', ju.' being a constant which obviously denotes the magni- 
tude of the force on a unit mass of matter placed at the unit distance 
from the centre of force. 

Hence we have, putting mfif = ii, 

T= G + iiu, 
C being a constant. If T^ denote the tension at a point A of the 

string whose distance from the centre is - > we have, evidently, 

= ju. (m -)- c), suppose. 
Hence, (fj + u^ = ^{u + cf, (6) 

which gives, by differentiation, 

^+(1-^) — ^« = 0. (7) 

First, suppose that tf < 1j and denote 1 — -p- by Al Then this 

equation becomes "• ^ ^.x^lu— e\ = 

db^ ^ A.2 ' 

the integral of which is 

u = —T^o + A cosX(9— a), 

A and a being the constants of integration. Substituting this value 
of M in (6), we have A = — p — c, and therefore 

The value of a is found by putting u =■ a and 6 = the angle 
belonging to the point A. 

When 6 z= a,—^= 0, and there is an apse. If the initial line be 
do 

VOL. I. ^ 
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taken through the apse, and T^ and a belong to this point, we have 

T h 
c= -^—a — ( 1)0, and (8) assumes the simple form 

M = -^(^ + cosAe), (9) 

which differs from the focal polar equation of a conic in having the 
angle multiplied by a number, X, less than unity. 

If 1^ >1, we must put y^— 1 = ^^, and putting jxa—T^ = fxc, 

equation (6) becomes ^du,^ u? , , 

which gives u = -—-c + Ae'^ + £e->'^, (10) 

the constants A and B being connected by the equation 

Equation (10) can obviously be written 

«= i+^o+/ZB(^^e«+ A/je-'')> 

or w= ^'c|l + — 74:^[a(«-) + e-M«-a)]l. 

^' I 2VH-A.^ ) 

When 6 = a, there is an apse, and if the initial line be taken 
through the apse, we have, in the same manner as before, 

M 4- «-^9 1 



a Cjj. e^' + e ^'1 



^+1'" ' (11) 

If ^ = 1, both (9) and (11) give w = a, a constant; and the 
figure of equilibrium is a circle. 

For the remarkable analogy between the curve of equilibrium 
of a flexible string and the orbit of a particle under a given 
force, see Professor Townsend's Paper, and Thomson and Tait's 
Nat. Phil. 

191.] Problem. To find the angle between the apsides in a 
string whichj under the action of a central force, assumes a form 
nearly circular. 

Def. An apse is a point on a curve at which the radius vector 
is at right angles to the tangent. 
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Since the form of the string is nearly circular, u will differ from a 
constant value, a, by a small variable quantity, x. 

Let, then, u = a + x. In this case (jj^ {u) = cj)^ (a) + xrj) (a), 
neglecting higher powers of x; and (l){u) = <j){a) + x(t)\a). For 
shortness, denote 0j(a), <^(a), and <(>' {a) by <^i,^, and (j)' respect- 
ively. Then (5) of last Art. Ijecomes 

~ + a + x = ^{<t><}>, + {<l>,ci>' + <l>')x}. (1) 

<Px 
But if the string were exactly circular, x and -5-5- would always 

= ; therefore « = ^^j or 

Hence (1) becomes 

d^x (, ,<i)' *>) 

The constant a may be chosen as the reciprocal of the radius of 
any circle which nearly coincides with the figure of the string ; but 
simplicity is gained by taking it equal to the reciprocal of the radius 
of that circle in which the tension at each point is equal to the mean 
tension in the string. 

Now in a circle of radius - the tension (see (2), Art. 183) is a <^; 

and (2) of last Art. gives T in the curve equal to <^i (m), and there- 
fore the mean tension = ^j. Hence 

acj) = ^1, 

and (3) finally becomes (Px ad/ 

If — be positive, the value of x in terms of 6 will be exponential, 
</> 
and the nearly circular form becomes impossible, since the value of u 
increases indefinitely with 6. 

For the possibility of a nearly circular form ~- must be negative, 
and we have ^ 



i = j1cos(A / — -7 — d—a)> 



dm, ^ dx ^ , IT . . 
Hence, since at an apse :r5 = 0, or t- = 0, we shall arrive at an apse 

, ' au do 

whenever 



(V^^»-.)=o. 



sin 

Y a 
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and the difference between two successive values of 6 which satisfy 
this equation is 



-a<t/ 

which is, therefore, the angle between the apsides*. 

192.] String on Smooth Plane Curve. Consider the case 
of an inextensible string resting on a smooth plane curve under 
the action of any forces in the plane of the curve, and let Fig, a2i 
represent this case. Then into the equations of Art. 183 we 
have merely to introduce the normal reaction, Edsf, acting on 
the element FQ in the direction nP. 

Resolving tangentially, we obtain 

dT 

-^ + i:(TFcos(j>= 0. (1) 

Resolving normally, 

T 

/c(TFsm(l)—S=0. (2) 

P 
These are the most useful resolutions in the case of a string 
resting on a curve. Equations of resolution along arbitrary 
axes may, of course, be obtained by introducing the components 
of B into the general equations of Art. 184. 

From (1) we obtain T= C—fkaFcos tj) As, Cbeing a constant; 
and if we denote the general integral ./^o-J'cos ^ <?« by T, its 
value when the co-ordinates of A are substituted in V being 
Fq, while Tq is the tension at A, we have 

We shall refer to V as the potential of the external forces at P. 

193. J String on Bough Plane Curve. If the curve in the 
preceding Article is rough, and the string in limiting equi- 
librium, slipping being about to take place in the direction QP, 
we have merely to include among the forces acting on the 

* This investigation is taken from the paper by Professor Townsend previously 
referred to. 

")■ The student will observe that in considering the equilibrium of an element 
of length di we represent the reaction of a curve on it by B,<1», and the applied 
force by IcaPds, while we represent the tension by T, and not by Tds. The 
reason of this is that the tension depends merely on the cross section of the 
element and not on its length, while the magnitude of the reaction depends 
evidently on the length of the element in contact with the curve. 
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element PQ a tangential force ixRds, the coefficient of friction 

being /^ and the normal reaction Eds, as before. 

Equations (l) and (2) of last Article now become 

dT 

j--{-k<TFcos4, + ii.R=0, (1) 

T 

k(TFsai4) — E = 0. (2) 

P. ^ ' 

It will be observed that the components of reaction, Rds and 
jxBds, are in the figure represented as acting at P. In strictness, 
of course, they do not act 
at P; but in the limit the 
same equations will be ob- 
tained, no matter at what 
point between P and Q we 
represent them as acting. 

Consider the simple case 
in which there is no external 
■force continuously applied '8-225. 

throughout the string, or P= 0. Then these equations become 
dT+iJ.Rdg = 0, (3) 

Tde-Rds = 0. (4) 

dT 
Hence -^ + y.d6 = Q, .-. T=Ce-''^, 

C being the constant of integration, and 6 the angle between the 
tangent at the point P and the tangent at some origin point, A, 
on the string. If T^ is the tension at A, we have T = T^ when 
fl = ; therefore T = T e-i^^. (5) 

Hence, as the angle through which the string turns increases in 
arithmetical progression, the tension decreases in geometrical 
progression. 

Suppose that (the weight of the string being neglected) two 
weights, P and Q, are suspended from the extremities of a string 
which passes over a fixed rough cylinder whose axis is hori- 
zontal, the string lying in a plane perpendicular to this axis ; it 
is required to find the relation between P and Q, when the 
equilibrium is limiting. 

Let A (Fig. 225) be the point at which the portion of the 
string next P leaves the cylinder, and B the point at which the 
portion next Q leaves- it. 
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Then from (5), by putting T^= P and 5 = it, we have 

q = Pe-<'\ _ _ (4) 

when P is about to overcome Q. If P is on the point of 
ascending, the sign of jn in this equation is to be changed. 

If the string makes a complete revolution and a half round 
the cylinder, the value of corresponding to Q, is Stt, and we 
have in this case Q = Pe"*'"'. The factor e~i^^ diminishes very 
rapidly as the angle increases, and thus we see how it is that 
a small force applied at one extremity of a rope coiled several 
times round a fixed rough cylinder can overcome a large force 
applied at the other extremity — a practical example of which 
occurs when the small motion of a ship in harbour is stopped by 
a small force applied at the extremity of a rope coiled round a 

p 
fixed post. For example, if /x = ^, e"" = 4 . 8, and Q = — — • 



Examples. 

1. A uniform chain of length I hangs over two fixed 'points, which 
are in a horizontal line ; from its middle point is suspended by one 
end another chain of equal thickness and length V. Supposing each 
of the two tangents of the former chain at its middle point to make 
an angle 6 with the vertical, to find the distance between the two 
fixed points, and to show that 6 can never exceed a certain value. 
(Walton's Mechanical Problems, p. 123.) 

Let the fixed points be F and Q (Fig. 226), RQGPM the string 
hanging over them, CD the string of length I' suspended from 0, the 
middle point of the first string, and 2d the distance PQ. 

Then (Art. 186) the arcs PC and QC 
belong to two distinct catenaries. Sup- 
pose the semi-catenary to which PC 
belongs to be completed, and let 4 be its 
lowest point. Then if the portion AG 
were supplied to the string CPM, and 
the point A fixed, the string CD and the 
portion CQR might both be removed, 
and we should have the string APM 
hanging in equilibrium. Hence (CoE., 
Art. 186) PM terminates on the hori- 
zontal axis of this catenary. The same 
remarks apply to the portion CQR, and 
since the two portions CPM and CQR 
are exactly similar, it follows RM is the horizontal axis of the 
catenary AP. 

y 
"We shall next prove that AG —\CD = -' 




Fig. 226. 
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Let T be the common tension of the portions CP and GQ at C. 
Ihen resolving vertically for the equiUbrium of the point G, 

2Tcos0 = mgl'. 

But T= mg.GN (Art. 186), N being the point in which GD meets 
the axis. Hence 2GN cos 6 = V; but it ia evident from Fie. 222 that 
GN cos e = AG; therefore AG = \l'. 

Again, c being the parameter of the catenary, we have c = AG x 
tan Q ; therefore , „ , 

c=:\l'im.6. (1) 

Also, denoting ON by x, being the origin of the catenary, we 
have 

c - I^x 

AG=-{e'= -e <=), 
or - = -tan0(e<' - e '' ), 

2.1; . 2x 

.•. 2 cot fl = e * — e ' 

Squaring both sides of this equation, adding 4 to each side, and 
taking the square root, we have 

■ . TTCOtfl -— 7-eot9 

2 cosec a = e' + e '' ; 
which, by addition to the last equation, gives easily 

I' 6 

as = gtan^logcot-- (2) 

x-i-d x+d 

Again, AP — -^{e^ — e ~«~ ) , 

and Pif=^(e*' +^ ~^); 

therefore by addition we have, since GP + PM = ^Z, 

l+V ^^ 
— -— = ce « . 
2 

Substituting in this equation the values of and x given by (1) and 
(2) ; and taking logarithms, we have 

2. = rtan.log(^+i'.^V (3) 

which is the required distajice between P and Q. 

Since d cannot be negative, the expression whose logarithm ia 
taken in (3) must be > 1. Hence (?+?') tan \Q>1' tan ; and Eubtti- 
tuting for tan 6 in terms of tan J 6, we find the limiting value of d 
given by the equation Q l—l' 
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2. A uniform chain hangs over two smooth pegs in the same hori- 
zontal line, and at a given distance apart ; find the length of the chain 
when the pressure on each peg is a minimum. 

Let P and Q be the pegs, 2 a the distance between them, 21 the 
length of the chain, 6 the angle which the tangent to the chain at P 
makes with the vertical, PM the portion which hangs over the peg P, 
and C the lowest point of the chain. 

a 

Then GP + PM = ce' (by adding the values of GP and PM), or 

7 - 

1 = 06-=. (1) 

an equation which determines I in terms of c. 

Again, GP = c cot 6, and PM = c cosec 6, therefore by addition 

tan| = r^- (2) 

Now, the pressure on the peg P is the' resultant of two equal 
tensions, one along PM and the other along the tangent to the chain 
at P. Hence, if R denote the pressure, and T the tension at P, 

a 

P-2TC0S-. 
ti 

Substituting for T the value \ingc (e" +e « ), and for cos ^ its 
value obtained from (2), we have 

ii = »n^c(e'= +1)*. (3) 

Now, c must be determined so that R is least ; hence -^ = 0, and 
we obtain easily „ " 

— c 

e« = > (4) 

a — c 

for the determination of c in terms of a ; Z is then known from (1). 

3. A uniform inextensible string, acted on by gravity and by two 
terminal tensions, rests in contact with a smooth curve in a vertical 
plane ; find the form of this curve so that the pressure which it exerts 
on the string may at every point be inversely proportional to the 
radius of curvature. 

Let vertical and horizontal lines in the plane of the curve be taken 
as axes of y and x, respectively, and let the concavity of the curve be 
upwards. 

Then R being the pressure per unit of length at any point, and T 
the tension at this point, we have, by resolving along the tangent, 

dT = mgdy, 
mff being the weight of a unit of length of the string. Hence 

T=T, + mg{y-y,), (1) 

Tf, and y^ belonging to one end of the string. 
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Again, resolving normally, 

TdQ—mgdx = Rds, 
{dd being the angle between two consecutive tangents), or 

-^^mg-^ = R. (2) 

h 
Let R =^ -th being a constant. Then from (1) and (2) 

r 

T„ — h + mg(y—y^ dx 

(3) 



p ds 

2/— X dx 



p ds 

denoting the numerator of the left-hand side of the previous equation 
by »Mgr(^—\), for simplicity. To integrate (3), put , 

dx _ 1 „„ . „ _ (1 +/)^ , -dy 



and 



P = - — iz- where p = ■ 



ds Vi 4. jH^ dp ^ dx 

pdp dy 



The equation then becomes 



\^-f y-\' 

jx being the constant introduced by integration. 
From this equation we have 
dy 



V' 



(»-*)'-i 



■■ixdx, 



which gives by integration 

y-\+/^{y-\y--j = be''^, 

where 6 is an arbitrary constant. This equation can easily be put 
into the form 7, 1 

Now, any expression of the form Ae'^^ + Be~'^'' can be put into the 

form C'{e'''-'-*"'^ + e-''f-'""'^}; 

for, identifying the two expressions, we have 

Hence we have 2^-^ = 2I1 r '**""' + 6u *"''*[ 



where ei^" = 6/x. 



d fit 
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This is, of course, the equation of a common catenary whoEC para- 
meter is -J and whose origin is the point (A,— a). 

4. A uniform inextensible string, acted on by two terminal ten- 
sions, and any system of conservative forces in one plane, rests in 
contact with a smooth curve in this plane ; if at every point the 
pressure against the curve is inversely proportional to the radius of 
curvature, then, without any change in the forces, the tension at one 
extremity can be so varied that the constraining curve may be re- 
moved, and the string will rest in free equilibrium. 

For, if V denote the potential of the applied forces at any point, we 
have (Art. 192) T = T,-{V-V,), (1) 

Again, if JV denote the normal component of applied forces at 
any point measured towards the convex side of the curve, and R the 
pressure per unit of length at this point, 

- = E + N. (2) 

P 

k 
Suppose that S = -> Then, from (1) and (2) we have 

p _ 

Let us now change the terminal tension T„ into T^ — k, and in- 
vestigate the pressure of the curve at the point considered above. 
Denoting- the new pressure by iJ', and the new tension by T', there 
being no change in any of the applied forces, we have 

r=T,-k-{v-v,), 

T' 

±- = R'+N, 
9 

from which R' = - "'^"^^"^ "^ - N ; 

P 
but the right-hand side of this equation is zero by (3). Hence there 
is no pressure at any point, and the curve is one of free equilibrium. 
It is obvious that the last example is a particular case of this. 

5. Find the law of variation of the mass per unit of length at each 
point of a string acted on by gravity in order that it may hang in the 
form of a semicircle whose diameter is horizontal. 

Let AB (= 2a) be the horizontal diameter, the centre of the 
semicircle, P any point on the curve, and the Z.AOP = 0. Then, 
taking horizontal and vertical lines through as axes of x and y, 
respectively, we have 

a ■ a ^y i.a ^^ I dx . . y 

x = acosd, y=asmd, -^=i —cot 5, -7-= 1 -=-= — 6inW= — - • 

dx ax y as a 

-rr d^y 1 de a^ 

Hence —4 = -r-^ • -r- = i • 

dx^ sm^fl dx If 
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Also, denoting k(T in equation (3) of Art. 185 by m, we have 

r a 

wbich proves that the mass per unit Jength at any point varies 
inversely as the square of the depth of the point below the horizontal 
diameter. 

6. A heavy chain of variable density, suspended from two fixed 
points, hangs in the form of a curve whose intrinsic equation is 
s =f{d), the lowest point being origin ; prove that the density at any 
point will vary inversely as, cos'' 5./' (9). (Wolstenholme's Book of 
Mathematical Problems^ 

We have here 

| = tan.,J=cos., and | =/(.). 



Hence 



d'i/_ 1 de _ 1 dOds _ 1 

dx^ ~ coa^a ' dx ~ cos^^ dsdx~ cos" df {9) ' 
and equation (3) of Art. 185 gives 



7. A string is kept in equilibrium in the form of a closed curve by 
the action of a repulsive force tending from a fixed point, and the 
density at each point is proportional to the tension ; prove that the 
repulsive force at any point is inversely proportional to the chord of 
curvature through the centre of force. * (Wolstenholme, ibid.) The 
equations are (Art. 190), m t /j\ 

dT= -mFdr. (2) 

Now, m = k(T, and by hypothesis k oc ^,-and <t is constant; there- 
fore we have m ^= ij.T, fx being a constant. Hence from (2) 

§==-lJiFdr. (3) 

But from (1), dT= ^ dp, therefore -m- = -' and we have 

from (3) _, 1 d2> 2 

■^ p dr y 

where y is the chord of curvature passing through the pole (see 
Williamson's D!ff. Cal, p. 296, fourth ed.). 

As a particular case, we may notice that the vertical chord of 
curvature at any point of the catenary of uniform strength (under 
gravity) is constant, as the student can easily prove otherwise. 

8. A heavy inextensible string rests, in limiting equilibrium, on a 
rough curve in a vertical plane ; find the tension at any point. 
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Let Fig. 225 represent the string lying on the curve; let a hori- 
zontal line above the curve AB be the axis of x, and let the axis 
of y be drawn vertically downwards. 

Then, if 6 be the angle made by the tangent at any point, F, with 
the axis of x, mg the weight of a unit length of the string at P, and 
X, y the co-ordinates of P, we get by a tangential resolution (slipping 
being on the point of taldng place from P to Q), 





dT-, 


\i.Rds + mgdy = 


--0; 


and by a normal resolution 








Td9- 


-Rds + mgdx = 


■- 0. 


Eliminating R, 


we obtain 
dT 
dd ^ 


^=^9{/re- 


'dd' 



=i mg{jj. COB 6— sm 6) p, (1) 

where p is the radius of curvature at P. 

This is a linear differential equation of the first order, the solution 
of which is (Boole's Differential Equations, p. 39), 

T = e'^^ {G+/mgp{}i.cos6-wie)er''^ dd}, (2) 

C being a constant. 

When the curve of constraint is given, p is known in terms of 6, 
and the integration may then be performed. 

For example, let the string rest on a circle of radius a, one ex- 
tremity being at the highest point, and free from tension. 

It will be easily found that 

/{lj.eose-aiae)e~>''d0= -—-^ \2iJ.sm0 + (l-ix') cosd}, 

therefore T = Ce"-^ +• ^^^ {2/.1 sin 6 + {I -/x^) cos 6}. 

1 — u^ 

At the highest point 6=0 and T= 0; therefore C = —mga --• 

l+p? 

Hence T = -^^ {2ixsme + {).-p.')ccm6-{\-)i^)e''^\. 

If the length of the string is that of a quadrant, we have T= Q 

2' 



77 

when = - , and then /n is determined from the equation 



e 2 =-^. 
l-p? 

9. A, B, G are three unequally rough pegs in a vertical plane; P 
is the greatest weight that can be supported by a weight W when 
both are connected by a string (whose weight is neglected) passing 
over A, B, and C; Q\s the greatest weight that W can support when 
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the string passes over A and B ; and B is the greatest that W ean 
support when the string passes over B and C. Find the coefficients 
of friction for the pegs. 

Let the inclinations of AB and BO to the vertical (measured in the 
same sense) he a and ^, respectively ; jj,, }if, fi." the coefficients of 
friction of A, B, C. Then, if the string passes over all the pegs 
and W hangs from A, it follows from equation (5) of Art. 193, that 
the tension, T, in the portion AB is We'"'; and by the same equation, 
the tension, r, in BCis Te"-'^-'^; and, finally, P = T'e'-'^'-^l Hence 

and the equations are obviously 

/xa + /(/3-a) + M"(Tr-^) = log^, 

^a + ^'(if-a) ~^°^r' 

1 Of? 
from which u, ju,', fx" can be found. The value of f/ is - log -^^ • 

10. A heavy uniform chain rests in limiting equilibrium on a rough 
cycloidal arc, whose axis is vertical and vertex upwards, one extremity 
being at the vertex and the other at the cusp; prove that 

(Wolstenholme's Book of Math. Prob.) 

11. A uniform inextensible string whose length is I hangs in limit- 
ing equilibrium over a fixed rough cylinder of radius a whose axis is 
horizontal ; find the lengths of the portions which hang vertically. 

J^fis^ 1 !— , and a value obtained by changing the 

sign of /x in this expression. 

12. Two equal weights are attached each to the extremity of a 
string which hangs over a rough cylinder whose axis is horizontal ; 
find how much either weight must be increased in order that it may 
begin to descend, the weight of the string being neglected. 

Ans. The increase of weight = P (e*"^ — 1), where P is common 
value of the suspended weights. 

13. A string, whose weight is neglected, passes over any number of 
equally rough fixed circular pulleys in a vertical plane ; show that the 
ratio of two weights, suspended from the extremities of the string, 
which just sustain each other, is the same as if only one pulley were 

, used. 
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14. A heavy uniform beam is moveable in a vertical plane round a 
smooth hinge at one extremity, and has the other extremity attached 
to a cord which passes over a small rough peg placed vertically over 
the hinge, and sustains a given weight ; find the position of limiting 
equilibrium, and the tension of the cord. 

Ans. If IF = weight of beam, P = suspended weight, T the 
tension, 2a = length of beam, 2c = distance of peg from hinge, 
6 = inclination of beam to vertical, and <p = inclination of cord to 
vertical, the position in which the beam is about to descend is given 
by the equations 

c sin (^ = a sin {9 — <^), 

Wa sin 5 = 2 To sin (/>. 

15. A telegraph is constructed of No. 8 iron wire, which weighs 
7-3 lbs. per 100 feet; the distance between the posts is 150 feet, and 
the wire sags 1 foot in the middle ; show that it is screwed up to a 
tension of about 820 lbs. 

1 6. Prove that the area of the normal section at any point in the 
catenary of uniform strength is proportional to the radius of curvature. 

17. Find the law of variation of the mass per unit of length in 
order that a string may hang, under the action of gravity, in a 
parabola. 

Ans. The mass at any point is proportional to the horizontal 
projection of the unit length at the point. (Compare Art. 189.) 

18. If a string hangs under the action of gravity, in the form of an 
ellipse whose axis major is horizontal, prove that the mass per unit of 

length at any point is ^t-j , y being the distance of the point from 

the axis major, and h' the length of the semi-conjugate diameter cor- 
responding to the point. 

19. One extremity of a uniform string is attached to a fixed point, 
and the string rests partly on a smooth inclined plane ; prove that the 
horizontal axis of the catenary determined by the portion which is not 
in contact with the plane is the horizontal line drawn through the 
extremity which rests on the plane. 

20. If, in the last example, i is the inclination of the plane, a the 
inclination of the tangent at the fixed extremity, and I the whole 
length of the string, prove that the length of the portion on the 
plane is i^osa 

(Walton, p. 119.) costcos(a— t) 

21. Given two smooth pegs in a horizontal line, find the least length 
of a uniform heavy string which will rest over them. 

Ans. If 2a is the distance between the pegs, and e the Napierian 
base, the least length is ae. 
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22. A uniform inextensible string assumes the form of a circle 
under the influence of a repulsive force emanating from a point on its 
circumference ; find the law of force. 

Ans. It varies inversely as the cube of the distance. 

23. A uniform inextensible string is in equilibrium under the 
action of a central repulsive force ; prove that at each point of the 

string this force oc — > where p is the perpendicular from the centre 

of force on the tangent, and y the chord of curvature passing through 
the centre of force. 

24. If the curve of equilibrium is an ellipse whose focus is the 

centre of fot'ce, the force at any point oc ^7 > where V is the semi- 

rh 

conjugate diameter corresponding to the point, and r the focal distance 
of the point. 

25. If the string assume the form of an ellipse under the influence 
of a repulsive force emanating from the centre, find the law of force. 

Ans. The force is directly proportional to the distance, and 
inversely proportional to the conjugate diameter. 

26. If an inextensible string can assume the same plane figure of 
equilibrium under the separate action of any number of forces, it can 
assume this figure under their combined action. 

(To prove this, suppose the string under the combined action of the 
forces to be constrained to a smooth curve of the given figure, and it 
will foUow that the pressure at every point of this curve varies 
inversely as the radius of curvature. The theorem follows, then, from 
example 4.) 

27. A uniform inextensible string rests against the inner side of a 
smooth elliptic wire, and is repelled from the foci and the centre by 

the following forces : -^ and -^ emanating from the foci, and -jr 

from the centre, the "distances of a point on the string from the foci 

being r and r', resjiectively, its distance from the centre being a, and 

the semi-conjugate diameter corresponding to the point being h'. Find 

the pressure on the wire at any point, 

Ans. If Tr, is the tension of the string at the extremity of the 

• ■ n ji aT. — u. — uf—fi."a? 
minor axis, R = pressure per unit length = . 

(The student will easily see from Examples 4 and 26, that if the 
curve ,of constraint of a string is a possible curve of free equilibrium 
under the action of the given forces, the pressure will, at every point, be 

G 

— ) where C is a constant. The result, in this example, might, there- 

P 

fore, be at once obtained by this principle. 
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By direct calculation, however, the result is obtained with little 
trouble. The equations of equilibrium are 

dT+!^,dr+-!^,dr' + '-y' da' = 0, 
rb rb b 

and the first gives, by integration, 

^--a/---a/ -'- m"^' = const.) 
a V r a y r ■ 

The student will do well to apply the principle explained here to 
the kinetiqal examples in "Walton, pp. 295 and 299, second edition. 

28. A uniform heavy inextensible string rests partly on a rough 
horizontal table, and partly over a smooth pulley, B, fixed at a given 
height, h, above the edge of the table, a portion, £C, of the string 
hanging vertically from the pulley and past the edge of the table ; 
find the length of the hanging portion, £G, so that its weight may 
just suflice to drag the string oif the table, the string and pulley 
lying in the same vertical plane. 

Ans. If Z = whole length of string, fx = coefficient of friction, 
and X = length which hangs below the edge of the table, 

[ix{l-h)-{l + IJ^xY - h'+2hx, 

one value only of x being admissible. 



Section II. 
Flexible Extensible Strings. 



194. Experimental Law of Extension. The strings which 
we now proceed to consider are extensible, i.e. such as have their 
lengths increased when they are in a state of tension. For such 
strings we shall still assume the property of complete flexibility 
as defined in Art. 180. 

The law of extension which we proceed to enunciate applies 
not only to flexible strings but also to straight bars of iron, 
steel, &c. 

Let l^ denote the length of any string or straight bar of 
uniform section when it is not subject to the action of any 
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external force. This is called Che natural length of the string or 
bar. Let a be the area of the normal section, V the magnitude 
of the force applied at one extremity in the direction 
AB, of the string or bar. Then supposing tbe extremity 
A to be fixed, the force i'' will produce an extension, BC, 
of the body. Denote this extension by ai. Then ex- 
periment proves that /or small values of the ratio j- in the 

case of solid bars there is for the same bar a eoastant 

F 
ratio between this fraction and the quantity — ; and 



B 



there is the same constancy of ratio in the case of ] 
strings, but for some of these latter bodies the value of >■ 

-J- may be very much greater than for bars. "S" ^^^" 

We have, then, p „ 

f=^f, (1) 

E being a constant quantity which is called the modulus of 
elasticity of the matter of which the string or bar is formed. 

Since -p is a number, it follows that E is a force per unit of sectional 

area. This force i* also known as Young's modulus, and it is 

evidently a measure of the longitudinal rigidity of the substance. 

If the law expressed by equation (1) be supposed to hold for 

an extension x equal to ^^ and if the force applied to the body 

p 
to produce this extension be called P, we have E =■ — ; and if o- 

or 

is a section of unit area, E = P. The modulus of elasticity of 
any substance might then be defined as tha.t force which, if 
applied at the extremity of a bar of the material of unit section, 
would double its length — this force being fictitious in the case of 
bars or strings for which (1) holds only within extremely narrow 
limits. 

For bars of iron and steel this equation is true only within 
nan'ow limits — called t/ie limits of elasticity — while for flexible 
strings of such substances as India-rubber its range is much 
wider. If the limiting amount of extension has not been 
surpassed, the body will, after a time varying with the sub- 
stance, return to its original state when the stretching force F 

YOL. I. z 
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is removed. The law expressed by equation (1) is also true 
within narrow limits in the case of a straight bar which is 
compressed without bending. 

An idea of the magnitude of the modulus of elasticity of a 
solid body may be formed from the fact that in the case of iron, 
the unit of force being a kilogramme and the unit of area a square 
centimetre, E is about 2,000,000. For what are commonly 
called elastic strings, E is of course very much smaller than for 
bars of iron or steel. 

In the case of an elastic string it is usual to put equation (1) 
into another form. If I is the length which the string assumes 
under a tension T, we have x = 1—Iq, and 











T _ 


4 


- i 


or 








1 = 


4(1 + 


eJ' 


or, 


as 


it 


is usually 


written, 

1 = 


^4(1 + 





(2) 

the quantity K being called the modulus of elasticity of the 
string. 

This quantity is obviously the force which must be applied to 
the string to double its length. 

The law expressed by (1) or (2) is known as Hooke's Law, from 
the name of its discovererj and is sometimes expressed in the 
form — the tension of any elastic string is proportional to its exten- 
sion leyond its natural length. 

195.] Work done in slowly extending a String or Bar. 
If at each instant during the extension of a string or bar the 
stretching force applied at the extremity is exactly equal to that 
which would keep the body in its state of deformation at this 
instant, there is continuous equilibrium between the (gradually 
increasing) applied force and the elastic force of the body, and 
therefore the total amount of work done by the applied force is 
equal to the work done against the internal force. 

[The more advanced student will see that this would not be 
true if the extension were suddenly produced, so that oscillations 
would take place in the body.] 

Now if X is the extension of the body at any instant, the cor-: 
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responding force is ~ so, and the work done against this force in 
a further extension dx is -=- xdx. Let a be the final extension : 
then the total work done is 



/ 



, -j-xdx, or — -j-. 



the extension being, of course, confined within the limits of 
elasticity. Now the applied force which is required to keep the 
body in its final state of extension is, by (l) of last Article, 

—j— • Hence if the force applied in the final state be denoted 

by P, the whole amount of work done is 

or half the work which would be done by the final force of 
extension in moving its point of application through a space 
equal to the final extension. 

196.] Equations of Equilibrium of an Extensible String. 
Suppose the string to have assumed its figure of equilibrium under 
the action of the given forces. At any point of the string let 
da be the stretched length of an element whose natural length 
was ds^; and at this point let m be the mass per unit length, 
the mass per unit length at the same point in the natural state 
of the string being m^ . 

Then, since the mass of the element ds is the same after as 
before stretching, 

mds = m^ds^. (l) 

Also by Hooke's law 

ds=(l+^)dso. (2) 

But, the string having assumed its form of equilibrium, we have, 
as for the inextensible string, 

.4(4:) -^-^-o 

i(4)+»r=o.j 

Also * = Vdx^ + di/^ ; (4) 

and since the nature of the string in its original state is supposed 

z a 
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to be specified, we shall have m^ given as a function of the 
position of the element ds^ in the natural state ; or 

^0 =/(«o). (5) 

where #0 is the length of the arc of the original string measured 
from some origin point on it. 

Now the general problem of extensible strings may be stated 
as follows : — An extensible string, the law of variation of whose 
density in its iiatural state is given, is, under given circumstances, 
submitted to the action of given forces ; find the form which it will 
assume. 

To solve this problem, it is necessary to find an equation 
between x and y, the co-ordinates of any point in the stretched 
string ; and as the equations just given contain, in addition 
to these co-ordinatesj the quantities m, m^^, s, s^, and T, these 
must be eliminated. But from the six equations above, these 
five quantities may theoretically be eliminated, by difierentiation 
or otherwise, and there will result a single equation between 
10 and j^, Tvhich is that of the curve of equilibrium. 

The problem in its general form is one which it would often 
be praotically impossible to solve. We shall therefore in the 
sequel consider only two cases — viz. that in which m^ is the 
same throughout the string, and that in which the external 
forces are constant. Consider Mq constant. 

Multiplying the left-hand sides of equations (3) by — and — i 
and adding, ,^ , , ' ' ds ds 

while from (l) and (2) we have 



~ 1 Z. 
Hence (6) becomes A. 



Integrating, 



(1+-^) dT+ m^ {Xdx + Ydfj = 0. (7) 



2(^+7) + ^oA^di» + Ydi/) = const. = A. 
Denoting, as in Art. 192, the general integral by V, 

2 + t)=^-'^' (8) 
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from which the relation between * and «„ is found, and hence 
the extension of the string. Equation (8) is the analogue of 
that of Art. 192. If T' is the potential of the external forces at 
a point at which the tension is T', we have 

(T-T')(l+I±f)^r-F. (10) 

The equation of the curve of equilibrium is obtained by sub- 
stituting the value of T given by (8) in either of the equations 
(3) — suppose in the equation 

Secondly, suppose that the applied forces X, T are constant, 

Then from (3) T^ = A-Xfmjs^, (1 1) 
A being a constant of integration. Similarly 

T^£ = B-Yfm,d,,. (12) 

Hence T^ = {A-X/mJs^Y + {B-rfm^ds^Y, (13) 

which gives ^ as a function of Sq , i.e. the tension at any point 
in the stretched string in terms of the length of the arc of 
the unstretched string measured up to the corresponding point. 
In other words, y = ^ (jj_ (1 4) 

Therefore from (2) 

s=f{l+^]d,„ 

which gives the relation between the stretched and unstretched 
lengths of any portion. The equation of the curve of equi- 
librium is obtained from (11) and (12) thus : 

ds 
dx = {A—Xfm^ds^-^, 

Similarly % = {B—T/m^ds^y-^ + ^TT))*^*"" 
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Integrating these equations and eliminating s^, between them, 
we obtain the equation of the curve. 

As an example, let it be proposed, to investigate the form of an 
elastic string suspended from two fixed points and acted on by gravity, 
the string being uniform in its natural state. Taking axes as in 
Art. 1 86, we have, 

(X Cf /it/ 

Hence T ~=- = t = m^gc, suppose; and T -j- — B+m^gs^t But 
if «o be measured from the lowest point, -^=-0 and s^ = at the 
same time. Hence B = 0, and we have 

^| = -o^*o; 

from which T — m^gVe^ + s„^ ; therefore 



Hence, putting A. = m„ga, we have 

. = ^ + elogVt^^?±iZ, (15) 

g 2 

2/=2^+'/c'' + V- (16) 

The relation between x and y is obtained by eliminating «„ from 
these equations. 

An approximate relation between them may be obtained when the 
string is only slightly extensible, i.e. when A (or a) is very great. 
In this case (1 6) gives 

.„^=(,^-c^)(l_^H.5j^), (,,) 

to the second order of the small quantity - . 

a 

Now, writing (15) and -(16) in the forms 
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c i -i 
we know that 'J^qCfi'+e ')• 

Hence ' y~'i- = ii{fi'' '^ "H-e c.eo) 



2a 2 

2CS„ .MS, 

2a' 



+ XT2-^ 



by expanding e« and e « as far as — ^ and denoting by w and « the 

c - -- c - -- 

quantities - (e" + 6 ") and -(e" — e '^). 

a it 

Substituting in this equation the value of s„ given by (17) — in 
which it is evident that the term of the second order may be rejected 
if we wish to obtain y to this order only in terms of x — we obtain 
an equation of the form p Q 

in which P and Q are both functions of x and y. 

Now assume « = w H 1 1 where A. and u are functions of x 

a o? 

alone, and substitute this value of y in every term of (18). This will 
give us, with a little trouble, 

A. = —-zf?, and /a = ^'um^- 
2 ^ 



«2 



vw 



Hence, finally ^ ~ ■" ~ 2a "*" 2a^ ' 

to the second order of the small quantity - - 

197.] Extensible String on Smooth Curve. It is clear 
that the equations (l) and (2) of Art. 191 are applicable to an 
extensible string, as are also those of Article 193 for a rough 
curve. The result arrived at by integration, which expresses 
the tension in terms of the potential, is to be replaced by equa- 
tion (10) of Art. 196 ; and from this equation it follows that 
if an extensible string, uniform in its natural state, rest on 
any smooth surface under the action of gravity, the free ex- 
tremities are in the same horizontal plane. 
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Examples. 

1. An elastic string, nniformin its natufial state, is suspended from 
one extremity, which is fixed, and has a given weight attached to the 
other ; find the extension of the string, taking its own weight into 
account. 

Let W be the weight of the string, P the suspended weight, A the 
modulus of elasticity, and m^ the mass of a unit length of the un- 
stretched string, lien the equation of equilibrium, is 
dT+m^gds^ = 0. 

If If, is the natural length of the string, m^gl,, = W ; therefore this 

equation given by integration 

W 
T+ — «(, = const. 



When Sf, = 0, T is evidently W+ P ; iherefoxe 

W 
T= W+P-^s„. 

h 
T 
Again, since ds= {\ +^) <?«o! '^^ ^sise 

W+P W , - 
ds= (1+ — ^So)*o^ 

., , W+P W . . 

•■- ^ = (^ + -1^ 2X1/")"- 

no constant being added because « = when «„ = 0. 

If s^ = \, and I is the whole length of the stretched string, we have 

2. A heavy uniform elastic ring is placed round a smooth vertical 
cone ; find how far it will descend. 

Let W be the weight of the ring, 27ra its natural length, A its 
modulus of elasticity, f the distance of the flane of the ring from the 
vertex of the cone in the position of equilibrium, and I the stretched 
length in this position, Tben if the ring be shoved down through an 
indefinitely small vertical distance, hy, the equation of work is 

— TblJrWby^O, 
T being the tension of the ring. If a is the semi-vertical angle of 
the cone, 1= 2ity tan a ; hence 8Z = 2^7 tan a. by, and 
2Trrtan a = W. 

But, by Hooke's Law, 

T 

yt&n a = a(l +-r-); 

W 
.: j^=acota(l+- — r-cota). 
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3. An elastic string, uniform in its original state, is placed on any 
smooth curve and acted on by given forces ; find its extension. 
The tension at any point is determined by the equation 

(1 +^)dT+m,{Xdx+ Tdy) = 0, 

or A. (1 + —Y+2m^f{Xdx+ Ydy) = const. (1) 

Let m^f(Xdx-'r Ydy) be denoted by V. Now take any point, 
0, in the string as the point from which s and s„ are measured, 
and let A be the value of F at a free extremity of the string. If one 
extremity is fixed, it will be well to measure s and s^ from it. Putting 

T di 
T = 0, V = A, and also 1 + — = ^^ , 

A aSf^ 

(1) gives (£;=i + ?p(^-F). (2) 

Suppose the curve of constraint to be given by the two equations 

Then (2) gives ds , 



V 



l + ?P(i-F) 



or, by integration, ^ (s, A) = s„ + <l> {o, A), (3) 

s and Sj being both measured from 0. Let I and l^ be the stretched 
and original lengths of the portion between and the free extremity 
considered. Then we have 

<l>{l,A)^l„ + 4>{o,A). (4) 

But A is evidently a function of the co-ordinates of the extremity, 
and these co-ordinates are, by supposition, /j (1), /^(Z) ; hence A is a. 
known function of I, and by substituting its value in (4) we deduce 
the value of I. 

4. One extremity of an elastic string, originally uniform, is fixed at 
the highest point of a smooth cycloid in a vertical plane, the string 
lying along the convex side of the curve ; find the extension produced 
by gravity. 

If the tangent at the highest point is taken as axis of x, and if 

is denoted by c, we find easily, for any curve of constraint, 

ds ds„ 



yc+h—y vc 

h being the ordinate of the free extremity. 

In the cycloid s' = Say. Substituting this value of y in the 
equation, and integrating, we have 

s = 2^/2a(c-hA)sin(^^^)- 
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If I be the length from the fixed to the free extremity, and l^ the 
natural length of the string, 

i = 2-/2a(<; + A)sin(— 7==)- " 
' 2 V 2 ac 

Also P=8ah. 

These equations combined give 

I = 2 V^ctanl-— ==)• 
2 V 2ac 

5. A heavy particle is attached to one end of an elastic string 
whose unstretched length is indefinitely small ; the particle rests on a 
smooth curve in a vertical plane, and the fixed end of the string is 
attached to a point in this curve ; find the nature of the curve so that 
the particle may rest in all positions. Ans. A cycloid. 

6. A heavy elastic string is laid upon a smooth double inclined 
plane in such a manner as to remain at rest ; find how much the 
string is s<jretched. (Walton, p. 140.) 

Ans. If W is the weight, A. the modulus of elasticity, and e the 
natural length of the string, and a, a' the inclinations of the planes to 
the horizon, the extension is 

W sin a sin a 
2 A sin a + sin a' 
[For the portion on the plane a let s and s„ be measured from the 
free extremity. Then 

T = — ^— s,; and ds = {I + -) ds,= (1 + ~^—s,)ds,. 

Hence if I is the length of the portion on the plane o, we have 

A similar equation holds for the portion on the plane a'. Now the 
extension = Z + T— Z,— Z'„; and equating the tensions at the common 
summit of the planes, we have \ sin a = l\ sin o', 

, c sin a' , 

•■• '0 = -^ r-- — 7' &c.] 

sm a + sin a ■" 

7. If the cone in example 2 is replaced by a smooth paraboloid of 

revolution, find how far the ring will descend. [By Virtual Work.] 

a 
Ans. y = =- 1 where 4 m = latus rectum of generating 

parabola. 4irmX 

8. An elastic string, uniform in its original state, rests on a rough 
inclined plane with its upper extremity fixed ; prove that its extension 
will lie between the limits p gju /{ ^ ^ \ 

2c cos e 
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where i = inclination of plane, e = angle of friction, / = natural 
length of string, and c = length of a portion of the string in its 
natural state whose weight is the modulus of elasticity. (Wolsten- 
holme's Math. Proh.) 

9. A weight P just supports another weight Q by means of a fine 
elastic string passing over a rough circular cylinder whose axis is 
horizontal ; \ is the modulus of elasticity, and a the radius of the 
cylinder ; prove that the extension of the part of the string in contact 
with the cylinder is ^ + A 

—log p , • (Wolstenholme, i6td) 

10. Two uniform ladders, connected by a smooth axis at a common 
extremity, rest in a vertical plane with their other extremities, which 
are connected by an elastic rope, on a rough horizontal plane ; find 
the greatest angle between them consistent with equilibrium. 

Ans. If a is the length of each ladder, 2 a sin a the natural 
length of the rope, 2 6 the greatest angle between the ladders, and A 
the modulus of elasticity of the rope, 

A(sin9— sina)= Wsva.a{n-\-\itmff). 

11. A heavy uniform elastic ring is placed horizontally round a right 
cone whose axis is vertical and vertex upwards, the stretched ring 
being also uniform ; find its extreme positions of equilibrium. 

Ans. y= a< 1 + -— r- cot (a + e) 5- j with notation of Ex. 2. 

12. A heavy elastic string, uniform in its natural state, is placed 
round a smooth fixed circular cylinder whose axis is horizontal, and 
is just out of contact with the lowest point of the cylinder ; deter- 
mine the tension at any point. 

Ans. Let r = radius of cylinder, p := weight per unit length of 
string in its natural state, A =: modulus of elasticity, and 6 = inclina- 
tion of any radius to the vertical ; then the tension at the end of this 
radius is given by the equation. 

( 1 H ) ^ — — cos d -I = =- • 
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Action and reaction, 198. 
Anti-friction curve, 242. 
Anti-friction pivot, 243. 
Apsides of nearly circular string, under 

central force, 322. 
Astatic equilibrium, 128. 
Astatic centre, 130. 
Axiomatic law of friction, 229. 

Balance, 193. 

Balance, Eoberval's, 194. 

Balance, Quintenz's, 195. 

Bending moment of horizontal beam, 

125. 

C.G.S system of units, 5. 
Carriage, equilibrium of, on rough in- 
cline, 249. 
Cartesian Oval, normal to, 87. 
Catenary, common, 311. 
Catenary of uniform strength, 315, 317. 
Centre of parallel forces, 107. 

of mean position, 108, 

of mass, and gravity, 11 1. 

of mass, co-ordinates of, 261. 
^ of mafis of curved wire, 271. 

of mass of solid of revolution, 292. 

of mass of any solid, 295. 

of mass of any solid in polar co-ordi- 
nates, 300. 
Centroid of system of points, 1 7. 

of plane area, 274. 

of plane area found by Integrometer, 
279. 

of surface of revolution, 280. 

of spherical surface, 287, 289. 

of any curved surface, 288. 
Circles, inscribed and circumscribe4, of 
a triangle, .267. 



Components of forces, 24. 
Cone of friction, 228. 

on rough incline, 254. 

frustum of, on rough incline, 256. 

centre of mass of, 265. 
Cotangent formula, 29. 
Couples, definition of, loi . 
Couples, transformation of, 102, 103,. &o. 
Couple and force, equivalent to a force, 

105. 
Counter-efficiency of a machine, 183. 

Density, definition of, 263. 
Difierential wheel and axle, 188 
Displacement of a rigid body, 169. 
Dyne, absolute force unit, 6. 

Efficiency of a machine, 183. 
Effort, definition of, 182. 
Equilibrium, of a particle, equations of, 

25- 
of a rigid body, analytical conditions 

of, 116. 
of a rigid body and a deformable 

system compared, 117. 
graphic conditions of, 122. 
of three forces, 133. 
comparative safety of, 235. 

Force, measure of, 3, 4. 

Force Diagram, definition of, 38. 

Forces in equilibrium displaced by 

rotation, equivalent to couple, 131. 
Framework, triangular, 210. 
Framework, polygonal, 215. 
Friction, laws of, &c., 62. 

angle of, 63. 

in non-limiting equilibrium, 68. 

criterion of existence of, 227. 

cone of, 228. 
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Funicular polygon, 37. 

general definition of, 119. 

successive deduction of, for parallel 
forces, 45. 

sucoesaive deduction of, for any co- 
planar forces, 118. 

given one to find all, 121. 

to draw one through three points, 127. 

Geometrico-statical problems, 142, 
Graphic representation of resultant, 
by Leibnitz, 1 7. 
representation of resultant by force 

polygon, 19. 
solution of equations, 49. 

Hinge, action of, on a body, 139. 
Homogeneity, attention to, 36. 
Hooke's Law for extension, 337: 

Instantaneous centre, 166. 
Instantaneous centre, use of, 174, 
Internal forces of a system, 162. 
Internal forces, examples of, 199. 

Joint, smooth, action of, 139. 
Joint, rough, 140, 141. 

Laplace's proof of parallelogram of 

forces, 20. 
Lever, equilibrium of, 184. 
Limiting equilibrium, definition of, 66. 

Magnetic curve, 46. 

Magnetic curve, normal to, 87. 

Masses, equality of, 6. 

Momentum, 5. 

Moment of a force, 100. 

Moment of a force, geometrical repre- 
sentation of, 105, 123. 

Moment, resultant for coplanar forces, 
124. 

Moments, Varignon's theorem of, 106. 

Moments of mass, theorem of, 262. 

Morin's determination of coefficient of 
friction, 65. 

Normals to curves, 85. 
Tsohimhausen's theorem on, 88. 
another theorem on, 8g. 



Pappus, theorems of, 301. 

Pappus, theorems of, extension of, 302. 

Parallelogram of forces, 8. 

Parallel forces, composition of, 95, 172. 

construction for resultant of, 99. 

centre of, 107. 

equilibrium of, 113. 
Passive resistances, 69, 229. 
Peauoellier's Cell, 180. 
Perspective triangles, property of, 124. 
Pivot, friction of, 239. 
Pole of a funicular polygon, 119. 
Pole of a funicular polygon, locus of in 

particular case, 122. 
Polygon of forces, 20, 118. 
Polygon indeformable, equilibrium of, 

135- 
Polygon of jointed bars, equilibrium of, 

212. 
Potential of forces, 324. 
Prism, equilibrium of, on rough incline, 

256. 
Projection, orthogonal, 78. 
Prony's differential screw, igi. 
Pulleys, systems of, 186. 
Pyramid, centre of mass of, 264. 
Pyramid, frustum of, centre of mass of, 

268. 

Quadrilateral area, centroidof, 268, 270. 

Keaction of a smooth surface, 47. 
of a rough surface, 64. 
of jointed bars, 208. 
of jointed bars, analytical calculation 

of, 218. 
centre of system of jointed bars, 221. 
Besistance, total, of a rough surface, 
64. 
line of, at a joint, 205. 
line of, between two blocks, 207. 
Kesultant of coplanar forces, equation 

of, 116. 
Kesultant of coplanar forces, constructed 
by funicular polygon, 121. 

Screw, equilibrium of, 189. 
Screw, Prony's differential, 191. 
Spherical triangle, centroid of, 290. 
String, flexible, definition of, 306. 

equations of equilibrium of, 308, 

under central force, 319. 
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String, flexible, on curves rough and 
smooth, 324. 
extensible, equilibrium of, 339. 
Suspension Bridge, 41 . 
Suspension Bridge, parabola of, 318. 

Tension of a string, nature of, 27. 
Tore, definition of, 304. 
Toothed wheels, 196. 
Total resistance of a rough surface,64. 
limitation of, 65. 
virtual work of, 238. 
Traction, best direction of, up rough 

incline, 73. 
Tractory, or, anti-friction curve, 242. 
Tractory, relation of to catenary, 314. 
Translation, resultant of, vanishing in 

particular case, 171, 
Transmissibility of force, 14. 
Trapdoor, equilibrium of, 147. 
Triangle offerees, 13. 
Triangular lamina, centre of mass of, 

263. 
Truncated cylinder or prism, volume 
of, 303- 



TJniplanar displacement of a rigid body, 
165. 

Varignon's theorem of moments, 106, 

170. 
Velocities, composition of, 7. 
Virial, 130. 
Virtual Work, definition of, 79. 

of resultant and components, 80. 

equation of, for a particle, 8 1 . 

vanishing of, 83. 

of tension of inelastic string, 90. 

typical expression for, 91. 

equation of, for system of particles, 
161. 

for rigid body, 163. 



Wedge, 192. 

Wheel and Axle, 188. 

Work done in extension, 338. 



Young's Modulus, 337. 
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Heurtlefs Harmonia Symbolica: Creeds of the Western 

Church. 1858. 8vo. ds. (>d. 

Homilies appointed io be read in Churches. Edited by 

J. Grififilhs, M.A. 1859. Svo. 7j. td. 

Hooker s Works, with his life by Waltoa, arranged by John 

Keble, M.A. Sixth Edition, 1874. ^ vols. 8vo. i/. lu. (>d. 

the text as arranged by John Keble, M.A. 2 vols. 

1875. 8vo. IIJ. 

Jeivel's Works. Edited by R. W. Jelf, D.D. 8 vols. 1848. 

8vo. i/. loj. 

Pearsoris Exposition of the Creed. Revised and corrected by 

E. Burton, D.D. Sixth Edition, 1877. 8vo. loj. dd. 

Waterland's Review of the Doctrine of the Eucharist, with 

a Preface by the present Bishop of London. 1S80, Crown Siro. 6j. dd. 

Works, with Life, by Bp. Van Mildert. A new Edition, 



with copious Indexes. 6 vols. 1^56. Svo. 2I. lis. 

Wheatly's Illustration of the Book of Common Prayer. A new 

Edition, 1846. Svo. ;S. 

Wyclif A Catalogue of the Original Works of John Wyclif, 
by W. W. Shirley, D.D. 1865. Svo. 3^. td. 

Select English Works. By T. Arnold, M.A. 3 vols. 

1869-1871. Svo. Price reduced to il. \s. 

Trialogus. With the Supplement now first edited. 

By Gotthard Lechler. 1869. Svo. Price reduced to Is. 
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HISTORICAL AND DOCUMENTARY WORKS. 
British Barrows, a Record of the Examination of Sepulchral 

Mounds in various parts of England. By William Greenwell, M.A., F.S.A. 
Together with Description of Figures of Skulls, General Remarks on Pre- 
historic Crania, and an Appendix byGeorge Rolleston, M.D., F.R.S. 1877. 
Medium 8vo. 25J. 

Britton. A Treatise tt^on the Common Law .of England, 

composed by order of King Edward I. The French Text carefully revised, 
with an English Translation, Introduction, and Notes, by F. M. Nichols, M.A. 
2 vols. 1865. Royal Svo. i/. i6j. 

Clarejtdotts History of tJte Rebdlioii and Civil Wars in 
England. 7 vols. 1839. i8mo. -i/. is. 

Clarendons History of the Rebellion and Civil Wars in 

England. Also his Life, written by himself, in which is included a •Con- 
tinuation of his History of the Grand Rebdlion. With copious Indexes. 
In one volume, royal Svo. 1842. i/. is. 

Clintori s Epitome of the Fasti Hellenici. 1851. Svo. 6s. "Sd. 

Epitome of the Fasti Romard. 1 854. 8vo. 7s. 

Corpvs Poeticvm Boreale. The Poetry of the Old Northern 

Tongue, from the Earliest Times to the Thirteenth Century. Edited, clas- 
sified, and translated with J«troduotion. Excursus, and Notes, by Gudtoand 
Vigfiisson, M.A., and F. York Powell, M.A. 3 vols. 1883. Svo. 42J. 

Freeman (E. A.). History of the Norman Conquest -of Eng- 
land; its Causes and Results. In Six Volumes. 8vo. 5/. gj. 6isf. 

Vols. I-II together, 3rdedition, 1877. U. i6s. 

Vol. Ill, 2nd edition, 1874. i/. vs. 

Vol. IV, 2nd edition, 1875. i/. is. 

Vol. V, 1876. I/. IS. 

Vol. V-I. index. 1879. ^^°- ^°^- ^'^■ 

Freeman {E. A.). The Reign <of William Rtiftts and the 

Accession of Henry the First. 2 vols. Svo. il.ids. 

Gascoigue's TJteological Dictionary ("Liber Veritatum"): 

Selected 'Passages, illustrating the condition of Church and State, 1403-1458. 
With an Introduction by James E. Thorold Rogers, M.P. Small 4to. lew. 6rf. 

Magna Carta, a careful Reprint. Edited by W. Stubbs, M.A. 

1879. 4*°- stitched, \s. 

Passto et Miracula Beati Olaui. Edited from a Twelfth- 
Century MS. in the Library of Corpus Christi College, Oxford, with an In- 
itr«duc1ion and Notes, by Frederick Metcalfe, M.A. Small 4to. stiff covers, 6j. 
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Protests of the Lords, including those which have been ex- 
punged, from' 1624 to 1874 ; witli Kistorioal Introductions. Edited by James 
E. Thorold Rogers, M.A 1875. 3vols. 8vo. z/. 2j. 

Rogers {J. E. T.). History of Agriculture and Prices in 

England, A.D. 1 259-1 793. 

Vols. I and' 11(1259-1400). 1866. 8vo. 2I.2S. 
Vols. Ill and IV (1401-1582). 1882. 8vo. 2/ lOJ. 

Saxon Chronicles (Two of tite) parallel, with Supplementary; 

Extracts from the Others: Edited, with Introduction, Notes, and a Glos- 
■sarial Index, by J. Earle, M.A. 1865. 8vo. i6s. 

Sturlunga Saga, including the Islendinga Saga of Lawman 

Sturla ThordsBon and other works. Edited by Dr. Gudbrand Vigfi'issoa, 
In 2 vols. 1878. 8vo. 2/. 2J. 



Statutes made for the University of Oxford, and for the Colleges 
and Hails therein, by the University of Oxford Commissioners. 1882. 8vo. 
1 2 jr. dd. 

Also separately, 

Statutes made for the University. 2s. 

Statutes made for the Colleges, is. each, 

Statuta Universitatis Oxoniensis. 1884. 8vo. $s. 

The Student's Handbook to the University and Colleges of 

Oxford. Seventh Edition. 18S3. Extra fcap. 8vo, 2S. dd. 



MATHEMATICS, PHYSICAL SCIEITCE, &c. 

Acland {H. W., M.D., F.R.S.). Synopsis of the Pathological 

Series in the Oxford Museum. 1867. 8vo. 2s.(>d. 

Astronomical Observations made at the University Observ-- 

atory, Oxford, under the direction of C. Pritchard, M.A. No. I. 1878. 
Royal 8vo. paper covers, y. dd. 

De Bary (Dr. A.) Comparative Anatomy of the Vegetative 

Organs of the Phanerogams and Ferns. Translated and Annotated by F. O. 
Bower, M.A., F.L.S., and D. H. Scott, M.A., Ph.D., F.L.S. With two 
hundred and forty-one woodcuts and an Index. Royal 8vo., half morocco, 
I/. is\ dd. 

Mailer (J-). On certain Variations in the Vocal Organs of 

the Passeres that have hitherto escaped notice. Translated by F. J. Bell, B.A., 
and edited, with an Appendix,, by A. H. Garrod, M.A., F.R.S. With Plates. 
1878. 4to. paper covers, 7s. dd. 

Phillips (John, M.A., F.RS.), Geology of Oxford and the 

Valley of the Thames. 1871. 8vo. 21s. 

— — Vesuvius. 1869. Crown 8vo. loj. 6d. 
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Price {Bartholomew, M.A., F.R.S.).. Treatise on Infinitesimal 

Calculus. 

Vol.1. Differential Calculus. Second Edition. -8vo. I4s^6d. 

Vol. II. Integral Calculus, Calculus of Variations, and Differential Equations. 
Second Edition, 1S65. 8vo. 18s. 

Vol. III. Statics, including Attractions ; Dynamics of a Material Particle. 
Second Editioii, 1868. 8vo. i6s. 

Vol. IV. Dynamics of Material Systems ; together with a chapter on Theo- 
retical Dynamics, by W. F. Donkin, M.A., F.R.S. 1862. 8vo. i6j. 

Rigaud's Correspondence of Scientific Men of the i']th Century, 
with Table of Contents by A. de Morgan, and Index by the Rev. J. Rigaud, 
M.A. 2 vols. 1841-1862. 8vo^ i8j. 6d. 

Rolleston {George, M.B., F.R.S.). Scieniifie- P'aperr and Ad- 
dresses.. Arranged and Edited by William Turner, M.B., F.R.S.V With a 
Biographical Sketch by Edward Tylor, F.R.S. With Portrait, Plates, and 
Woodcuts. 2 vols. 8vo. i/. 4f. Just Published. 

Sacks' Text-Book of Botany, Morphological and Physiological. 
A New Edition: Translated by S. H. Vines, M.A. 1882. Royal 8vo., half 
morocco, il.ils. 6d. 

Westwood {y. O., M.A., F.R.S.). Thesaurus Entomologicus 

Hopeianus. or a Description of the rarest Insects in the Collection given to 
the University by the Rev. William Hoge. With 4,0 Plates. 1874. Small 
folio, half morocco, 7/. lof. 



Side Sbacuif aSoofes of tSe lEast. 

Translated by vaeious Oriental Scholars, and edited by 
F. Max MCller. 

[Demy 8vo. cloth.] 

Vol. I. The Upanishads. Translated by F. Max Miiller. 

Part I. The.ff%aridogya-upanishad, The TalavakSra-upanishad, The Aitareya- 
ara«yaka. The Kaush!tftki-brahma«a-upanishad, and The Va^saneyi-saOThita- 
upanishad. icx> (>d. 

Vol. II. The Sacred Laws of the Aryas, as taught m the 

Schools of Apastamba, Gautama, Vasish/Aa, and BaudhHyana. Translated by 
Prof. Georg Biihler. Part I. Apastamba and Gautama. loj. dd. 

Vol III. The Sacred Books of China. The Texts of Con- 
fucianism. Translated by James Legge. Part I. The Shil King, The Reli- 
gious portions of the Shih King„and The Hsifto King. 1 2J. bd. 

Vol. IV. The Zend-Avesta. Translated by James Darme- 

steter. Part I. The Vendidad. ioj. dd. 
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Vol. V. The PahJavi Texts. Translated by E. W. West. 
Part I. The Bundahij, Bahman Yart, and Shayast la-shiyast. 1 2S. 6d. 

Vols. VI and IX. The Qur'an. Parts I and II. Translated 

by E. H. Psimer. 2vs. 

Vol. VII. The Institutes of Vish«u. Translated by Julius 
Jolly. Tos. 6d. 

Vol. VIII. The BhagavadgM, witTi The Sanatsu^attya, and 

The Anug^tSi. Translated by Kashinith Trimbak Telang. lOJ. 6d. 

Vol. X. The Dhammapada, translated from Pali by F. Max 

Miiller; and The Sutta-Nij>ata, translated fram Paii by V. FausboU; being 
Canonical Books of the Buddhists. los. dd. 

Vol. XI. Buddhist Suttas. Translated from Pali by T. W. 

Rhys Davids, i. The MahS,parinibbana Suttanta ; 2. The Dha]jima-.5akka- 
ppavattana Sutta ; 3. The Tevi^^ SuUanta ; 4. The Akankheyya Sutta ; 
5. The.^tokhiIa Sutta; 6, The'MahSsudassana Suttanta; 7. TheSabb^sava 
Sutta. lOJ. td. 

Vol. XII. The .Satapatha-Brihma^a, according to the Text 

of the MSdhyandina School. Translated by Julius Eggeling. Part I. 
liooks I and II. 12s. td. 

Vol. XIII. Vinaya Texts.- Translated from the Pdli by 

T. W. Rhys Davids and Uerriiaun Oldenberg. Part I. The Patimokkha. 
The MahSvagga, I IV. iciy. dd. 

Vol. XIV. The Sacred Laws -of the Aryas, as taught in the 

Schools of Aj>astamba, Gautama, V^sishrta and Baudhayana. Translated 
by Georg Buhler. Part II. Va-,ishrta and Baudhayana. loj. ^d. 

Vol. XV. The Upanishads. Translated by F. Max Muller. 

Part II. The Ka^/^a-upanishad, The Mu»i/aka-upanishad, The Taittirlyaka- 
upanishad, The B?-2hadSra»yakaupanishad, The .Svetaj-vatara-upanishad, The 
Praf»a-upanishad, and The MailrayaKa-Brahma«a-upanishad. icj. td. 

Vol. XVI. Tiie Sacred Books of China. The Texts of Con- 
fucianism. Translated by James Legge. Part II. The Yi King. \os. 6d. 

Vol. XVII. Vinaya Texts. Translated from the Pili by 

T. W. Rhys Davids and Hermann Oldenberg. Part II. The Mahavagga, 
V-X. The .ffiiUavagga, I III lar. dd. 

Vol. XVIII. Pahlavi Texts. Translated by E. W. West. 

Part II. The DSi/istan-t Diulk and The Epi^tles of Manfl,r,4ihar. 1 2s. (sd. 

Vol. XIX. The Fo-sho-hing-tsan-king. A Life of Buddha 

by Ajvaghosha Bodhisattva, translated from Sanskrit into Chinese by Dhar- 
maraksha, a.d. 420, and from Chinese into English by Samuel Beal. loj. 6d. 

Vol. XXI. The, Saddharma-pu«(^arika or the Lotus of the 
True Law. Translated by H. Kein. \2s.6d. 
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Vol. XXm. The Zend-Avesta. Part II. The Strfizahs, 

Yirts, and Ny%ij'. Translated by James Darmesteter. los. 6d. 
The followmg Volumes are in the Press :—r 

Vol. XX. Vinaya Texts. Translated from the Pdli by T. W. 

Rhys Davids and Hermann Oldenberg. Part III. The .ffiiiravagga, I -IV. 

Vol. XXII. Gaina-Sutras. Translated fro-m Prakrit by Her- 
mann Jacobi. Part I. The A^fSranga-Sfltra. The Kalpa-SCitra. 

Vol. 'XXIV. Pahlavi Texts. Translated by E. W. West. 
Part III. Dtna-i Main6g-} ICMrad, Shikand-gu-manl, and Sad-dar. 

Second Series. 

Vol. XXV. Manu. Translated by GeORG BtJHLER. Part I. 

Vol. XXVI. The .Satapatha-Brihma;«a. Translated by 
Julius Eggelimg. Part II. 

^Mtifota ©xonfensia : 

[.Small 4to.] 
Classical Series. Li. T^e- English Manuscripts of the Ni- 

comaehean Ethics, described in relation to Bekker's Manuscripts and other 
Sources. By J. A. Stewart, M.A. 3^. 6d. 

I. ii. Nonius Marcellus, de Compendiosa Doctrina, 

Harleian MS. 2719. Collated by J. H. Onions, M.A. 3J. 6rf. 

■ I. iii. Aristotle-s Physics. Book VII. Collation of 

various MSS. ; with an Introduction by R. Shute, M.A. 2s. 

I. iv. Bentley's Piautine Emendations. From his copy 

of Gronovius. By E. A. Sonnenschein, M.A. 2s. 6d. 

Semitic Series. I. i. Commentary on Ezra and Nehemiah. 
By Rabbi Saadiah. Edited by H. J. Mathews, M.A. 3J. 6d. 

Aryan Series. L i. Buddhist Texts from Japa7i. Edited 

by F. Max Miiller, M.A. 3J. dd. 

I. ii. Sukh&vatt- VyAha. Description of Sukhavati, the 

Land of Bliss. Edited by F. Max Miiller, M. A., and Bunyiu Nanjio. 'js. 6d. 

I. iii. The Ancient Palm-leaves containing the Fragn^- 

PSramitS-Hridaya-Sfltra and tlieUsh«!sha-Vigaya-Dhara«t, edited by F. Max 
Miiller, M.A., and Bunyiu Nanjio, M.A. With an Appendix by G. Biihler. 
With many Plates. loj. 

Mediaeval and Modern Series. I. i. Sinonoma Bartholomei ; 

A Glossary from a Fourteenth-Century MS. in the Library of Pembroke 
College, Oxford. Edited by J. L, G. Mowat, M.A. is. dd. 

I. iii. The Saltair Na Rann. A Collection of Early 

Middle Irish Poems. Edited from a MS. in the Bodleian Library by Whitley 
Stokes, LL.D. Is. 6d. 
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^Xwiixi^m Ir^ss ^mm 



I. ENGLISH. 

A First Reading Book. By Marie Eichens of Berlin ; and 

edited by Anne J. Clough. Extra fcap. 8vo. stiff covers, ^. 

Oxford Reading Book, Part I. For Little Children. Extra 

fcap. 8vo. stiff covers, (>d. 

Oxford Reading Book, Part II. For Junior Classes. Extra 

fcap. 8vo. stiff covers, 6rf. 
An Elementary English Grammar and Exercise Book. By 

O. W. Tancock, M.A. Second Edition. Extra fcap. 8vo. \s. (>d. 

An English Grammar and Reading Book, for Lower Forms 
in Classical Schools. By O. W. Tancock, M.A. Fourth Edition. Extra 
fcap. 8vo. 3J. (>d. 

Typical Selections from the best English Writers, with Intro- 
ductory Notices. Second Edition. In Two Volumes. Extra fcap. 8vo. 
3f. ^d. each. 
Vol. I. Latimer to Berkeley. Vol. II. Pope to Macaulay. 

Shairp {J. C, LL.D.). Aspects of P-oetry ; being Lectures 

delivered at Oxford. Crown 8vo. loj. (td. 



A Book for the Beginner -in Anglo-Saxon. By John Earle, 

M.A. Third Edition. Extra fcap. 8vo. is. dd. 

An Anglo-Saxon Reader. In Prose and Verse. With Gram- 
matical Introduction, Notes, and Glossary. By Henry Sweet, M.A. Fourth 
Edition, Revised and Enlarged. Extra fcap. 8vo. 8j. (^d. 

An Anglo-Saxon Primer, with Grammar, Notes, and Glossary. 
By the same Author. Second Edition. Extra fcap. 8vo. 2s. 6d. 

First Middle English Primer, with Grammar and Glossary. 

By the same Author. Extra fcap. 8vo. is. Just Published. 

The Philology of the English Tongue. By J. Earle, M.A. 

Third Edition. Extra fcap. 8vo. Is. 6d. 

A Handbook of Phonetics, including a Popular Exposition of 
the Principles of Spelling Reform. By Henry Sweet, M.A. Extra fcap.,8vo. 
4J. dd. 

The Ormulum; with the Notes and Glossary of Dr. R. M. 
White. Edited by R. Holt, M.A. 1878. 2 vols. Extra fcap. 8vo. 2 u., 
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English Plant Names from the Tenth to the Fifteenth 

' Century. By J. Earle, M.A. Small fcap. 8vo. 55. 

Specimens of Early Englisk. A New and Revised Edition. 
With Introduction, Notes, and Glossarial Index. By R. Morris, LL.D., and 
W. W. Skeat, M.A. 

Part I. From Old English Homilies to King Horn (A.D. 1150 to a.d. 1300). 
Extra fcap. 8vo. gj. 

Part II. From Robert of Gloucester to Gower (A.D. 1298 to A.D. 1393). 
Second Edition. Extra fcap. 8vo. "js. 6d. 

Specimens of English Literaiure, from the ' Ploughmans 

Crede' to the 'Shepheardes Calender' (a.d. i394.to A.D. 1579). With Intro- 
duction, Notes, and Glossarial Index. By W. W. Skeat, M.A. Extra fcap; 
8vo. 7J. 6d. 



The Vision of William concerning Piers < the Plowman, by 
William Langknd. Edited, wkh Notes, by W. W. Skeat, M.A. Third 
Edition. Extra fcap. 8vo. 4J. 6</. 

Chaucer. I. The Prologue to the Canterbury Tales; the 

Knightes Tale ; The Noniie Prestes Tale. Edited by R. Morris, Editor of 
Specimens of Early English, &c., &c. Fifty-first Thousand. Extra fcap. 8vo. 
IS. dd. 

II. The Prioresses Tale; Sir Thopas; The Monkes 

Tale ; The Clerkes Tale ; The Squieres Tale, &c. Edited by W. W. Skeat, 
M.A. Second Edition. Extra fcap. 8vo. 4J. dd. 

■ III. The Tale of the man of Lawe ; The Pardoneres 

Tale ; The Second Nonnes Tale ; The Chanouns Yemannes Tale. By the 
same Editor. Second Edition. Extra fcap. 8vo. 4.1. 6d. 

Gamelyn, The Tale of. Edited with Notes, Glossary, &c., by 

W. W. Skeat, M.A. Extra fcap. 8vo. Stiff covers, \s. 6d. Just Published. 

Spenser's Faery Queene. Books I and II. Designed chiefly 
for the use of Schools. With Introduction, Notes, and Glossary. By G. W. 
Kitchin, M.A. 

Book I. Tenth Edition. Extra fcap. .8vo. 2s. 6d. 

Book II. Sixth Edition. Extra fcap. 8vo. 2s. 6d. 

Hooker. Ecclesiastical Polity, Book I. Edited by R. W. 
Church, M.A. Second Edition. Extra fcap. 8vo. 2s. 

Marlowe and Greene. Marlowe's Tragical History of Dr. 
Faustus and Greene's Honourable History of Friar Bacon and Frtar Bungay. 
Edited by A. W. Ward, M.A. 1878. Extra fcap. 8vo. is. 6d. 
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Marlowe. Edward II. With Introduction, Notes, &c. By 
O. W. Tancock, M.A. Extra fcap. 8vo. is. 

Shakespeare. Select' Plays. Edited by W. G. Clark, M.A., 

and W. Aldis Wright, M.A. Extra fcap. 8vo. stiff covers. 

I. The Merchant of Venice, is. 

II. Richard the Second. \s. dd. 

III. Macbeth, is.^d. 

IV. Hamlet. 2j. 

Edited by W. Aldis Wright, M.A. 

V. The Tempest. \s. 6d. 

VI. As You Like It. is. 6d. 

VII. Julius Csesar. 2s. 

VIII. Richard the Third. 2s. 6d. 

IX. King Lear. is. dd. 

X. A Midsummer Night's Dream, is. 6d. 

XI. Coriolanus. 2s. 6d. 

XII. Henry the Fifth. 2s. 

XIII. Twelfth Night. In the Press. 

Bacon. I. Advaitcement of Learning. Edited by W. Aldis 

Wright, M.A. Second Edition. Extra fcap. 8vo. 4J, 6rf. 

II. The Essays. With Introduction and Notes. By 

J. R. Thursfield, M.A. In Preparation. 

Milton. I. Areopagitica. With Introduction and Notes. By 

J. W. Hales, M.A. Third Edition. Extra fcap. Svo. 3J. 

■ II. Poems. Edited by R. C. Browne, M.A, a vols. 

Fifth Edition. Extra fcap. 8vo 6j. fid. 

Sold separately, Vol. I. i,s.; Vol. II. 3^. 

In paper covers : — 

Lycidas, id. L' Allegro, zd. II Penseroso, 4^. Comus, dd. 
Samson Agonistes, dd. 

III. Samson Agonistes, Edited with Introduction and 

Notes by John Churton Collins. Extra fcap. 8vo. stiff covers, is. 

Bunyan. I. The Pilgrim's Progress, Grace Abounding, Rela- 
tion of the Imprisonment of Mr. John Bunyan. Edited, with Biographical 
Introduction and Notes, by E. Venables, M.A. 1879. Extra fcap. 8 vo. 5 J. 

II. Holy War, Q^c. Edited by E. Venables, M.A. 
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Dryden. Select Poems. Stanzas on the Death of CHver 

Cromwell ; Astrsea Redux ; Annus Mirabllis ; Absalom and Achitophel ; 
Religio Laid ; The Hind and the Panther. Edited by W. D. Christie, M.A. 
Second Edition. Extra fcap. 8vo. y. 6rf. 

Locke's Conduct of the Understanding. Edited, with Intro- 
duction, Notes, &c., by T. Fowler, M.A. Second Edition. Extra fcap. 8vo. 2/. 

Addison. Selections from Papers in the Spectator. With 
Notes. By T. Arnold, M.A. Extra fcap. 8vo. 4?. dd. 

Steele. Selections from. By Austin Dobsom In Preparation. 

Pope. With Introduction and Notes. By Mark Pattison, B.D. 

I. Essay on Man. Sixth Edition. Extra fcap. 8vo. 



ij. dd. 
W. Satires and Epistles. Second Edition. Extra fcap. 

8vo. 2J. 

Parnell. The Hermit. Paper covers, id. 

Johnson. I. Rasselas ; Lives of Pope and Dryden. Edited 

by Alfred Milnes, B.A. (London). Extra fcap. 8vo. 4?. td. 

II. Vanity of Human Wishes. With Notes, by E. J. 



Payne, M.A. Paper covers, ^. 

Gray. Selected Poems. Edited by Edmund Gosse, Clark 
Lecturer in English Literature at the University of Cambridge. Extra fcap. 
8vo. 2J. Jttst Published, 

Elegy and Ode on Eton College. Paper covers, id. 

Goldsmith. The Deserted Village. Paper covers, id. 

Cowper. Edited, with Life, Introductions, and Notes, by 
H. T. Griffith, B.A. 

. I. The Didactic Poems of x'j^l, with Selections from the 

Minor Pieces, A.D. 1779-1783, Extra fcap. 8vo. 3^. 

• II. The Task, with Tirocinium, and Selections from the 

Minor Poems, A.D. 1 784-1799. Second Edition. Extra fcap. 8vo. is. 

Burke. Select Works. Edited, with Introduction and Notes, 
by E. J. Payne, M.A. 

I. Thoughts on the Present Discontents ; the two Speeches 

on America. Second Edition. Extra fcap. 8vo. 4^. dd. 

II. Reflections on the French Revolution. Second Edition. 

Extra fcap. 8vo. 5.?. 
III. Four Letters on the Proposals for Peace with the 

Regicide Directory of France. Second Edition. Extra fcap. 8vo. is. 

L9] c 
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Keats. Hyperion, Book I. With Notes by W. T. Arnold, B.A. 

Paper covers, ^d. 

Scott. Lay of the Last Minstrel. Introduction and Canto I, 
with Preface and Notes by W. Minto, M.A. Paper covers, 6rf. 

II. LATIN. 
An Elementary Latin Grammar. By John B. Allen, M.A. 

Third Edition, Revised and Corrected. Extra fcap. 8vo. 2^. (>d. 

A First Latin Exercise Book. By the same Author. Fourth 

Edition. Extra fcap. 8vo. 2j. 6flf. 

A Second Latin Exercise Booh. By the same Author. Extra 

fcap. 8vo. 3J. dd. Just Published. 

Reddenda Minora, or Easy Passages, Latin and Gxeek, for 

Unseen Translation. For-the use of Lower Porms. Composed and selected 
by C. S. Jerram, M.A. Extra fcap. vs. 6d. 

Anglice Reddenda, or Easy Extracts, Latin and Greek, for- 

Unseen Translation. By C. S. Jerram, M.A. Third Edition, Revised and 
Enlarged. Extra fcap. 8vo. 2J. dd. 

Passages for Translation into Latin. For the use of Passmen 
and others. Selected by J. Y. Sargent, M.A. Fifth Edition. Extra fcap. 
8vo. 2s. dd. 

Graduated Latin Prose Exercises. By G. G. Ramsay, M.A. 

In the Press. 

First Latin Reader. By T. J, Nunns, M.A. Third Edition. 

Extra fcap. 8vo. 2^. 

Caesar. The Commentaries (for Schools). With Notes and 

Maps. By Charies E. Moberly,'M.A. 
Part I. The Gallic War. Second Edition. Extra fcap. 8vo. /^s. 6d. 
Part II. The Civil War. Extra fcap. 8vo. 3s. dd. 
The Civil War. Book I. Second Edition. Extra fcap. 8vo. %s. 

Cicero. Selection of interesting and descriptive passages. With 
Notes. By Henry Walford, M.A. In three Parts. Extra fcap. 8yo. 4J'. dd. 

Each Part separately, limp, is. dd. 
Part I. Anecdotes from Grecian and Roman History. Third Edition. 
Part II. Omens and Dreams: Beauties of Nature. Third Edition, 
Part III. Rome's Rule of her Provinces. Third Edition. 

De Senectute and De Amicitia, With Notes. By W. 



HeslcSp, M.A. Extra fcap. 8vo. 2s. 
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Cicero. Selected Letters (for Schools). With Notes. By the 

late C. E. Prichard, M.A., and E. R. Bernard, M.A. Second Edition. 
Extra fcap. 8vo. 3J. 

■ Select Orations (for Schools). In Verrem I. De Imperio 

Gn. Pompeii. ProArchia. Philippica IX. With Introduction and Notes by 
J. R. King, M.A. Second Edition. Extra fcap. 8vo. 2s. 6d. 

Cornelius Nepos. With Notes. By Oscar Browning, M.A. 
Second Edition. Extra fcap. 8vo. is. 6d. 

Livy. Selections (for Schools). With Notes and Maps. By 
H. Lee-Warner, M.A. Extra fcap. 8vo. In Parts, limp, each is. 6ti. 
Part I. The Caudine Disaster. 
Part II. Hannibal's Campaign in Italy. 
Part III. The Macedonian War. 

Livy. Books V-VII. With Introduction and Notes. By 
A. R. Cluer, B.A. Extra fcap. 8vo. ^s. 6tl. 

Ovid. Selections for the use of Schools. With Introductions 

and Notes, and an Appendix on the Roman Calendar. By W. Ramsay, M.A. 
Edited by G. G. Ramsay, M.A. Second Edition. Extra fcap. Svo. pj. 6rf. 

Pliny. Selected Letters (for Schools). With Notes. By the 

. late C. E. Prichard, M.A., and E. R. Bernard, M.A. Second Edition. Extra 
fcap. Svo. 3J. 

Tacitus. The Annals. Books I-IV. Edited, with Introduc- 
tion and Notes for the use of Schools and Junior Students, by H. Furneaux, 
M .A. Extra fcap. 8 vo. 5J-. Just Published. 



Catulli Veronensis Liber. Iterum recognovit, apparatum cri 
ticu ^ " " " ~ 

Svo. 



ticum prolegomena appendices addidit, Robinson Ellis, A.M. 1878. Demy 
i6s. 



— A Commentary on Catullus. By Robinson Ellis, M.A. 
1876. Demy Svo. ids. 

Veronensis Carmina Selecta, secundum recognitionem 



Robinson Ellis, A.M. Extra fcap. Svo. 3J. 6d. 

Cicero de Oratore. With Introduction and Notes. By A. S. 
Wilkins, M.A. 

Book I. 1879. Svo. ds. Book II. 1881. Svo. 5J. 

Philippic Orations. With Notes. By J. R. King, M.A- 

Second Edition. 1879. Svo. ioj. (>d. 

Select Letters. With, English Introductions, Notes, and 

Appendices. By Albert Watson, M.A. Third Edition. 1S81. Demy Svo. iSs. 

C i 
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Cicero. Select Letters. Text. By the same Editor. Second 

Edition. Extra fcap. 8vo. +?. 

Cicero pro Cluentio. With Introduction and Notes. By W. 
Ramsay, MA. Edited by G. G. Ramsay, M.A. Second Edition. Extra fcap. 
8vo. 3j. 6rf. 

Horace. With a Commentary. Volume I. The Odes, Carmen 
Seculare, and Epodes. By Edward C. Wickham, M.A. Second Edition.; 
1877. Demy 8vo. \2s. 

" ' A reprint of the above, in a size suitable for the use, 
of Schools. Extra fcap. 8vo. jj. fid. 

Livy, Book I. With Introduction, Historical Examination, 
and Notes. By J. R. Seeley, M.A. Second Edition. 1881. 8vo. 6j. 

Ovid. P. Ovidii Nasonis Ibis. Ex Novis Codicibus edidit. 

Scholia Vetera Commentarium cum Prolegomenis Appendice Indice addidit, 
R. Ellis, A.M. Demy 8vo. ioj. dd. 

Persius. The Satires. With a Translation and Commentary. 

By John Conington, M.A. Edited by Henry Nettleship, M.A. Second 
Edition. 1874. 8vo. 'js. 6d. 

Plautus. The Trinummus. With Notes and Introductions.. 

Intended for the Higher Forms of Public Schools. By C. E. Freeman, M.A., 
and A. Sloman, M.A. Extra fcap. 8vo. 3J. 

Sallust. With Introduction and Notes, By W. W. Capes, 

M.A. Extra fcap. 8vo. 4J. td. 

Tacitus. The Annals. Books I-VI. Edited, with Intro- 
duction and Notes, by H. Furneaux, M.A. 8vo. l8j. 

Virgil With Introduction and Notes. By T. L. Papillon, 
M.A. Two vols, crown 8vo. ioj. f)d. 



Nettleship {H., M.A.). The Roman Satura : its original form 
in connection with its literary development. 8vo. sewed, \s. 

Ancient Lives of Vergil. With an Essay on the Poems of 
Vergil, in connection with his Life and Times. By H. Nettleship, M.A. 8vo. 
sewed, 2s. 

Papillon {T.L., M.A.). A Manual of Comparative Philology. 
Third Edition, Revised and Corrected. 1882. Crown 8vo., 6s. 

Pinder {North, M.A). Selections from, the less known Latin. 
Poets. 1869, Demy 8vo. ijj;. 
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Sellar ( W. V., M.A.). Roman Poets of the Augustan Age. 

Virgil. By William Young Sellar, M.A., Professor of Humanity in the 
University of Edinburgh. New Edition. 1883. Crown 8vo. gj. 

Roman Poets of the Republic. New Edition, Revised 

and Enlarged. 1881. Svo. 14J. 

Wordsworth {J., M.A.). Fragments and Specimens of Early 
Latin. With Introductions and Notes. 1874. 8vo. i8f. 



III. GREEK. 

A Greek Primer, for the use of begfinners in that Language, 
By the Right Rev. Charles Woi'dswofth, D.C.L. Seventh Edition. Extra fcap. 
8vo. \s. €d. 

Graecae Grammaticae Rudimenta in usum Scholarum. Auc- 

tore Carolo Wordsworth, D.C.L. Nineteenth Edition, 1882. l2rao 4J. 

A Greek-English Lexicon, abridged from Liddell and Scott's 
4to. edition, chiefly for the use of Schools. Twentieth Edition. Carefully 
revised throughout. 1883. Square i2mo. 1s.(sd. 

Greek Verbs, Irregular and Defective ; their forms, meaning, 

and quantity ; embracing all the Tenses used by Greek writers, with references 
to the passages in which they are found. By W. Veitch. Fourth Edition. 
Crown 8vo. \os. dd. 

The Elements of Greek Accentuation (for Schools) : abridged 

from his larger work by H. W. Chandler, M.A. Extra fcap. 8vo. is. 6d. 

A Series of Graduated Greek Readers: — 

First Greek Reader. By W. G. Rushbrooke, M.L. Second 
Edition. Extra fcap. 8vo. 2s. 6d. 

Second Greek Reader. By A.M. Bell, M.A. Extra fcap. 
Svo. 3J. dd. 

Fourth Greek Reader ; being Specimens of Greek Dialects. 

With Introductions and Notes. By W. W. Merry, M.A. Extra fcap. 8vo. 
4.r. dd. 

Fifth Greek Reader. Part I. Selections from Greek Epic 

and Dramatic Poetry, with Introductions and Notes. By Evelyn Abbott, 
M.A. Extra fcap. 8vo. 4^. 6d. 

The Golden Treasury of Ancient Greek Poetry: being a Col- 
lection of the finest passages in the Greek Classic Poets, with Introductory 
Notices and Notes. By R S. Wright, M.A. Extra fcap.. Svo. 8j. (sd. 
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A Golden Treasury of Greek Prose, being a Collection of the 

finest passages in the principal Greek Prose Writers, with Introductory Notices 
and Notes. By R. S. Wright, M.A., and J. E. L. Shadwell, M.A. Extra fcap. 
8vo. J^s. 6d. 

Aeschylus. Prometheus Bound (for Schools). With Introduc- 
tion and Notes, by A. O.Prickard, M.A. Second Edition. Extra fcap. 8vo. is. 

Agamemnon. With Introduction and Notes, by Arthur 

Sidgwick, M.A. Second Edition. Extra fcap. 8vo. 3J. 

Choephoroi. With Introduction and Notes by the same 



Editor. Extra fcap. 8vo. ^s. Just Published. 

Aristophanes. In Single Plays. Edited, with English Notes, 

Introductions, &c., by W. W. Merry, M.A. Extra fcap. 8vo. 
I. The Clouds, Second Edition, aj. 
II. The Acharnians, 2j, 
III. The Frogs, 2j. 

Other Plays will follow. 

Cebes. Tabula. With Introduction and Notes. By C. S. 

Jerram, M.A. Extra fcap. 8vo. 2J. dd. 

Euripides. Alcestis (for Schools). By C. S. Jerram, M.A. 

Extra fcap. 8vo. ^s. dd. 

Helena. Edited, with Introduction, Notes, and Critical 

Appendix, for Upper and Middle Forms. By C. S. Jerram, M.A. Extra 
fcap. Svo. 3J. 

Herodotus, Selections from. Edited, with Introduction, Notes, 

and a Map, by W. W. Merry, M.A. Extra fcap. 8vo. 2s. dd. 

Homer. Odyssey, Books I-XII (for Schools). By W. W. 
Merry, M.A. Twenty-seventh Thousand. Extra fcap. Svo. 4J. dd. 
Book II, separately, \s. dd. 

' Odyssey, Books XIII-XXIV (for Schools). By the 

same Editor, Second Edition. Extra fcap. Svo'. 5J1. 

Iliad, Book I (for Schools). By D. B. Monroy M.A, 

Second Edition. Extra fcap. Svo. 2s. 

Iliad, Books I-XII (for Schools). With an Introduction, 

a brief Homeric Grammar, and Notes. By D. B. Monro, M.A. Extra fcap 
Svo. ds. '^' 

Iliad, Books VI and XXI. With Introduction and 



Notes. By Herbert Hailston?, M.A. Extra fcap. Svo. is., dd. each, 
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Lucian. Vera Historia (for Schools). By C. S. Terrain, 

M.A. Second Edition. Extra fcap. 8vo. is. 6d. 

Plato. Selections from the Dialogues [including the whole of 

Va.^ Apology and Critol. With Introduction and Notes by Jolin Purves, M.A., 
and a Preface by the Rev. B. Jowett, M.A. Extra fcap. 8vo. 6j. (,d. 

Sophocles. In Single Plays, with English Notes, &c. By 
Lewis Campbell, M.A., and Evelyn Abbott, M.A. Extra fcap. 8vo. limp. 
Oedipus Tyrannus, Philoctetes. New and Revised Edition, 2s. each. 
Oedipus Coloneus, Antigone, \s. ^d. each. 

Ajax, Electra, Trachiniae, 2j. each. 

Oedipus Rex: Dindorfs Text, with Notes by the 



present Bishop of St. David's. Ext. fcap. Svo. limp, is. 6d. 
Theocritus (for Schools). With Notes. By H, Kynaston, 

M.A. (lateSnow). Third Edition. Extra fcap. Svo. +?. 6d. 

Xenophon. Easy Selections, (for Junior Classes). With a 

Vocabulary, Notes, and Map. By J. S. Phillpotts, B.C.L., and C. S. Jerram 
M.A. • Third Edition. Extra fcap. Svo. 3J\ f>d: 

Selections (for Schools). With Notes and' Maps. By 

J. S. Phillpotts, B.C.L. Fourth Edition. Extra fcap. Svo. %s. 6d. 

Anabasis, Book II. With Notes and Map. By C. S. 

Jerram, M.A. Extra fcap. Svo. 2.^. 

Cyropaedia, Books IV and V. With Introduction and 

Notes by C. Bigg, D.D; Extra fcap. Svo. zir. (td. 



Aristotle^ s Politics. By W. L. Newman, M.A. \In preparation.'\ 

Aristotelian Studies. I. On the Structure of the Seventh 
Book of the Nicomachean Ethics. By J. C. Wilson, M.A. 1879. Medium Svo. 
stiff, 5J. 

Demosthenes and Aeschines. The Orations of Demosthenes 

and jEschines on the Crown. With Introductory Essays and Notes. By 
G. A. Simcox, M.A., and W. H. Simcox, M.A. 1872. Svo. I2j. 

Geldart {E. M., B.A.). The Modern Greek Language in its 
relation to Ancient Greek. Extra fcap. Svo. 4^. dd. 

Hicks {E. L., M.A.)i A Manual of Greek Historical Inscrip- 
tions. Demy Svo. lof. dd. 
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Homer. Odyssey, Books I-XII. Edited with English Notes, 
Appendices, etc. By W. W. Merry, M.A., and the late James Riddell, M.A. 
1876. Demy 8vo. ifo. 

A Grammar of the Homeric Dialect. By D. B. Monro, 

M.A. Demy 8vo. \os. 6d. 

Sophocles. The Plays and Fragments. With English Notes 
and Intioductions, by Lewis Campbell, M.A. 2 vols. 
Vol. I. Oedipus Tyrannus. Oedipus Coloneus. Antigone. Second 
Edition. 1879. 8vo. i6.f. 

Vol. II. Ajax. -Electra. Trachiniae. Philoctetes. Fragments. i88i. 
8vo. i6f. 

Sophocles. The Text of the Seven Plays. By the same 

Editor. Extra fcap. 8vo. i^s. dd. 

IV. PREITCH AND ITALIAW. 

Brackets Etymological Dictionary of the French Language. 

with a Preface on the Principles of French Etymology. Translated into 
English by G. W. Kitchin, M.A. Third Edition. Crown 8vo. "js. dd. 

■ Historical Grammar of the French Language.* Trans- 
lated into English by G. W. Kitchin, M.A. P'ourth Edition. Extra fcap. 
8vo. 3f. dd. 

Works by GEOKGE SAINTSBITRV, M.A. 

Frimer of French Literature. Extra fcap. 8vo. w. 

Short History of French Literature. Crown 8 vo. \os,6d. 

Specimens of French Literature, from Villon to Hugo. Crown 
8vo. gj. 

Corneille's Horace. Edited, with Introduction and Notes, by 

George Saintsbury, M.A. Extra fcap. 8vo. 2s. 6d. 

MoUMs Les Fr^cieuses Ridicules. Edited, with Introduction 

and Notes, by Andrew Lang, M.A. Extra fcap. 8vo. w. 6d. 

Beaumarchais' LeBarbier de Seville. Edited, with Introduction 

and Notes, by Austin Dobson. Extra fcap. 8vo. 2s. dd. 

Mussefs On ne badine pas avec F Amour, and Fantasia. Edited, 
-with Prolegomena, Notes, etc., by Walter Herries Pollock. Extra fcap! 
8vo. 2S. 

Other Plays to follow. 

L Eloquence de la Chaire et de la Tribune Frangaises. Edited 
by Paul Blouet, B.A. (Univ. Gallic). Vol. I. French Sacred Oratory 
Extra fcap. 8vo. is. td. ' 
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Edited by OTTSTAVE MASSOW, B.A. 

Corneille's Cinna, and Molikre's Les Femmes Savantes. With 

Introduction and Notes. Extra fcap. 8vo. 2s. fid. 

Louis XIV and his Contemporaries ; as described in Extracts 
from the best Memoirs of the Seventeenth Century. With English Notes, 
Genealogical Tables, &c. Extra fcap. 8vo. is. dd. 

Maistre, Xavier de. Voyage autour de ma Chambre. Ourika, 

by Madame de Duras; La Dot de Suzette, by Fievh; Les Jumeaux de 
I'Hotel Co^ra.'!Si\.&.\rj Edmond About ; M^Saventures d'un ficoUer, by Rudolphe 
Topffer. Second Edition. Extra fcap. 8vo. 2j. fid. 

Molikre's Les Fourberies de Scapin. With Voltaire's Life of 
Moliere. Extra fcap. Svo. stiff covers, is. 6d. 

Molikre's Les Fourberies de Scapin, and Racine s Athalie. 
With Voltaire's Life of Moliere. Extra fcap. Svo. 2s. 6d. 

Racine's Andramague, and Corneilles Le Menteur. With 

Louis Racine's Life of his Father. Extra fcap. Svo. 2j. dd. 

Regnard's Le Joueur, and Brueys and Palaprafs Le Grondeur. 

Extra fcap. Svo. 2^. (>d. 

SSvigne, Madame de, and her chief Contemporaries, Selections 
from the Correspondence J>f. Intended more especially for Girls' Schools. 
Extra fcap. Svo. y. 



Dante. Selections from the Inferno. With Introduction and 
Notes. By H. B. Cotterill, B.A. Extra fcap. Svo. 4?. dd. 

Tasso. La Gerusalemme Liberata. Cantos i, ii. With In- 
troduction and Notes. By the same Editor. Extra fcap. Svo. 2j. 6d. 



V. GERMAKT. 

GERMAN COURSE. By HEKMAWW LABTGE. 

The Germans at Home ; a Practical Introduction to German 

Conversation, virith an Appendix containing the Essentials of German Grammar. 
Second Edition. Svo. zj. dd. 

The German Manual; a German Grammar, Reading Book, 
and a Handbook of German Conversation. Svo. Is. 6d. 
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Grammar of the German Language. 8vo. y. 6d. 

This 'Grammar' is a reprint of the Grammar contained in 'The German Manual,' 
and, in this separate form, is intended for the use of Students who wish to make 
themselves acquainted with German Grammar chiefly for the purpose of being 
able to read German books. 

German Composition ; A Theoretical and Practical Guide to 

the Art of Translating English Prose into German. 8vo. 4J. 6d. 



Lessing's Laokoon. With Introduction, English Notes, etc. 
By A. Hamann, Phil. Doc, M.A. Extra fcap. 8vo. 4^. dd. 

Schiller's Wilhehn Tell. Translated into English Verse by 
E. Massie, M.A. Extra fcap. 8vo. 6j\ 

Al'so, Edited by 0. A. BITCHHEIM:, Phil. Doc. 

Goethe s Egmont. With a Life of Goethe, &c. Third Edition. 

Extra fcap. 8vo. 3J. 

Iphigenie auf Tauris. A Drama. With a Critical In- 
troduction and Notes. Second Edition. Extra fcap. SvOi 3J:. 

Heine's Prosa, being Selections from his Prose Works. With 

English Notes, etc. Extra fcap. 8vo. 4J. 6d. Just Published. 

Lessing's Minna von Barnhelm. A Comedy. With a Life 

of Leasing, Critical Analysis, Complete Commentary,. &c. Fourth Edition. 
Extra feap. 8vo. 3^. ()d. 



Nathan der Weise. With Introduction, Notes, etc. 

Extra fcap. 8vo. 4^-. (>d. 

Schiller's Historische Skizzen ; Egmont s Leben und Tod, and 
Belagerung von Antwerfen. Second Edition. Extra fcap. 8vo. 2s. 6d. 

Wilhelm Tell. With a Life of Schiller; an his- 
torical and critical Introductien, Arguments, and a complete Commentary. 
Sixth Edition. Extra fcap. 8vo. 3J-. 6d. 

• Wilhelm Tell. School Edition. Extra fcap. 8vo. is. 

Halm's Griseldis. In Preparation. 



Modern Germcm Reader. A Graduated Collection of Prose 

Extracts from Modern Gennan writers : — 

Part I. With English Notes, a. Grammatical Appendix, and a complete 
Vocabulary. Fourth Edition. Extra fcap. 8vo. 2j\ 6rf. 

Parts II and III in Preparation. 
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VI. MATHEMATICS, PHYSICAL SCIENCE, &c. 
By LEWIS HENSLET, M.A. 

Figures made Easy : a first Arithmetic Book. (Introductory 

; to ' The Scholar's Arithmetic.') Crown 8vo. 6cl. 

Answers to the Examples in Figures made Easy, together 

with two thousand additional Examples formed from the Tables in the same, 
with Answers. Crown 8vo. \s. 

The Scholar's Arithmetic: with Answers to the Examples. 

Crown 8vo. 4J. 60?. 

The Scholar's Algebra. An Introductory work on Algebra. 
Crown 8vo. 4J. 6d. 

Baynes {R. E., M.A.). Lessons on Thermodynamics. 1878. 

Crown 8vo. "js. 6d. ' 

Chambers {G. F., F.R.A.S.). A Handbook of Descriptive 

Astronomy. Third Edition. 1877. Demy 8vo. 28j. 

Clarke (Col. A. R.,C.B.,R.E.). Geodesy. 1880. 8vo. I2J. 6«f. 

Donkin ( W. F., M.A., F.R.S.). Acoustics. 1870. Crown 8vo. 
IS. dd. 

Galton {Douglas, C.B., F.R.S.). The Construction of Healthy 
Dwellings ; namely Houses, Hospitals, Barracks, Asylums, &c. Demy 8vo. 
10/. dd, 

Hamilton [R. G. C), and f. Ball. Book-keeping. New and 
enlarged Edition. Extra fcap. 8vo. limp cloth, 2s. 

Harcourt (A. G. Vernon, M.A.), and H. G. Madan, M.A. 
Exercises in Practical Chemistry. Vol. I. Elementary Exercises. Third 
Edition. Crown 8vo. 9J. , 

Maclaren {Archibald). A System of Physical Education : 
Theoretical and Practical. Extra fcap. 8vo. Is. 6d. 

Madan {H. G., M.A.). Tables of Qualitative Analysis. 
Large 4to. paper, 4^-. dd. 

Maxwell {J. Clerk, M.A., F.R.S.). A Treatise on Electricity 
and Magnetism. Second Edition. 2 vols. Demy 8vo. i/. lu. dd. 

An Elementary Treatise on Electricity. Edited by 

William Gamett, M.A. Demy 8vo. 7^. dd. 
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Minchin {G. M., M.A.). A Treatise on Statics. Third 
Edition, Corrected and Enlarged. Vol. I. Equilibrium of CoplanUr Forces. 
8vo. gj. Just Published. 

Uniplanar Kinematics of Solids and Fluids. Crown 8vo. 



•js. 6d. 

Rolleston [G., M.D., F.R.S.). Forms of Animal Life. Illus- 
trated by Descriptions and Drawings of Dissections. A New Edition in the 
Press. 

Smyth. A Cycle of Celestial Objects. Observed, Reduced, 

and Discussed by Admiral W. H. Smyth, R.N. Revised, condensed, and 
greatly enlarged by G. F. Chambers, F.R.A.S. 1881. 8vo. 2IJ. 

Stewart {Balfour, LL.D., F.R.S.). A Treatise on Heat, with 
numerous Woodcuts and Diagrams. Fourth Edition. i88i. Extra fcap. 8vo. 
"js. dd. 

Story-Maskelym {M. H. N., M.A.). Crystallography. In the 

Press. 

Vernon- Harcourt {L. F., M.A.). A Treatise on Rivers and 

Canals, relating to the Control and Improvement of Rivers, and the Design, 
Construction, and Development of Canals. 2 vols. (Vol. I, Text. Vol. II, 
Plates.) Svo. 2IJ. 

Watson {H. W., M.A.). A Treatise on the Kinetic Theory 

of Gases. 1876. Svo. 3^. (>d. 

Watson [H. W., M.A.), and Burbury (S. H., M.A.). A Trea- 
tise on the Af plication of Generalised Coordinates to the Kinetics of a Material 
System. 1879. 8vo. ds. 

Williamson (A. W., Phil. Doc., F.R.S.). Chemistry for 

Students. A new Edition, with Solutions. 1873. Extra fcap. 8vo. 8j. td. 

VII. HISTOET. 

Finlay [George, LL.D.). A History of Greece from its Con- 
quest by the Romans to the present time, B.C. 146 to A.D. 1864. Anew 
Edition, revised throughout, and in part re-written, with considerable ad- 
ditions, by the Author, and edited by H. F. Tozer, M.A. 1877. 7 vols. 8vo. 
3/. los. 

Freeman {E.A., M.A.). A Short History of the Norman 
Conquest of England. Second Edition. Extra fcap. Svo. 2s. td. 

A History of Greece. In preparation. 

George {H. B.,M.A.). Genealogical Tables illustrative of Modern 
History. Second Edition, Revised and Enlarged, Small 4to. 1 2^. 
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Hodgkin ( r.). Italy and her Invaders, A.D. 376-476. Illus- 
trated with Plates and Maps. 2 vols. 8vo. \1. lat. 
Vol. III. The Ostrogothic Invasion, and 
Vol. IV. The Imperial Restoration, In the Press. 

Kifckin (G. W., M.A.). A History of France. With numerous 
Maps, Plans, and Tables. In Three Volumes. 1873-77. Crown 8vo. each 
los. ^d. 

Vol. I. Second Edition. Down to the Year 1453. 
Vol. 2. From 1453-1624. 
Vol. 3. From 1624-1793. 

Payne [E. J., M.A.). A History of the United States of 

America. In the Press. 
Ranke {L. von). A History of England, principally in the 

Seventeenth Century. Translated by Resident Meuabers of the University of 
Oxford, under the superintendence of G. W. Kitchin, M.A., and C. W. Boase, 
M.A. 1875. 6 vols. 8vo. 3/. 3J. 

Rawlinson {George, M.A.). A. Manual of Ancient History. 

Second Edition. Demy 8vo. 14?. 
Select Charters and other Illustrations of English Constitutional 

History, from the Earliest Times to the Reign of Edward I. Arranged and 
edited by W. Stubbs, M.A. Fourth Edition. 1881. Crown 8vo. 8j. (,d. 

Stubbs ( W., D.D.). The Constitutional History of England, 

in its Origin and Development. Library Edition. 3 vols, demy 8vo. 2/. 8j. 
Also in 3 vols, crown 8vo. price xis. each. 

Wellestey. A Selection from the Despatches, Treaties, and 

other Papers of the Marquess Wellesley. K.G., during his Government 
of India. Edited by S. J. Owen, M.A. 1877. 8vo. \l. 4J. 
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Bishop of Cloyne ; including many of his writings hitherto unpublished. 
With Prefaces, Annotations, and an Account of his Life and Philosophy, 
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the use of Students in the Universities. Fourth Edition. Extra fcap. 8vo. ds. 
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